Chapter 6

Linear Maps

6.1 Linear Maps

In what follows, two arbitrary K-vector spaces U and V will be fixed (Cf. Chap-
ter 77). In order to distinguish them, the zero vectors of U and V will be denoted,
respectively, by Oy and Oy .

6.1.1 Definition. A linear map is a function f: U — V such that

fAug + pug) = Af(uy) + pf (ug), (6.1)

for every choice of u;,us € U and A\, pn € K.

A linear map is therefore a function that “respects” linear combinations, that is, such
that the image of a linear combination of vectors is the linear combination, with the
same coefficients, of the images. In particular f is additive:

flur +ug) = f(u) + f(ug),
(by putting A = = 11n (6.1)) and homogeneous of degree 1:
f(Au) = Af(u) (6.2)

by putting u; = u and g = 0 in (6.1). We shall denote by Homx (U, V') the set of all
linear maps from U to V:

Homg(U,V):={f:U — V| f is linear}.

6.1.2 If f € Homg(U, V), the image of the zero vector Oy of U is the zero vector
of V. Indeed:

f(Oy) = f(0-u)=0" f(u) =0y,
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where u is an arbitrary vector of U. In the second equality the linearity of f has
been used (applied to the zero scalar). Similarly,

f(=u) = f(=1-u) = —f(u)
for every u € U, that is, the image of the opposite is the opposite of the image.
6.1.3 Esempio. Let f:K? — K3 be defined by:
2u(1) —u(2)
ur— f(u)= [ u(l) +u(2)
u(l) —3u(2)
For every choice of u,v € K? and \, u € K, one has:

2A0u+pv)(1) — (Au+ pv)(2)
fQu+pv) = ((Au—l—uv)() (Au+ pv) 2))

A+ pv)(1) —3(Au+ uv )(2)
)
)

(x\( u(l) —u(2)) + p(2v(1) — v(2 )
= (u(1) +u(2)) + ( ( ) v(2)
—3u(2)) + —3v(2))
( (2)) ( (1 (2))
= A u2) | +pf v(1)+v(2)
- 3u(2 (1) — 3v(2)
= M(u +uf(V)

and therefore f is linear.

6.1.4 Esempio. Let V be a vector space over K. The identity function:
dy :V—V

defined by idy (v) = v, for every v € V| is a linear map. Indeed, for every vi,ve € V and
every A, i € K, one has:

idy (Avy + pva) = Avy + pve = X -idy (vy) + p - idy (va).

6.1.5 Esempio. A function f:R — R, real-valued of one real variable, is linear if and
only if it is of the form

f(z) =ax
for some a € R. Indeed, if a € R and f(z) = az, then
fAz1 + px2) = a(Azy + pxa) = ary + apxs = Af(z1) + pf(x2)

for every choice of A\, u, x1, 22 € R, hence the linearity of f. Conversely, assuming f linear:
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fl@)= flz-1)=
= f(l)-z= (using linearity (6.2))
= a-xw (having put a := f(1)).
6.1.6 Example 6.1.5 is easily generalized to linear functions K" — K, since if
f K" — K is linear, there exist aq, ..., a, such that:
f(u) =aiu(l) + au(2) + ... + ayu(n). (6.3)

Indeed, for every u € K™:

n n

Fa) = u(ie) =Y uli)f(e).

=1 i=1

Putting a; = f(e;), one obtains the expression (6.3). One also says that f: K* - K
is a linear form. The set of linear forms is denoted by (K™)" and is a vector space
with respect to the notion of linear combination:

(Af + ug)(u) = Af(a) + pg(u).

Therefore a linear form is uniquely determined by the row

(ala s 7an) = (f(el)7 . ~,f(en))7

and can therefore be written as:

fu)=M;-u=(ay,...,a,)- : ,
u(n)

where My := (a1, ...,a,) is called the matriz of the linear form f : K* — K with
respect to the canonical basis F,, and where the product of a row by a column is
defined by:

Uy

Uz
(ar,a9,...,a,) - | . | =a1uy + agug + . .. + ayu,.

Unp,

There is therefore a natural identification between the vector space (K™)¥ of linear
forms and that of rows of scalars (as,...,a,), with respect to the notion of linear
combination defined by:

May, ... an) + by, ... by) = (Aay + pby, ..., Aa, + uby,).
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6.1.7 Linear maps between column spaces. Let
f:K"— K™
be a linear map. Then, for every u € K" one has:
f(u) = f(u(l)e; +u(2)es + ... +u(n)e,)

that is, by linearity:

Thus one can write:

f(u)=M;-u

where

Mf = (f(el)7 f(e2)7 ceey f(en))

is the matriz formed by the n columns f(ey),..., f(e,), and the product of M by a
column u € K" is defined by:

Ms-u:=u(l)f(er) +...+un)f(en).
6.1.8 A matrix A € K™*" induces a linear map
A K" — K™
defined by u — Au. Indeed, for every pair u,v € K" and every A\, u € K:

AQu+pv) = 370 (Au(f) + pv(h))C5(A) = (definition of

linear combination)

= A 2?21 u(7)C;(A) + p 2?21 v(7)C;(A) = (distributive property
and factoring out A and u)

= Mu+ pAv (definition of product

matrix times vector)

Thus all linear maps from K" to K™ are obtained by multiplying vectors of K" by a
matrix A € K™*". This generalizes what was said in Example 6.1.5.
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6.1.9 Esempio. Observe that the linear map f of Example 6.1.3 can be written more

explicitly as:
1 -2
1 1 |:K—K
1 -3

1 -2 r— 2y
<$>»—> 1 1 <x>: r+y | €K,
y 1 -3 y T — 3y

and hence f is linear by 6.1.8.

defined by

6.1.10 Esempio. Consider the function

fiK'— K3
defined by
N Tty — 22+ 3t
f Yl = 2c+y—z—-1t |.
z
. y—4t

Again using 6.1.8, one concludes that it is linear. Indeed it can be written as:

