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NOTATION

Let
Ik

n := {I := (i1, . . . , ik) ∈ Nk | 1 ≤ i1 < . . . < ik ≤ n}

](Ik
n ) =

(
n

k

)

For example

I3
5 =

{(123), (124), (125), (134), (135), (234), (145), (235), (245), (345)}
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NOTATION

For each I = (i1, . . . , ik) ∈ Ik
n let

wt(I ) := (i1 − 1) + . . .+ (ik − k)

be the weight of I .

There is a unique element of Ik
n of weight 0:

(1, 2, . . . , k)

There is a unique element of Ik
n of weight k(n − k):

(n − k + 1, n − k + 2, . . . , n)

For example, in I3
5 :

(123) (124) (125), (134) (135), (234) (145), (235) (245) (345)
‖ ‖ ‖ ‖ ‖ ‖ ‖

wt : 0 1 2 3 4 5 6
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The Grassmannians of k-planes

Let

G (k, n) := {Λ |Λ is a k-dimensional vector subspace of Cn}

be the complex Grassmann variety parameterizing k-planes in Cn. It also
parameterizes (k − 1)-dimensional projective linear subvarieties of Pn−1.
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Intersection Theory of G (k , n) – I

The Chow group A∗(G (k, n)) is a Z-module freely generated by:

{ΩI | I ∈ Ik
n }

where ΩI is the class modulo rational equivalence of the Schubert variety
associated to any complete flag of Cn and to the multi-index I .

[G (k, n)] := Ω(12...k)

is the fundamental class (the class of all k-planes of Cn);

[pt] := Ωn−k+1,...,n

is the class of the point (the class of all k-planes coinciding with a given
k-plane). In general codim(ΩI ) = wt(I ).
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Intersection Theory of G (k , n) – II

The Chow intersection ring A∗(G (k, n)) may be seen as a ring of
endomorphisms of A∗(G (k , n)) via the “cap” product map:A∗(G (k, n))⊗Z A∗(G (k, n))

∩−→ A∗(G (k, n))

σ ⊗ Ω 7−→ σ ∩ Ω

Moreover the mapA∗(G (k , n)) −→ A∗(G (k, n))

σ 7→ σ ∩ [G (k, n)]

is an isomorphism (Poincaré isomorphism), making A∗(G (k, n)) into a
free A∗(G (k, n))-module of rank 1, generated by the fundamental class
[G (k, n)] ∈ A∗(G (k, n)).
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is an isomorphism (Poincaré isomorphism), making A∗(G (k, n)) into a
free A∗(G (k, n))-module of rank 1, generated by the fundamental class
[G (k, n)] ∈ A∗(G (k, n)).

Letterio Gatto Newton Binomial Formulas in Schubert Calculus



Intersection Theory of G (k , n) – II

The Chow intersection ring A∗(G (k , n)) may be seen as a ring of
endomorphisms of A∗(G (k , n)) via the “cap” product map:A∗(G (k, n))⊗Z A∗(G (k , n))

∩−→ A∗(G (k, n))

σ ⊗ Ω 7−→ σ ∩ Ω

Moreover the mapA∗(G (k , n)) −→ A∗(G (k , n))

σ 7→ σ ∩ [G (k , n)]

is an isomorphism (Poincaré isomorphism),
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Intersection Theory of G (k , n) – III

In particular, A∗(G (k, n)) itself is a free Z-module of rank
(
n
k

)
generated

by
{σI | I ∈ Ik

n }
where the Schubert (co)-cycle σI is defined by:

σI ∩ [G (k, n)] = ΩI .

From now on, for all h ≥ 0, we shall denote by (a strong abuse of

notation)

σh

the special Schubert cycle

σ12...k−1,k+h

Well known results ensure that the Z-algebra A∗(G (k , n)) is generated
precisely by σ := (σ0, σ1, σ2, . . .)
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Schubert Calculus I

Schubert Calculus on G (k, n) is concerned with the problem of
determining the constant structure {(LR)K

IJ} ∈ Z of the algebra
A∗(G (k, n)), namely the integers occurring in the expansion:

σI ∩ ΩJ = (LR)K
IJ · ΩK .

