LINEAR ALGEBRA AND GEOMETRY

60 min

Instructions:

* Write your surname and name and your student number in CAPITAL LETTERS where required.
* YOUMUST WRITE THE SOLUTIONS TO THE EXERCISE IN THE DEDICATED BOX.

* To access your exam papers you must remember the NUMBER of the room you are sitting in and the
SYMBOL in the top right corner of this page.

* For each multiple choice you must select one of the possible answers in the table in this page.
» Write neatly and clearly the solution of the exercise; you must explain your solution.

¢ As a draft use your own scrap paper or the one provided; only this booklet will be graded.

SURNAME, NAME:

STUDENT NUMBER:

PROFESSOR: GATTO

Q1 a b C d Q5 a b c d
Q2 | a b c d Q6 a b c d
Q3 a b C d Q7 a b C d
Q4 | a b c d Q8 | a b c d

Do not write here

QuUIZ EXERCISE TOTAL




Quiz

Q1. Consider the lines r : z = y = 2z and s : 22 = y = 2. Find the correct statement.

(@) rlls.

(b) r L s.

() rns=0.

(d) 7 and s are coplanar.
2
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Q2. Suppose that the linear system Ax = b has infinitely many solutions when b = ( ) Then it is

necessarily true that.
(a) A isinvertible.
(b) The rank of A is zero.
(c¢) The augmented matrix (A|b) is invertible.
(d) The matrix A and the augmented matrix (A|b) have the same rank.

Q3. Let Q(x,y, z,t) = 22z + y? — 3t* be a quadratic form. Find the correct statement.
(a) @ is positive definite.
(b) Q is indefinite.
(c) Q is negative definite.
(d) None of the other options is correct.

Q4. Consider the vectors v; = (1,0,1),v2 = (0,1,1),v3 = (1,1,2), and v4 = (2,1,3). Find the correct
statement.
(@) {v1,vq,v3} is a basis of R3.
(b) {v1,v2,v3,v4} is a basis of R3.
(c) {v1,v2,v1 X v} is a basis of R®.
(d) {v1 + va,v2 + v3,v3 + v4} generates R3.

T+t
T+ z .

= . Find the correct statement.
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Q5. Consider the linear mapping f

SRR SIS

(a) f is injective.
(b) f is not surjective.

1 1
Cla B
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(d) £{(1,1,1,1)} = Ker(f).



A

Q6. Consider thecircles Cy : 22 +y2 + 22 —4=2=0,Cy : 22 + 9> + 22 —4 = y = 0, and let r; be the radius
of C;. Find the correct statement.
@) r1 > ro.
(b) 11 =r2.
(c) r1 <ra.
(d) C; and C; lie in the same plane.

Q7. Let A(1,1,0), B(1,0,1),C(0,1, 1) be points in R3. Find the correct statement.
(a) The vectors AB and AC are parallel.
(b) The points A, B and C are collinear.
(c) The plane containing A, B, C' also contains (0,0, 0).
(d) The triangle of vertices A, B, C is equilateral.

Q8. Let A, Bbe n x n, n > 1 matrices such that AB is not invertible. Find the correct statement.
(@) ATBT isinvertible.
(b) rk(AB) =n.
(c) det(A)det(B) =0.
(d) A =0isnotan eigenvalue of AB.



EXERCISE

Part A. (up to 4 points) Let a € R and consider the linear mapping F,, : R> — R? such that

T\ T+ oy
o <y> N ( 2x+2ay> '
(1) Set o = 1 and compute all the eigenvalues of F,,. (2) Set &« = 1 and compute a basis for each eigenspace
of F,.



A

Part B. (up to 4 points) Let 5 € R, V = Ry[z] be the vector space of polynomials with real coefficients of
degree at most 2, and W = R*? be the vector space of real 2 x 2 matrices. Consider the linear mapping

Gp : V — W such that
0)  p(B)
as00 = ( 10) Aty )

(1) Set 5 = 1 and compute a basis of Ker(Gg) made by elements of V. (2) Set 8 = 1 and compute a basis of
Im(Gp) made by elements of W.
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Quiz

Consider the vectors v; = (1,0,1),v2 = (0,1,1),v3 = (1,1,2), and v4 = (2,1,3). Find the correct
statement.

(@) {v1,v2,v3} generates R3.

(b) {v1,va,v3,v4} does not generate R3.

(c) {v1,v2,v1 X v, v3} is a basis of R3.