1 1 -2 3
— |12 1 -1 -1 .
01 0 -4

6.2 The vector space of linear maps

+ v e 8
+ N8

6.2.1 As already anticipated, the set of linear maps U — V is traditionally denoted
by

Homg (U, V). (6.4)
In other words, f € Homg(U, V) if and only if f is a function from U to V| linear

in the sense of (6.1). Linear maps are also called homomorphisms, and this explains
the notation (6.4). If U =V, one sets:

Endg(V) := Homg(V, V),

which is the set of linear maps from V to itself. A linear map from V to itself is
called an endomorphism. The set Endk(V') of endomorphisms of V' is nonempty,
whatever the vector space V' may be. Indeed idy € End(V) (Example 6.1.4).
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6.2.2 Linear combinations of homomorphisms. Let U and V be two K-vector
spaces and let VY be the set of all functions U — V. It is clearly a vector space: the
linear combination of f,g € VY with coefficients ), u € K is the unique function

AM4pg:U—YV,
such that:
(Af+pg)(u) =A- fa) +p-g(u),

for every u € U. This is the natural notion of linear combination that makes the
set VU :={f:U — V} of all functions from U to V into a K-vector space. Clearly
Homg(U,V) Cc VY.

6.2.3 Proposition. The set Homg (U, V) is a K-vector subspace of VY, that is, if
f,g9 € Homg(U,V) then \f + ng € Homg(U, V'), for every A\, u € K.

Proof.Indeed, for every a,b € K and every choice of u;,uy € U one has:

(Af + pg)(auy +bug) = A f(aug + bug) + p - g(au; + buy) (definition
of Af + ng)

= A-(af(u) +bf(u2)) + - (ag(ur) + bg(uz))  (linearity

of f and g)
= a(Af(w)+ pg(uy)) +b(Af(uz) + pg(ug)) = (factoring out
a and b)
= a(Af+pg)(uy) +bAf + pg)(u), (definition
of Af + pg)
that is, A\f + ug € Homg (U, V). .

6.2.4 Composition of homomorphisms. Let f: A — B and g: B — C be two
functions. The composite function of g with f, as one recalls, is the function defined
by

(g0 f)(a) = g(f(a)),

for every a € A. It is worth recalling that if h : C — D is a third function,
composition of functions is associative, in the sense that:

ho(gof)=(hog)of, (6.5)
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an equality whose verification is based only on the definition. Let now U, V and W
be three K-vector spaces. The composition of linear maps is linear, according to the
following:

6.2.5 Proposition. If(f,g) € Homg(U,V)x Homg(V,W), then gof € Homg(U, W).

Proof.For every choice of u;,uy € U and A, u € K one has:

(g0 f)(Aur +pup) = g(f(Auy + pup)) = (definition of g o f)
= g\ f(wm)+pf(u) = (linearity of f)
= Ag(f(w)) + pg(f(uz)) = (linearity of g)
= Mgo f)(w)+ p(go f)(uz), (definition of g o f)
which proves what was required. .

6.2.6 Proposition 6.2.5 implies, in particular, that the composition of two endomor-
phisms is an endomorphism. Therefore the set End(V') is a vector space endowed
with an additional multiplicative structure (composition of endomorphisms), which
is associative (as a special case of (6.5)) and has an identity element. The distributive
properties of addition with respect to composition also hold:

(Af+pg)oh=Afoh+pugoh,

and

ho(Af + png) =Aho f+puhog.

The mentioned properties of composition among elements of the vector space Endg (V')
endow the latter with the structure of a K-algebra, called the K-algebra of endomor-
phisms of V. It is a noncommutative K-algebra.

6.2.7 Esempio. Let f,g € Endg(K?) be defined by

Then
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whereas

from which one sees that g(f(u)) # f(g(u)) if u(2) # 0, that is, go f # fog.

6.3 Isomorphisms

We have the following fundamental definition:

6.3.1 Definition A bijective linear map f : U — V, that is, one-to-one and onto,
15 called an isomorphism. Two vector spaces U and V' are called isomorphic if there
exists an isomorphism f U — V.

Since every bijective function between sets is invertible, every isomorphism f &
Homg (U, V) has a function f~!:V — U, called its inverse, such that
foft=idy and  flof=idy.

There is, a priori, no guarantee that the inverse f~! is in turn an isomorphism (that
is, that in addition to being an invertible function it is also linear). Nevertheless, the
following holds:

6.3.2 Proposition. If f: U — V is an isomorphism, then f~* € Homg(V,U).
Proof.Indeed, for every vy, vy € V and every A, 4 € K one has:

YOV +pve) = Y A(fof D(vi)+u(fof 1) (va)) = (definition of f~1)

= [TUTHV) Hrf(fH(ve)) = (definition of fo f~1)

= [TV +pfH(v2) = (linearity of f)

= (Lo NfHvy) + ufHve)) = (definition of com-
position)

= AfTHv) 4 pfHve), (f~'o f = idy).

Not all endomorphisms of V' are invertible, as the following example shows:
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6.3.3 Esempio. Let f:K? — K2 be defined by

fu) = <“§)1>> .

Clearly f is a nonzero endomorphism of K2. It is not invertible, however, since if it were,
there would have to exist a linear map ¢ such that

f(g(n)) = (6.6)

for every u € R?. Let then u be such that u(2) # 0. Equation (6.6) is equivalent to:

(atw) =7 Gie) = ("5")
which is absurd. Therefore f is not invertible.

6.3.4 Isomorphisms from V to itself are called automorphisms of V. They form a subset
of Endg(V):
Autg (V) ={f € Endx(V)|3f ' : V =V}

Clearly idy € Aut(V): indeed the identity endomorphism is injective and surjective.

6.3.5 Corollary The set Aut(V') of invertible endomorphisms is a group with re-
spect to composition of (linear) functions.