To determine, in an algorithmic way, the constants (LR)K
IJ , is sufficient to

know that

ΩI := σI ∩ [G(k, n)] = ∆I (σ) ∩ [G(k, n)] =

˛̨̨̨
˛̨̨σi1−1 . . . σik−1

...
. . .

...
σi1−k . . . σik−k

˛̨̨̨
˛̨̨ ∩ [G(k, n)]

(Giambelli’s formula)
and the expansion of

σh ∩ ΩI

as a Z-linear combination of {ΩJ}, for each h ≥ 0 and each I ∈ Ik
n . Such

a product is ruled by Pieri’s formula.
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Degrees of Schubert Varieties

Define

ω : (N∗)k −→ Z

I 7−→ ωI

by setting :

ωI :=

8>>>>>><>>>>>>:

Z
G(k,n)

σ
k(n−k)−wt(I )
1 ∩ ΩI if I ∈ Ik

n ;

sgn(τ)ωJ if τ ∈ Sk and I = τ(J);

0 otherwise.

When I ∈ Ik
n ,

ωI is the degree of the Schubert variety ΩI (E•),

where E• any complete flag of Cn. It was already computed by Schubert.
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Schubert Calculus on a Grassmann Algebra – I

Let

Mn :=
XZ[X ]

(X n+1)
.

It is a free Z-module of rank n generated by

{εi := X i + (X n+1) | 1 ≤ i ≤ n}.

Furthermore, it is a free A∗(Mn) := Z[X ]/(X n)-module of rank 1,
generated by ε1.

For each I ∈ (N∗)k , let

εI := εi1 ∧ . . . ∧ εik .

Then
∧k Mn is a free Z-module generated by

{εI | I ∈ Ik
n }.
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Schubert Calculus on a Grassmann Algebra – II

It turns out that
∧k Mn is a graded module via weight:

k∧
Mn =

⊕
w≥0

(
k∧

Mn)w ,

where

(
k∧

Mn)w =
⊕

wt(I )=w

Z · εI =
⊕

wt(I )=w

Z · εi1 ∧ . . . ∧ εik

Then the exterior algebra
∧

Mn is a bi-graded Z-module:

∧
Mn :=

⊕
k≥0,w≥0

(
k∧

Mn)w
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A piece of Notation

Define: ∫
n

εi1 ∧ . . . ∧ εik =

=

8<: 1 if (i1, . . . , ik ) is an even permutation of (n − k + 1, . . . , n)
−1 if (i1, . . . , ik ) is an odd permutation of (n − k + 1, . . . , n)

0 otherwise

Extend
∫

by Z-linearity, getting
∫

:
∧k Mn → Z
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Schubert Calculus on a Grassmann Algebra – III

Let
(
∧

Mn)[[t]]

be the algebra of formal power series with coefficients in
∧

Mn.

Theorem

There exists one and only one algebra homomorphism

Dt :=
∑
i≥0

Di t
i :
∧

Mn −→
∧

Mn[[t]]

such that
Diε

j = εi+j .

Then, for each h ≥ 0, Dh ∈ EndA(
∧

Mn) is an endomorphism of the
bi-graded Z-algebra

∧
Mn, homogeneous of bi-degree (0, h), i.e.:

Dh(
k∧

Mn)w ⊆ (
k∧

Mn)w+h.
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—, Asian J. Math., 9, n.3, 2005, 315–322 or —, Santiago, SCGA,
Canad. Math. Bull., to appear)
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Schubert Calculus on a Grassmann Algebra – IV

The equation

Dt(α ∧ β) = Dtα ∧ Dtβ

is equivalent to:

Dh(p ∧ q) =
∑

h1 + h2 = h
h1, h2 ≥ 0

Dh1p ∧ Dh2q

for each h ≥ 0 and each p,q ∈
∧

Mn, which is the hth order Leibniz
rule (h ≥ 0).