(d) {v1,v3,v4} is a basis of R3.
4
5

We know that the linear system Ax = b has infinitely many solutions when b = ( ) . Then it is

necessarily true that.
(a) A isnotinvertible.
(b) The rank of A is zero.
(c¢) The augmented matrix (A|b) is invertible.
(d) The matrix A and the augmented matrix (A|b) do not have the same rank.

Let A(2,0,0), B(0,2,0),C(0,0,2) be points in R?. Find the correct statement.
(a) The vectors AB and AC are parallel.
(b) The points A, B, C are collinear.
(c) The plane containing A, B, C' also contains (3,1,0).
(d) The triangle of vertices A, B, C has area 1.

Consider the linear mapping f(z,y, z,t) = (2,t,y, x). Find the correct statement.
(a) fisnot injective.
(b) f is not surjective.
() f71(1,2,3,4) ={(4,3,1,2)}
(d) £{(1,0,1,0)} = Ker(f).

Let Q(z,y,2,t) = 22 + 2xy + y? + 2 + 4¢* be a quadratic form. Find the correct statement.
(a) Q is positive definite.
(b) @ is indefinite.
(c) Q is negative definite.
(d) None of the other options is correct.



Q6. Let A, Bbe n x n, n > 1 matrices such that AB is not invertible. Find the correct statement.
(@) ABT isinvertible.
(b) rk(AB) > n.

(¢) A = 0is an eigenvalue of (AB) ' (AB).

(d) A and B are invertible.

Q7. Consider the planes o : x + 2y + z = 5 and § : 2z — y + z = 1. Find the correct statement.
(a) al|8.
(b) a L p.
() anpg#0.
(d) aUBisaplane.

Q8. Consider thecirclesCy : 2?2 + 9>+ 22 —4=2—-1=0,Co: 2?2 +y>+ 22 —4 =24y =0, and let r; be
the radius of C;. Find the correct statement.

@) r1 > ro.

(b) r1 =1ra.

(c) r1 <ra.

(d) Cy and C; lie in the same plane.



EXERCISE

Part A. (up to 4 points) Let a € R and consider the linear mapping F,, : R> — R? such that

T\ T+ oy
Fa <y> N ( 2x+2ay> '
(1) Set o = 1 and compute all the eigenvalues of F,,. (2) Set &« = 1 and compute a basis for each eigenspace
of F,.



B

Part B. (up to 4 points) Let 5 € R, V = Ry[z] be the vector space of polynomials with real coefficients of
degree at most 2, and W = R*? be the vector space of real 2 x 2 matrices. Consider the linear mapping

Gp : V — W such that
0)  p(B)
as00 = ( 10) Aty )

(1) Set 8 = 1 and compute a basis of Ker(Gg) made by elements of V. (2) Set 8 = 1 and compute a basis of
Im(Gp) made by elements of W.
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Consider the linear mapping f(z,y, z,t) = (¢, z, z,y). Find the correct statement.
(a) fisnot injective.
(b) £{(1,1,1,1)} = Ker(f).
(c) f is surjective.
(d) ffl(l, 2,3,4) ={(1/4,1/2,1/3,1)}.

Consider the vectors v1 = (2,1,0),v2 = (1,2,0),v3 = (3,3,0), and vs = (0,0,1). Find the correct
statement.

(@) {v1,vq,v4} is a basis of R3.

(b) {v1,v2,v3} generates R3.

(c) {v1,v9,v1 + vo} is a basis of R?.

(d) {v1,v2,v3} is linearly independent.

We know that the linear system Bx = b has infinitely many solutions when b = < :13 ) Then it is
necessarily true that.

(a) B isinvertible.

(b) The rank of B is not zero.

(c) The augmented matrix (B|b) is invertible.

(d) The matrix B and the augmented matrix (B|b) do not have the same rank.

Let A, Bbe n x n, n > 1 matrices such that AB is not invertible. Find the correct statement.
(@) rk(A) =n and rk(B) = n.
(b) either A is not invertible or B is not invertible.
(c) BA isnecessarily invertible.
(d) det(AB) # 0.

Let Q(w,y,2,t) = 2% + y* + 22 + 22t + t? be a quadratic form. Find the correct statement.
(a) Q is positive definite.
(b) Q is indefinite.
(c) Q is negative definite.
(d) None of the other options is correct.



Q6. Let A(0,2,0), B(2,0,0),C(0,0,2) be points in R3. Find the correct statement.
(a) The vectors AB and AC are parallel.
(b) The triangle of vertices A, B, C is equilateral.
(c) The points A, B, C are collinear.
(d) The plane containing A, B, C' also contains (1, -1, 0).