LL 7

Proof.The operation “o” is clearly internal: if f, g € Aut(V') then gof is an invertible
endomorphism. Indeed (go f)™' = f~1og™!, since

(goflo(flog)=go(fof og ' =goidyog ' =gog ' =idy.

Moreover o is associative because composition of functions is associative in general.
The identity endomorphism ¢dy acts as the neutral element. Indeed: f oidy =
idy o f = f. Finally, every f € Aut(V) is invertible by definition of Aut(V'). Thus
Aut(V) is a group, the group of automorphisms of V.

6.3.6 Exercise. Prove that, in general, Aut(V') is not commutative, that is, ex-
plicitly produce a vector space V and two isomorphisms from V to itself such that

fog#golf.
6.4 Kernel and image of a linear map
6.4.1 Let f € Homg(U,V). The set

m(f):={f(u) eV |ueU}, (6.7)
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is a subset of V' called the image of f. It is the set of all images in V' of all vectors

of U. The set
ker(f):={ueU/| f(u) =0y} (6.8)

is the subset of U of all vectors that annihilate f, that is, whose image is the zero
vector of V. It is called the kernel of the linear map f.

6.4.2 Theorem. The kernel ker(f) of f is a vector subspace of U; the image of f,
Im(f), is a vector subspace of V.

Proof.If u;, us € ker(f), then, for every A\, u € K, one has:
fur + pug) = Af(wr) + pf(uz) = A+ Oy + p1- Oy = Oy + Oy = Oy,

and therefore Auj + puy € ker(f). Thus the kernel of f is a subspace of U.
Let now vy, vy € Im(f). By definition there exist u;, us € U such that

vi = f(u) and vy = f(uy),
so, for every A\, u € K:

Vi + vy = Af(w) + pf(ag) = f(Aug + puy),

proving that Avy + pvy is itself the image of a vector of U. Therefore \vy + puvy €
Im(f) and the image of f is a subspace. .

6.4.3 Proposition. Let f € Homg(U,V). Then i) f is surjective if and only if
Im(f)=V;1ii) f is injective if and only if ker f = 0.

Proof.We begin by proving i). If Im(f) =V, every v € V is of the form f(u) =v,
for some u € U, by definition of image. Thus f is surjective. Conversely, if f
is surjective, for every v € V there exists u € U such that f(u) = v, that is,
v € Im(f). Therefore, if f is surjective, V' C Im(f), which together with the
inclusion Im(f) C V implies V' = Im(f), as required.

As for ii), if f is injective and u € ker(f), then f(u) = 0y = f(Oy), hence u = Oy
(by the assumed injectivity of f): therefore ker(f) contains only the zero vector.
Conversely, if ker(f) := {0y}, the equality f(u1) = f(uy) implies f(u;)—f(u2) = Oy.
By linearity, f(u; —ug) = 0, so u; — uy € ker(f) by definition of kernel. Hence:

u; — uy = Oy,

because Oy is the only element of ker(f). Thus u; = uy and f is injective. .
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6.4.4 Proposition. A linear map f: U — V is injective if and only if the image
of any set of linearly independent vectors of U is a set of linearly independent vectors
of V.

Proof.Suppose f is injective and uy,...,u, are linearly independent. Then the
linear relation

)\1][(111) + ...+ )\hf(llh) = OV (69)
implies, by linearity, the equality:

fAug + ...+ Apuy) = Oy
Thus, by the definition (6.8) of kernel:
Aug + ...+ Apuy € ker(f). (6.10)
Since f is injective, ker(f) = Oy. Therefore (6.10) is equivalent to:
AUy + ...+ A\pu, = 0p.

Then Ay = ... = )\, = 0, because uy, ..., u, are linearly independent by hypothesis,
and therefore f(uy),..., f(u,) are linearly independent (because (6.9) holds only for
all scalars zero).

Conversely, suppose that the image of every linearly independent subset is linearly
independent. If the kernel ker(f) contained a nonzero vector, by hypothesis its image
would have to be nonzero (a nonzero vector is linearly independent), contrary to the
assumption that it lies in the kernel. Hence the kernel contains only the zero vector.

6.4.5 Proposition. Let f € Homg(U,V) and let (by,...,b,) be a basis of U.
Then

Im(f) = [f(b1),.... f(by)]
that is, the tmage subspace of f in V is generated by the images of a basis of U.

Proof.It is enough to prove that Im(f) C [f(by),..., f(b,)]. Let v € Im(f). By
definition there exists u € U such that f(u) = v. Hence u = \b; + ... + \,b,, for
certain (unique) Aq, ..., A,. Then

v=f(u)= f(Z Aib;) = Z Aif (b;).

This proves that v € [f(by),..., f(b,)], as required. .
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6.4.6 Corollary. Let f € Homg(U,V) and dimg U = n < oo. Then f is injective
if and only if dimg Im(f) = dimg U, and is surjective if and only if dimg Im(f) =

Proof.If f is injective, the images of the vectors of a basis are linearly independent
vectors. Therefore

dimg Im(f) = dimg[f(b1),..., f(b,)] =n = dimg U.

Conversely, if the image of a basis of U is a basis of the image, then f is injective.
Indeed, if u € ker f, then u = u1b; + ... + u,b,, hence

f(u) =0y =X f(b1) +...+ A f(by)

and all the \; are then zero, because the image of the basis B is a basis of the image.
Hence u = 0y. The assertion concerning surjectivity has already been discussed. =

6.4.7 Exercise. Construct an example of a non-injective linear map to show that,
in general, the image of a basis of U is not a basis of the image.

6.4.8 Proposition. Let U and V' be two K-vector spaces with dimg U = n. Let
by, ..., b, be the vectors of a basis of U and let vy, ..., v, be arbitrary vectors of V.
Then there ezists a unique linear map f: U — V such that f(b;) = v;.