For example:

D2(p ∧ q) = D2p ∧ q+ D1p ∧ D1q + p ∧ D2q

One more example:

D2(ε1 ∧ ε2) = D2ε
1 ∧ ε2+ D1ε

1 ∧ D1ε
2+ ε1 ∧ D2ε

2 =

= ε3 ∧ ε2+ ε2 ∧ ε3+ ε1 ∧ ε4 = ε1 ∧ ε4
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Lines through four Lines

But
σ4

1 ∩ [G (2, 4)] = D4
1 (ε1 ∧ ε4)

and

D4
1 (ε1 ∧ ε2) = D3

1 (D1(ε1 ∧ ε2)) = D3
1 (D1ε

1 ∧ ε2 + ε1 ∧ D1ε
2) =

= D3
1 (ε2 ∧ ε2 + ε1 ∧ ε3) = D2

1 (D1(ε1 ∧ ε3)) = D2
1 (ε2 ∧ ε3 + ε1 ∧ ε4) =

= D1(D1(ε2 ∧ ε3 + ε1 ∧ ε4)) = D1(ε3 ∧ ε3 + ε2 ∧ ε4 + ε2 ∧ ε4 + ε1 ∧ ε5) =

= D1(2ε2 ∧ ε4) = 2D1(ε2 ∧ ε4) = 2 · ε3 ∧ ε4.
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σ4

1 ∩ [G (2, 4)] = D4
1 (ε1 ∧ ε4)
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D4
1 (ε1 ∧ ε2) = D3
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1 (D1ε
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Schubert Calculus on a Grassmann Algebra – V

Let A∗(
∧

Mn) be the commutative subalgebra of EndZ(
∧

Mn) generated
by D := (D1,D2, . . .).

Each element of it is a polynomial expression in D := (D1,D2, . . .).
Consider the natural evaluation map:evε1∧...∧εk : A∗(

∧
Mn) −→

∧k Mn

P(D) 7−→ P(D)ε1 ∧ . . . ∧ εk

Theorem 2.

The homomorphism evε1∧...∧εk is surjective.

Proof.(—, Asian J. Math. 9, No. 3, 2005, 315–322 & —,Santiago,

Canad. Math. Bull, 2007, to appear)

Let

A∗(
k∧

Mn) :=
A∗(

∧
Mn)

ker(evε1∧...∧εk )
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The Main Theorem of SCGA.

Consider the obvious Z-modules isomorphisms:ιk : A∗(G (k, n)) −→ A∗(
∧k Mn)

σI 7−→ ∆I (D)

and jk : A∗(G (k, n)) −→
∧k Mn

ΩI 7−→ εI
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The Main Theorem of SCGA.

Then ιk is a Z-algebra isomorphism (namely ιk(σIσJ) = ιk(σI )ιk(σJ))
and the following diagram commutes:

A∗(G (k , n))⊗Z A∗(G (k, n)) −→ A∗(G (k, n))

ιk ⊗ k
y yk

A∗(
∧k Mn)⊗Z

∧k Mn −→
∧k Mn

The diagram establishes a dictionary.

For example, for all I ∈ (N∗)k , one has:

ωI :=

∫
D

k(n−k)−wt(I )
1 εI =

∫
n

D
k(n−k)−wt(I )
1 εi1 ∧ . . . ∧ εik
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Newton’s Binomial Formulas

Do we gain anything from our dictionary?
Or is it rather a (more or less) new way to phrase old things?

Compare the expressions:

σh ∩ Ω(i1,...,ik ) = Dh(εi1 ∧ . . . ∧ εik )
‖ ‖P

J∈Pieri ΩJ Dh(εi1 ∧ (εi2 ∧ . . . ∧ εik )) =
X

h1+h2=h

Dh1ε
i1 ∧ Dh2 (εi2 ∧ . . . ∧ εik )

Moreover:

Working on the Exterior Algebra rather than on a single exterior power,

we inherit

Newton’s type binomial formulas!
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1st Newton’s formulas (a + b)n

The first is gotten via a simple induction by iterating

D1(p ∧ q) = D1p ∧ q + p ∧ D1q.

Dm
1 (p ∧ q) =

m∑
j=0

(
m

j

)
D j

1p ∧ Dm−j
1 q (1)

holding for each p,q ∈
∧

M(p) and each m ≥ 1
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2nd Newton’s Formula

Similarly, iterating Dh(εi ∧ q) = εi ∧ Dhq + Dh−1(εi+1 ∧ q),

one gets a second Newton’s type formula:

Dm
h (εi ∧ q) =

m∑
j=0

(
m

j

)
D j

h−1(εi+j ∧ Dm−j
h q) (2)

holding for each q ∈
∧

Mn and each h,m ≥ 0

(when h = 1 one gets precisely formula (??) for p = εi )

Claim:
formula (??) has no rephrasing

within the classical formulation of Schubert Calculus

Challenge:
disprove the claim!
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A question (by K. Ranestad)

Can you compute a list (and possibly a formula) for

HSn :=
∫
G(4,n+4)

σ2n
2 ∩ [G (4, n + 4)]?