Q7. Consider the lines r : z = y = 2z and s : 2z = y = 2. Find the correct statement.
(@) rlls.
(b) L s.
() rNs#0.

(d) 7 and s are not coplanar.

Q8. Consider thecirclesC; : 22 + 92+ 22 -9 =2+y=0,Cy : 2> + 32 +22 -9 =2—2 =0, and let r; be
the radius of C;. Find the correct statement.
@) r1 > ro.
(b) r1 =1ra.
(c) r1 <.
(d) Cy and C; lie in the same plane.



EXERCISE

Part A. (up to 4 points) Let a € R and consider the linear mapping F,, : R? — R? such that

T\ T+ oy
Fo (y) o ( 2x+2ay> ’
(1) Set o = 1 and compute all the eigenvalues of F,,. (2) Set o = 1 and compute a basis for each eigenspace
of F,.



C

Part B. (up to 4 points) Let § € R, V' = Rq[z] be the vector space of polynomials with real coefficients of
degree at most 2, and W = R?? be the vector space of real 2 x 2 matrices. Consider the linear mapping

Gg: V — W such that
0)  p(B)
Gslple)) = ( J0) () ) |

(1) Set 5 = 1 and compute a basis of Ker(Gz) made by elements of V. (2) Set 8 = 1 and compute a basis of
Im(Gp) made by elements of W.
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Let A, B be n x n, n > 1 matrices such that AB is not invertible. Find the correct statement.
(@) A = 1is the only eigenvalue of AB.
(b) BT Aisinvertible.
() tk(AB) =n+1.
(d) tk(AB) < n.

Let Q(z,y,2,t) = 2* + 2y + y*> + 2% + 2t + t* be a quadratic form. Find the correct statement.
(a) @ is positive definite.
(b) Q is indefinite.
(c) Q is negative definite.
(d) None of the other options is correct.

Let A(1,0,1),B(0,1,1),C(1,1,0) be points in R?. Find the correct statement.
(a) The vectors AB and /ﬁ are parallel.
(b) The plane containing A, B, C' also contains (1,1,1).
(c) The points A, B, C are collinear.
(d) The triangle of vertices A, B, C has area less than 1.

Consider the planes o : ¢ —y + z =2 and 8 :  — z = 1. Find the correct statement.
(@) afls.
(b) a L p.
() anp=10.
(d) aUBisaplane.

We know that the linear system Bx = b has infinitely many solutions when b = ( g ) Then it is
necessarily true that.

(a) B isinvertible.

(b) The rank of B is zero.

(c¢) The augmented matrix (B|b) is not a square invertible matrix.

(d) The matrix B and the augmented matrix (A|b) do not have the same rank.



Q6.

Q7.

Qs.

D

Consider the vectors v; = (1,2,0),v2 = (2,1,0),v3 = (3,3,0), and vs = (0,0,2). Find the correct
statement.

(@) {v1,vq,v3 X v3} is a basis of R3.

(b) {v1,v2,v4} generates R3.

(¢) {v1,v2,vs3} generates R3.

(d) {v1,vs,v1 +v3} is a basis of R3.

Consider thecircles C; : 2 + 42+ 22 —4d=0—y=0,Co : 22+ > + 22 —4 =2 —2 =0, and let r; be
the radius of C;. Find the correct statement.

@) r > ro.

(b) 11 =r2.

(c) r1 <ra.

(d) C; and C; lie in the same plane.

Consider the linear mapping f(z,y, z,t) = (2,y, t,x). Find the correct statement.
(a) f is bijective.
(b) f71(17 0,1,0) = {(1,0,1,0)}
(©) £{(1,2,3,4)} = Ker(f).
(d) f isnot injective.



EXERCISE

Part A. (up to 4 points) Let a € R and consider the linear mapping F,, : R> — R? such that

T\ T+ oy
Fa <y> N ( 2x+2ay> '
(1) Set o = 1 and compute all the eigenvalues of F,,. (2) Set &« = 1 and compute a basis for each eigenspace
of F,.



D

Part B. (up to 4 points) Let 5 € R, V = Ry[z] be the vector space of polynomials with real coefficients of
degree at most 2, and W = R*? be the vector space of real 2 x 2 matrices. Consider the linear mapping

Gp : V — W such that
0)  p(B)
as00 = ( 10) Aty )

(1) Set 5 = 1 and compute a basis of Ker(Gg) made by elements of V. (2) Set 8 = 1 and compute a basis of
Im(Gp) made by elements of W.