Proof.We begin by constructing the linear map. Every u € U can be written
uniquely as a linear combination of (by,...,b,), since this is a basis of U:

u=Mb;+...+\,b,.
Define f : U — V as follows:
fa) = v+ ...+ vy,
It follows that f € Homg(U, V). Indeed, if u’ =Y | Xib;, one has:

A+ XNu = A0 b)) + N b)) =) (AN + NA)b;
i=1 i=1 =1

and hence:

FAu+ X)) = f3 (N +NX)vi=
=1

= A Avi+ N D ANvi=Af(u) + N (),
=1 =1
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thereby proving the existence of f. Let us now prove the uniqueness of the f just
constructed. Suppose that there exists another g : U — V such that g(b;) = v;.
Then, in this case, for every u € U one has:

g(u) = g(i Aib;) = (by linearity of g) = i Aig(b;) =
=1 i=1
= ) A\v; = f(u).
i=1

Thus g(u) = f(u) for every u € U, and hence f = g. .

6.4.9 Theorem (dimension theorem for Kernel and Image). Let f : U —
V' be a linear map between finite-dimensional K-vector spaces. Then the following
fundamental equality holds:

dimg (U) = dimg ker(f) + dimg Im(f) (6.11)

Proof.Let (by,...,b,) be a basis of U. If f is injective, then ker(f) = 0y. Hence
dimker(f) = 0 and, since by Corollary 6.4.6 (f(by),..., f(by,)) is a basis of Im(f),
one has dim Im(f) = n. Thus (6.11) is trivially verified if f is injective. In the case
where f is not injective, consider a basis by, ..., by of the kernel of f. This can be
completed to a basis B := (by,..., by, byi1,...,b,) of the space U (V). The theorem
follows from the fact that (f(bpy1), ..., f(by)) is a basis of Im(f). If this is the case,
indeed, one obtains dimIm(f) =n — h = dim(U) — dimker(f), as desired. To prove
that (f(bpy1),..., f(by)) is a basis of Im(f), let u € Im(f) be arbitrary. Since the
image of the basis (f(by),..., f(b,)) generates Im(f), one has:

u=XAf(by)+...+Mf(bn) + i1 f(bri1) + ... + A f(bn))
for some choice (not necessarily unique)? of scalars (A, ..., \,). But then:
u= A1 f(bpy1) +... + Auf(bn))
because by, ..., b, belong, by hypothesis, to ker(f). Thus

Im(f) = [f(bh+1)7 ce 7f(bn>]

T am rushing a little. Why?
2Indeed, under the hypothesis, necessarily not unique!
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It remains only to prove that the f(b;), with h+1 < i < n, are linearly independent.
Indeed, if

phe1f(Bry1) + .o+ pn f(by) = Oy,
then
f(phs1bpsr + ..+ ppby) = Oy

by the linearity of f. Hence py1bpi1 + ... + pnby € ker(f). Therefore

pht1bnptr + .o+ by = by + .o+ by,

for a (unique!) choice of scalars pq, ..., up, since (by,...,by) is a basis of ker(f).
But then:

pibr + .o+ ppby — pppibrer — o — paby = 0y
is a zero linear combination of a basis of U and hence, necessarily, \y = ... =
A = A1 = ... = A\, = 0, whence, in particular, \,11 = ... = X\, = 0, that is,
(f(bps1), ..., f(by,)) are linearly independent and therefore form a basis of Im(f),
as required. -

6.4.10 Solved exercise. Let U = K" and V = K™ and let f € Homg (K", K™).
Prove that if n > m, then f cannot be injective.

Solution. It is enough to apply formula (6.11) to the described situation. One has
dimy (K") = dim (ker(f)) + dimye (Im( £)).

Since Im(f) C V, it follows that dim(Im(f)) < dimg K™ = m. Thus
dimker(f) =n — dimIm(f) >n —m > 0,

where the last inequality follows from the fact that n > m. Since dimker(f) > 0
implies that ker(f) # {0}, f cannot be injective.

6.4.11 Solved exercise. Let f : K® — K* be linear. Prove that f cannot be
surjective.

Solution. If it were surjective, then Im(f) = K* and hence dim Im(f) = 4. Since
dimker(f) > 0, applying (6.11) one would have:

dim K? = dim ker(f) + dim Im(f) = dimker(f) +4 > 4

but this is impossible, since the dimension of K3 is 33.

3Indeed, one of its bases is the canonical one: (e, ez, es3).
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6.4.12 Exercise. Generalize the solved exercise 6.4.11: if f € Homg(U,V) and
dimg U < dimg V/, then f cannot be surjective.

6.4.13 Proposition. Let U and V be two K-vector spaces of the same finite di-
mension. Then f € Homg(U, V') is injective if and only if it is surjective.

Proof.If f is injective, then dimker(f) = 0 (by Proposition 6.4.3, ii)) and there-
fore (6.11) gives:

dimg U = dimg ker(f) + dim Im(f) = 0 4 dim Im(f),

so that dimg (Im(f)) = dimg U = dimg V', whence f is surjective (indeed dim Im(f) =
dim V' implies I'm(f) = V and hence f is surjective by property 6.4.3 i). Conversely,
if f is surjective, then Im(f) = V (6.4.3), hence dim Im(f) = dimg V = dimg U,
whence, applying (6.11):

dimg U = dimg ker(f)+dimg Im(f) = dimg ker(f)+dimg V' = dimg ker(f)+dimg U

and therefore, evidently, dimker(f) = 0, that is, ker(f) = Oy, hence, by 6.4.3, ii), f
1s injective. "

6.4.14 Recall from 6.3 that two vector spaces U and V are called isomorphic if and
only if there exists f € Homg (U, V') which is injective and surjective. In this case f
is called an isomorphism between U and V.