It turns ou that HSn is

the number of all rational space curves of degree n + 3 having hyperstalls
at 2n prescribed points in G (4, n + 4)

or equivalently

the number of g 3
n+3 on P1 whose ramification sequence at each of the 2n

distinct points P1, . . . ,P2n is (1, 2, 3, 6).

(in particular there exists Hi such that Hi · C ≥ 5Pi )
.
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...more generally

Let a, b, c , d non negative integers such that

a + 2b + 2c + 3d = 4n.

Then

results by Eisenbud and Harris published in

Divisors on General curves and Cuspidal rational curves

Invent. math. 74, 371-418, (1993)

ensure that the number of rational space curves of degree n + 3 having a
stalls, b hyperstalls, c flexes, d cusps at a + b + c + d prescribed distinct
points can be computed as

fa,b,c,d :=

∫
G(4,n+4)

σa
1σ

b
2σ

c
2σ

d
3 ∩ [G (4, n + 4)].
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Generalization of Ranestad’s Question

Is it possible to find any kind of formula for fa,b,c,d?
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Computations

Getting back to the original Ranestad’s question,

(about hyperstalls), recall that

one usually computes σ2n
2 via iteration of Pieri’s formula.

You may ask Schubert

(1) doing it for you, but. . .

. . . when n = 12 you get the following message

Execution stopped: Stack limit reached.

(Vainsencher, Økland – private communication).

(1) [S. Katz and S. A. Strømme, “Schubert”, a Maple c© package for intersection theory and

enumerative geometry, http://math.uib.no/schubert/]
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(One of) Our formula(s)

However, we have a formula:

∫
G(4,n+4)

σ2n
2 ∩ [G (4, n + 4)] = (3)

X
bi ≥ 0

b1 + . . . + b5 = 2n
0 ≤ ` ≤ b2 + b3

(2n)!

b1! · . . . · b5!

 
b2 + b3

`

!
ωI (b1,...,b5;`)

where

I (b1, b2, b3, b4, b5, `)

is the following ordered 6-tuple of positive integers

(1 + b1, 2 + b2 + 2b5, 3 + b3 + `, 4 + b2 + b3 + 2b4 − `).
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Computing by CoCoA

. . . we wrote a trivial (!) CoCoA (version 4.7) code to compute the list
varying n,

(http://calvino.polito.it/~gatto/English/research/SCGA/cgscodes.htm)

and with an Apple iBook G4, 1.2GHz

←− my ibook

we got the following list in just a couple of hours:
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Happy Birthday Israel – I

n ](summands) HSn :=
R
σ2n

2 ∩ [G(4, 4 + n)] execution time

0 1 1 0,082s
1 13 0 0,242s
2 56 1 0,614s
3 142 5 1,449s
4 331 126 3,340s
5 641 3396 6,434s
6 1191 114675 12,081s
7 1981 4430712 20,053s
8 3221 190720530 32,755s
9 4866 8942188632 50,085s

10 7256 449551230102 1m 20s
11 10268 23948593282950 2m 55s
12 14418 1339757254689348 2m 44s
13 19466 78153481093195800 4m 02s
14 26156 4727142898098368085 5m 2s
15 34086 295116442188446065635 9m 9s
16 44286 18945322608397492982250 10m 46s
17 56141 1246718376589846006057200 11m 52s
18 71031 83878801924226511500933250 16m 37s
19 88071 5756860011979383129907915050 19m 55s
20 109061 402290757162008042628235950300 25m 53s
21 132783 28575935656515287427874861725000 34m 37s
22 161533 2060372706082551084572192852992530 01h 07m
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. . . dots, dots, dots . . .

However,

a few days after writing our list

Jan Magnus Økland sent us another one up to n = 40.

He got HS40 in eight ours. . .

. . . using Schubert2 for Macaulay (Grayson, Daniel and Stillmann)

on a machine with processor speed 2,2 GHz and 16Gb Ram

. . . stopping the computation of HS41 (after some long while)...

. . . but when he tried to use (on the same machine) our formula with a
slightly modified version of our CoCoA code. . .

. . . he got, in just HALF AN HOUR:

Letterio Gatto Newton Binomial Formulas in Schubert Calculus



. . . dots, dots, dots . . .

However,

a few days after writing our list

Jan Magnus Økland sent us another one up to n = 40.

He got HS40 in eight ours. . .

. . . using Schubert2 for Macaulay (Grayson, Daniel and Stillmann)

on a machine with processor speed 2,2 GHz and 16Gb Ram

. . . stopping the computation of HS41 (after some long while)...

. . . but when he tried to use (on the same machine) our formula with a
slightly modified version of our CoCoA code. . .

. . . he got, in just HALF AN HOUR:

Letterio Gatto Newton Binomial Formulas in Schubert Calculus



. . . dots, dots, dots . . .

However,

a few days after writing our list

Jan Magnus Økland sent us another one up to n = 40.

He got HS40 in eight ours. . .

. . . using Schubert2 for Macaulay (Grayson, Daniel and Stillmann)

on a machine with processor speed 2,2 GHz and 16Gb Ram

. . . stopping the computation of HS41 (after some long while)...

. . . but when he tried to use (on the same machine) our formula with a
slightly modified version of our CoCoA code. . .

. . . he got, in just HALF AN HOUR:

Letterio Gatto Newton Binomial Formulas in Schubert Calculus



. . . dots, dots, dots . . .

However,

a few days after writing our list

Jan Magnus Økland sent us another one up to n = 40.

He got HS40 in eight ours. . .

. . . using Schubert2 for Macaulay (Grayson, Daniel and Stillmann)

on a machine with processor speed 2,2 GHz and 16Gb Ram

. . . stopping the computation of HS41 (after some long while)...

. . . but when he tried to use (on the same machine) our formula with a
slightly modified version of our CoCoA code. . .

. . . he got, in just HALF AN HOUR:

Letterio Gatto Newton Binomial Formulas in Schubert Calculus



. . . dots, dots, dots . . .

However,

a few days after writing our list

Jan Magnus Økland sent us another one up to n = 40.

He got HS40 in eight ours. . .

. . . using Schubert2 for Macaulay (Grayson, Daniel and Stillmann)

on a machine with processor speed 2,2 GHz and 16Gb Ram

. . . stopping the computation of HS41 (after some long while)...

. . . but when he tried to use (on the same machine) our formula with a
slightly modified version of our CoCoA code. . .

. . . he got, in just HALF AN HOUR:

Letterio Gatto Newton Binomial Formulas in Schubert Calculus



. . . dots, dots, dots . . .

However,

a few days after writing our list

Jan Magnus Økland sent us another one up to n = 40.

He got HS40 in eight ours. . .

. . . using Schubert2 for Macaulay (Grayson, Daniel and Stillmann)

on a machine with processor speed 2,2 GHz and 16Gb Ram

. . . stopping the computation of HS41 (after some long while)...

. . . but when he tried to use (on the same machine) our formula with a
slightly modified version of our CoCoA code. . .

. . . he got, in just HALF AN HOUR:

Letterio Gatto Newton Binomial Formulas in Schubert Calculus



. . . dots, dots, dots . . .

However,

a few days after writing our list

Jan Magnus Økland sent us another one up to n = 40.

He got HS40 in eight ours. . .

. . . using Schubert2 for Macaulay (Grayson, Daniel and Stillmann)

on a machine with processor speed 2,2 GHz and 16Gb Ram

. . . stopping the computation of HS41 (after some long while)...

. . . but when he tried to use (on the same machine) our formula with a
slightly modified version of our CoCoA code. . .

. . . he got, in just HALF AN HOUR:

Letterio Gatto Newton Binomial Formulas in Schubert Calculus



. . . dots, dots, dots . . .

However,

a few days after writing our list

Jan Magnus Økland sent us another one up to n = 40.

He got HS40 in eight ours. . .

. . . using Schubert2 for Macaulay (Grayson, Daniel and Stillmann)

on a machine with processor speed 2,2 GHz and 16Gb Ram

. . . stopping the computation of HS41 (after some long while)...

. . . but when he tried to use (on the same machine) our formula with a
slightly modified version of our CoCoA code. . .