6.4.15 Theorem. Two finite-dimensional K-vector spaces are isomorphic if and
only if dimg (U) = dimg (V).

Proof.Indeed, if they are isomorphic, let f be an isomorphism, that is, a linear
map from U to V that is injective and surjective. Since f is surjective, one has
dimg Im(f) = dimg V. Moreover, since it is injective, one has dimg ker(f) = 0.
Thus, applying (6.11), one obtains:

dimg U = dimg ker(f) + dimg Im(f) = 0 + dimg V' = dimg V,

proving that U and V' have the same dimension if they are isomorphic. Conversely,
let U and V' have the same dimension. Let B = (by,...,b,) be a basis of U and
C=(c1,...,¢,) abasis of V. Let f: U — V be the unique linear map defined by

This map exists and is unique by Proposition 6.4.8. Moreover it is injective, since
f(u) = Oy implies that f(Aby +...+A\.b,) = A1 f(b1)+...+ X\ f(b,) = 0y. That
is:

)\1C1 + ...+ )\ncn = 0\/,
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hence \; = ... = A, = 0. Therefore u = 0y and so f is injective. Then by 6.4.13, f
is also surjective. Hence f is an isomorphism. .

6.5 Change-of-basis matrices

6.5.1 Let U be a K-vector space of dimension n and let B := (b, ..., b,) be a basis
of it. If u = uyby + ugbs + ... + u,b,, denote by (u)g the column, with n scalar
entries, of the components of u with respect to the basis B:

Uy
(ws=| "
Uy
In particular
(b))s = €. (6.12)

6.5.2 Proposition. The function

QbB U — K™
(6.13)
u — (u)g,

which associates to each u € U the column of its components with respect to the basis
B, is an isomorphism.

Proof.It is indeed the unique isomorphism between U and K" such that ¢(b;) = e;.

In particular, the B-components of a linear combination are the linear combina-
tion of the B-components, that is:

(Au+ pv)g = A(u)p + u(v)s (6.14)

for every pair u,v € U and every A, u € K.
6.5.3 Let now B:= (by,...,b,) and C := (cy,...,c,) be two bases of U. If

u = UiCy + ...+ UpCyp,

then:
() = (u1cy + ... +upcy)p = ui(cr)g + - .. + un(cy)s
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where the last equality follows from linearity (6.14). Hence:

Uy
(u)s = ((c1)s, -, (ca)p) - | i | = PP (u)c
Un
where we have put:
PB€ = ((c))g, ..., (c,)p) € K™, (6.15)

the matrix whose j-th column is the column of the components of the j-th vector c;
of the basis C with respect to the basis B.

6.5.4 Proposition.
i) For every basis B := (b;)1<i<n of U
PPB =1, :=(el,...,e,) (6.16)

i) If B := (b;)i<i<n, C := (Ci)1<i<n, D := (d;)1<i<n are three arbitrary bases of
U, then:
pBepeP — pBD, (6.17)

Proof.For i) one easily has:

PBB = ((b))g,...,(bu)s) = (e1,....en) = 1,.

As for ii):
PEEPEl = PEC((d))e, ..., (dy)e) = (6.18)
= (PP%dy)c, ..., PP(d,)e) = (6.19)
= ((d1)37 ceey (dn)B) = P&D- (620)
where (6.19) comes from rule (??) for multiplying two matrices. .

6.5.5 Corollary. The matriz PPC is invertible and its inverse is PS5,

Proof.Indeed, by Proposition 6.5.4 ii) and then i), one has

pBC. peB _ pBB _ 1 and péB. pBC — ptt —1 .
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6.6 Matrices associated with linear maps.

6.6.1 Let now f: U — V be a linear map between two K-vector spaces of dimen-
sions n and m, respectively, and let B := (by,...,b,) and C = (cy,...,c,,) be bases
of U and V, respectively. The matrix

MPP = (f(by)e,..., f(ba)e) € K™, (6.21)

is called the matriz associated with f with respect to the bases B and C. Then, for
every u € U:

M;’B -(u)g = f(u)e. (6.22)
Indeed
fu)e= flubi+...+u,by)c = (u as a linear
combination of the b;)
= (urf(b1)+ ...+ upf(byp))e = (linearity of f)
= w(f(b1))e+ ... +un(f(bn))e = (applying (6.14))
= (f(bi)e; ..., f(bn)c) - (0)5. (by definition (??) of

matrix times column)

If 0: U — V is the linear map that sends every vector u € U to the zero vector of
V, the matrix M§'® is the zero matrix for every choice of bases Bin U and C in V.
Indeed

MSE = (0(by),...,0(by,)).

6.6.2 Proposition. Let f,g € Homg(U,V'). Then:

MSH . = AMEE + uMER. (6.23)

Proof.It is enough to prove that the columns of the matrices in the left- and right-
hand sides of (6.25) are equal. First observe that, for every 1 < j < n, one has:

Ci(My15,.,) = Mf(bj))e + pu(g(b;))e (6.24)

Indeed:
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C}(Mfﬁ_ug) = ij’cliﬂg e = (j-th column)
= Mgfmg - (bj)s = (equality (6.12))
= ((AMf+ng)(bj))e = (formula (6.22) applied to Af + pg)
= (Af(bj) + pg(by))e = (definition of Af + pg)
— (b)) + ulg(by))e (limearity of ge, Cf. (6.13))

But:
A b)) + ilg(by)le = AME® - (b)) + uMES - (by)s = (formula (6.22) ap-
plied to Af + ug)
= ()\Mjf’B + uMSP) - (b)) = (linearity of the pro-
duct of matrices)
= ()\M;’B + [LMQC’B) ‘e = (equality (6.12))
= C(AM[® 4 uMEP). (6.25)

Equations (6.24) and (6.25) imply the asserted equality between the columns, thus
proving the proposition. .
Similarly, one has:

6.6.3 Proposition. Let B, C and D be bases of K-vector spaces U, V and W,
respectively, and let f € Homg(U,V') and g € Homg(V,W). Then

DB _ 1 sDC C,B
MEP = MPC . MEP, (6.26)
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Proof.Indeed
Mgp = (((go f)(b))p,--.. (g0 f)(ba))p) = (6.27)
= ((9(f(b1)))p, .., (g(f(bn)))p) = (6.28)
= (MPC-(f(b))e,-., M7 (f(bu))e) = (6.29)
= M7 ((f(br))e, .., (f(bu))e) = (6.30)
= MPC.MPE, (6.31)

where (6.27) is the definition of the matrix associated with the homomorphism ¢ o
f, (6.28) uses the definition of composition of functions, (6.29) the definition of the
matrix associated with g with respect to the bases C and D, (6.30) is the rule (77?)
for multiplying a matrix by a column, while (6.31) uses the definition of the matrix
associated with f with respect to the bases B and C. .