. . . he got, in just HALF AN HOUR:

Letterio Gatto Newton Binomial Formulas in Schubert Calculus



. . . dots, dots, dots . . .

However,

a few days after writing our list

Jan Magnus Økland sent us another one up to n = 40.

He got HS40 in eight ours. . .

. . . using Schubert2 for Macaulay (Grayson, Daniel and Stillmann)

on a machine with processor speed 2,2 GHz and 16Gb Ram

. . . stopping the computation of HS41 (after some long while)...

. . . but when he tried to use (on the same machine) our formula with a
slightly modified version of our CoCoA code. . .

. . . he got, in just HALF AN HOUR:

Letterio Gatto Newton Binomial Formulas in Schubert Calculus



. . . dots, dots, dots . . .

However,

a few days after writing our list

Jan Magnus Økland sent us another one up to n = 40.

He got HS40 in eight ours. . .

. . . using Schubert2 for Macaulay (Grayson, Daniel and Stillmann)

on a machine with processor speed 2,2 GHz and 16Gb Ram

. . . stopping the computation of HS41 (after some long while)...

. . . but when he tried to use (on the same machine) our formula with a
slightly modified version of our CoCoA code. . .

. . . he got, in just HALF AN HOUR:

Letterio Gatto Newton Binomial Formulas in Schubert Calculus



Happy Birthday Israel – II

HS42 =

Letterio Gatto Newton Binomial Formulas in Schubert Calculus



Happy Birthday Israel – II

HS42 =

Letterio Gatto Newton Binomial Formulas in Schubert Calculus



Happy Birthday Israel – II

HS42 =

Letterio Gatto Newton Binomial Formulas in Schubert Calculus



The (beginning of the) proof

By our dictionary
one has: ∫

G(4,n+4)

σ2n
2 ∩ [G (4, n + 4)] =

∫
n

D2n
2 (ε1 ∧ ε2 ∧ ε3 ∧ ε4)

Then we apply our Newton’s formula to:

to
D2n

2 (ε1 ∧ ε2 ∧ ε3 ∧ ε4) = D2n
2 (ε1 ∧ (ε2 ∧ ε3 ∧ ε4))

2n∑
m1=0

(
2n

m1

)
Dm1

1 (ε1+m1 ∧ D2n−m1
2 (ε2 ∧ ε3 ∧ ε4)).

Then we apply the same formula to

D2n−m1
2 (ε2 ∧ ε3 ∧ ε4) = D2n−m1

2 (ε2 ∧ (ε3 ∧ ε4))

and then once again, and then. . .
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The (beginning of the) proof

HSn =
∑
bi ≥ 0

b1 + . . . + b5 = 2n
0 ≤ ` ≤ b2 + b3

(2n)!

b1! · . . . · b5!

(
b2 + b3

`

)
ωI (b1,...,b5;`)
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The (beginning of the) proof

By our dictionary

A∗(G (k , n))⊗Z A∗(G (k , n)) −→ A∗(G (k, n))

ιk ⊗ k
y yk

A∗(
∧k Mn)⊗Z

∧k Mn −→
∧k Mn
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A very important Question:

WHO CARES?
We don’t!

In fact we may produce many similar formulas!

For example:

fa,b,c,d =
∑

β ∈ p5(b)
γ ∈ p4(c)
δ ∈ p4(d)

0 ≤ l ≤ β(2) + β(3)
0 ≤ m ≤ γ(1) + γ(2)

b! · c! · d!

β! · γ! · δ!

(
β(2) + β(3)

l

)(
γ(1) + γ(2)

m

)
ωI (β,γ,δ;l,m)

for some I (β, γ, δ; l ,m) suitably defined and explicitly computed.
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WHO CARES?
We don’t!

In fact we may produce many similar formulas!

For example:

fa,b,c,d =
∑

β ∈ p5(b)
γ ∈ p4(c)
δ ∈ p4(d)

0 ≤ l ≤ β(2) + β(3)
0 ≤ m ≤ γ(1) + γ(2)

b! · c! · d!

β! · γ! · δ!

(
β(2) + β(3)

l

)(
γ(1) + γ(2)

m

)
ωI (β,γ,δ;l,m)

for some I (β, γ, δ; l ,m) suitably defined and explicitly computed.
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