6.6.4 Solved Exercise. Let K<o[X] be the K-vector space of polynomials of degree
<2.

a) Prove that C := (1+ X,1 — X, X?) is a basis of Ky[X];
b) prove that B := (by, by, bs), where:

1 1 0
bl - 1 ) b2 - 0 ’ b3 - 1 3
0 1 1
is a basis of R3;
c¢) Let the function Ky[X] — R? be given by:
ag + 2a1 + as

f((lo + CLlX + &2X2) = a] — aoy
ap + ai + ag

Prove that it is linear.

d) Find the matrix associated with f with respect to the bases 5 and C;
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e) Compute the product

and interpret the result.
Solution.

a) i) First method. Directly. Let:
ML+ X)+u(l—X)+ceX?=0
be a zero linear combination of the elements of C. Then
A+pu)+(A—p)X +vX?=0.

Since S := (1, X, X?) is a basis of K<y[X], it follows that A + pu = 0,
A—p=0and v=0, that is, A = p =v.

ii) Second method. Since (1, X, X?) is a basis of K<y[X], let

1 1 0
P:=((14+X)s, (1-X))s, (X)s)=[1 -1 0
0 1

be the matrix whose columns are the components of the vectors of C with
respect to the standard basis (1, X, X?). If the matrix is invertible, then
C is a basis. A quick calculation shows that det(P) = —2 # 0, that is, the
matrix P is invertible, that is, C is a basis.

b) Since the components of (by, by, b3) are expressed in the canonical basis, it is
enough to evaluate the determinant of the matrix (by, bg, bs):

1
det(bl, bQ, bg) = |1
0

=N

0
1| =
1

which is easily seen to be equal to —2. Therefore, since it is nonzero, (by, bs, bs)
is a basis of R3.
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c) i) First method. It consists of the direct application of the definition. Let
P,:=ag+ a1 X +axX? and P, := by + b; X + b, X? be two polynomials of
degree < 2. For every A, i € K one has:

f(/\Pa + [LPb) = f(/\(do —f- alX —f- a2X2) + [,L(b() + le + bQXQ)) =
= f(()\ao + ,Ubo) + ()\al + Mbl)X + ()\Clg + ,Ubg)X2) =
()\CL(] + Mbo) + 2(>\CL1 + ,Lbbl) + (/\CLQ + /ng)

= ()\ao + /,Lbo) — (/\CLl + ,ub1> =
(Aag + pbo) + (Aay + pby) + (Aag + pbs)

Aag + 2Aa; + Aag by + 2pby + b
= Aap — Aag + by — pibo =
)\CL() + /\CL1 + /\CLQ ,ub() + ,ub1 + Mbg
a0+2a1—|—a2 bo+2l)1+b2
= A a; — as + M b1 — bg =
ag + a1 + ao b0+b1+bg
= )\Pa + ,uPb.

and therefore f is linear.

ii) Second method. One can write:

1 2 1 Qo
f(CL(] + CLlX + a2X2) = 1 0 -3 . aq
11 1 as

Thus f can be seen as multiplication of a matrix by a column vector, and
this multiplication is linear according to Example 6.1.4; 1).

d) The matrix Mf’c is given by:

MEC = ((f(e)s, f((c2))s, F((c5))8),

that is, by the matrix whose j-th column, for 1 < j < 3, is the column of the
components of the vector f(c;) with respect to the basis B. Write

f(c1) = a11by + az1by + az b
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that is:
3 1 1 0
fle)=fA+X)= (1] =au 1| +axn |0| +as |1
2 0 1 1
which gives, by equating components:
apn +ayn = 3
app +az = 1
a1 +azg = 2

Solving the system with one of the known ad hoc methods (substitution, linear
combination, etc.), one finds:

Similarly,
1-2 1 1 1 0
flea)=f1-X)=| -1 | =|-1]=a|1]|+an|0|+ax]|l
1-1 0 0 1 1
from which
iz +azxp = -1
iz +az = —1
azxp +azp = 0

whose solutions are:

ajp=(—-1-140)/2=-1; ap=(-1+1)/2=0; axp=(1-1)/2=0.

Finally:
0+2-0+4+1 1 1 1 0
f(Cg):f(XQ): 0—-1 =|-1])=a3|1] +ax|0]+as|l
0+0+1 1 0 1 1
whence the system:
a3 +ag = 1
a3 + a3z = -1

ass +aszz = 0
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whose solutions are:

a13:—1/2; a23:3/2, G33:—1/2,
In conclusion:
1
1 -1 ——
2
B 11 Aaiz2 i3 3
Mf’ = ((f(c1))B, (f(c2))s, (f(cs))B) = | aa1 a2 ax | = |2 0 5
Q21 Q22 (23
1
0 0 ——
2
One has:
1
1 -1 —1 ——
2 2 2
2
3 17
MEC.[1]l=12 o 2 =1 2
f 2 2
1 3 3
0 0 — _°
2 2

The result is interpreted as follows: if (2, 1,3)7 are the components of a vector
P € Ksy[X] in the basis C, then (—1/2,17/2,—-3/2)T are the components of
f(P) in the basis B of R®. Let us check it. The vector (= polynomial) P would
be:

P:=2(1+X)+1(1-X)+3X*>=3+ X +3X%

whereas
~1/2 17/2 0 8
f(P) = —by/2+1Tby/2-3bs/2 = [ —1/2 |+ 0 |—[3/2] = -2
0 17/2 3/2 7
Verification. Indeed:
3+2-143 8
f(P)=f(3+ X +3X% = 1-3 = (-2 |,
3+1+3 7

as expected.
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6.6.5 Let A € K™*" be a matrix. Once it is regarded as the linear map K* — K™
that sends each u € K" to Au € K™, one has:

EnE
.]\414717 m::A

where F, and E,, denote the canonical bases of K™ and K™, respectively. In other
words, the matrix associated with the linear map u — Au with respect to the canon-
ical bases is the matrix A itself. Since composition of functions is associative, this
observation provides another simple proof that matrix multiplication is associative.

6.6.6 Proposition. Let B and C be two bases of U and V. The function
@DC,B . HomK(U, V) — Kmxn,

c.B
f — M

18 an isomorphism.

Proof.First observe that if f,g € Homg(U, V), then Mf’B = MQQB if and only if
f(bj)e = g(bj)c for every 1 < j < n, that is, if and only if f(b;) = g(b;) for every
1 < j < n, since the function v — (v)¢ is an isomorphism. Thus ¢ 5 is injective.
Let now A € K™*". Define f4 : U — V by the equality:

(fa())e = A - (0)s.

Then
cB
MfA =A

and this proves that )¢ g is surjective. Finally 1¢ s is a homomorphism by Proposi-
tion 6.6.2. .

6.6.7 Corollary: The dimension of Homg(U,V) is equal to the product of the
dimensions of U and V :

dimg Homg (U, V') = dimg U - dimg V.

Proof.Indeed, if dimg U = n and dimg V' = m, the space Homg (U, V') is isomorphic
to K™*™ by 6.6.6, which has dimension mn. .

Let now f € Homg(U,V), let By, By be two bases of U, and let C;,Cy be two
bases of V.

6.6.8 Proposition. The following equality holds:
MEB — peate \fGBr, pBiBy (6.32)
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Proof.This is pure routine. Let By := (by,...,b,). Then:
2,C1 C1,B1 B2 _ pC2,Ca C1,B1 —
peC . pgtEr . pPLuBe — peCi B (by)g,, . (be)s,) = (6.33)

= PO (M (by)s,, . MEUP (b)) = (6.34)
= PEO((f(b1))ess - (f(ba))e,) = (6.35)
= (PEO(f(b1))ess. ... PO (f(bn))ey) = (6.36)
= ((f(b))ess- - (f(ba)ey) = M7, (6.37)

where in (6.33) we used the definition (6.15) of transition matrix, in (6.34) we wrote
the product of the matrix M?l’Bl with P21 using formula (?7?), in (6.35) the defini-
tion (6.21) of the matrix associated with f (with respect to the given bases), in (6.36)
again formula (??) for expressing the product of matrices (6.35) and, finally, in (6.36),
the definition of the matrix associated with f with respect to the bases By and Cy of
U and V respectively. .

6.7 Matrices associated with endomorphisms.

6.7.1 When dealing with endomorphisms of a fixed vector space V, it is sufficient
and meaningful to use only one basis. In other words, if B := (by,...,b,) is a basis of
V', we will be interested in the properties of Mf’lg € K™ the matrix associated with
an endomorphism f with respect to the same basis B in the domain and codomain.

6.7.2 Proposition.
i) Letidy : V. — V be the identity endomorphism. Then
MBB =1, = (e1,...,€y,).

idv
i) If f € Aut(V) then MP" € Gl,,(K)*

iii) If C is another basis of V', then the matrices Mf’B and M;”’c associated with f
are similar, that is, there exists P € Gl,,(K) such that
CC _ p-17/BB
Mg™ =P M "P.

4That is: the matrix associated with an automorphism is invertible.
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Proof.To prove i) it is enough to use the definition of associated matrix based on
equality (6.21):

MEP = ((idy(b1))s, .- ., (idv(b,))s) =
= ((by)g,...,(by)g) = (e1,...,en).

As for ii), it is a consequence of Proposition 6.6.3 and of the fact that fo f~! = idy:

BB BB 1 BB BB
Mygpr = Mg My = Mig,” = 1n

having used i) to write the last equality. Finally iii) is equally obvious. Indeed
MEC — pCB BB pBC
o !

and it is therefore enough to take P := P5C (indeed, by Corollary 6.5.5, P~1 = P¢5),

6.7.3 Esempio. Let z € C and consider the function z- : C — C which assigns to each
w € C the product z-w. Clearly it is a linear map. Its matrix with respect to the canonical
basis® is simply (z). However, as seen again in the example, C is also a vector space of

dimension 2 over the reals, with basis R := <((1)> , <(1)> >:

C=R (1) oR (O>
0 )
Let us find the matrix MR

v, associated with multiplication by z. Let z = a + bi (thus
written as a vector with real coefficients). We must find the components of z -1 and of z -
with respect to the basis R, and one easily has:

MR = ((a+ bi)g, (ai — b)g) = (Z —b )

a

that is, the matrix recalled in Example ?7.

6.8 Linear systems.
6.8.1 Let A € K™*". Then A can be viewed as a linear map

A:KY— K™

Swhich one?
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Since A = (Aey,...,Ae,), and since (ey,...,e,) is a basis of K", it follows that
Im(A) =[A-eq,...,A- e, that is, the columns of A generate the image. Let now
w € K™ and let

A'w = {veK"| Av = w}.

The set A~'(w) is called the set of preimages of w (not to be confused with the
inverse of the matrix A, which may not exist, applied to the vector w). Note that
this set may be empty, in the case where w ¢ Im(A). Observe that if w # 0, then
A~1(w) is not a vector subspace of K". Indeed, if it were, Og» should be one of its
elements, but this is impossible, since AOg» = Ogm # w. Conversely, A71(0) is a
vector subspace, traditionally called the kernel of the matrix A. More details follow.

6.8.2 The problem we want to study is that of determining the preimages of a
given vector b of K through the linear map A : K» — K™ defined by a matrix
A € K™ This is equivalent to solving the equation

Ax=b (6.38)

with matrix coeflicients and vector unknowns. If one sets:

ay; Qi ... Qi
a a a n‘ o bl
21 22 - 2n
A= . . . , o x=| : and b= :
o Ty b
Am1 Am2 ... Qmnp

then finding the solution of equation (6.38) is equivalent to solving the system of m
linear equations in n unknowns:

a11ry + @12y + + AT, = bl
211 + 299 + + a9n,T = bz
- (6.39)
+ + + =
Am1T1 +  GmaZs + + Ty = bm
which can be written in explicit matriz form as:
a1 a12 Ce Q1p I b1
a921 a929 e a9 )
- = | : (6.40)
b

Am1 Am2 .. Qmnp Tn
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or, in explicit vector form:

or, more explicitly:
ail aiz A1in b,
a1 ag2 A2n
1 : + X2 : + ...+ x, : = | by
. : . b,
Am1 Am2 Qmn

6.8.3 Proposition. The linear system Ax = b has a solution if and only if b €
Im(A).

Proof.The proof is obvious. If b € Im(A), by definition of image there exists at
least one xy € K" such that Axg = b, that is, there exists at least one solution of
the linear system Ax = b. Conversely, if the linear system Ax = b has a solution,
then, by definition of image, b € Im(A). .

Let ker(A) := {x € K" | Ax = Ogm }. In other words, ker(A) is the set of solutions
of the homogeneous linear system Ax = Ogm. Suppose that b € Im(A). Then
A~7'b # (). Thus A~'(b) is the set of solutions of the system Ax = b. If x, € A~1(b),
that is, if Axy = b, then x( will also be called a particular solution of equation (6.38).

6.8.4 Definition. If A~'(b) # 0, the dimension of the set of solutions is, by
definition, equal to:

dim A™'(b) = dim ker(A).
If dim A~!(b) = n — r, one also says that the system has co"™" solutions.

6.8.5 Proposition. Suppose that A1 (b) # () and let x, € A~'(b). Then:
A7 (b) :=x¢ + ker(A) := {x¢ +u|u € ker(A)}. (6.42)

Proof.The proof proceeds by double inclusion. First, if x € xg + ker(A), then
X = X + u for some u € ker(A). Hence

Ax = A(x¢ + u) = Axy + Au = b + Ognm

because u € ker(A). This proves that xo + ker(4) C A~!(b). Conversely, suppose
that x € A7}(b). Then b = Ax = Ax, that is Ax — Axy = A(x —xg) = Ogm, hence
u = x—X € ker(A). This proves that A~!(b) C xo+ker(A), that is, equality (6.42).
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An element of ker(A) is also called a solution of the associated homogeneous
system for A. Thus Proposition 6.8.5 says that the general solution of the system
Ax = b is the sum of a particular solution and the general solution of the associated
homogeneous system.

6.8.6 Remark. Let C*(R) be the vector space of infinitely differentiable real
functions of a real variable. Let D := d/dx be the derivative with respect to x. From
analysis courses one knows that if f,g € C*°(R) and A\, u € R, then

DA-f+p-g)=XA-Df +p-Dyg.

Thus D is an endomorphism of C*°(R). Since composition of endomorphisms is an
endomorphism and the sum of endomorphisms is an endomorphism, every expression
of the form

P(D):=D"+a; D" '+ ... +a,l

is an endomorphism of C*°(R) called a “differential operator of order n”. Solving
the equation

PD)f =g
means solving the associated differential equation:

f 4 afO TV tanf =g

From the theory of differential equations with constant coefficients (see also the
fantastic [?]) one knows that the general solution of the differential equation is given
by a particular solution added to the general solution of the associated homogeneous
equation. In other words, if p = p(z) is a particular solution, the set of solutions is:

P(D)"!(p) = ker P(D) + p.

6.8.7 Let now Ax = b be a linear system. The matrix:

a1 a19 N AT bl

921 929 ... Qo b2
(Afb) =

Al Oma - Qmn |Om

is called the augmented matriz of the system (the vertical bar is inserted purely for
convenience, also to distinguish visually the coefficient matrix from the column of
known terms).
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6.8.8 Theorem (Rouché—Capelli) The linear system (6.38) has solutions if and
only if the rank of the matriz A coincides with the rank of the augmented matrix
(A|b). In this case the dimension of the solution space is dim A~!(b) = dimker(A) =
n —r, where r is the rank of A.

Proof.Indeed, if the system is solvable, then b € Im(A) and therefore b is a linear
combination of the columns of A. Thus, if [C1(A),...,C,(A)] = [C1(A),...,CL(A),b],
then

rk(A) = dimg[C1(A), . .., Co(A)] = dimg[C1(A), . .., Ca(A), b] = tk(A|b).

Conversely, if rk(A) = rk(A|b), then b is a linear combination of the columns of A,
which generate the image, and therefore b lies in the image, that is, the system has
solutions. .

6.8.9 Remark. Note that for the homogeneous linear system Ax = 0, which
always has solutions (at least the zero solution), the Rouché-Capelli condition is
trivially satisfied.

6.8.10 If Ax = b is a Cramer system, that is, if A € K™*" (A is a square matrix),
the solution certainly exists if A is invertible. Indeed, if A is invertible, the columns
of A form a basis of K" and hence every vector b is a linear combination of those
vectors. The condition of non-invertibility of the matrix is det(A) = 0. If det(A) # 0,
then the system has oo™ ™ = oo solutions. The solution is unique. Indeed, if x and
x' are solutions, then x — x" € ker(A). Since ker(A) = 0, it follows that x =x'. =

6.8.11 Solved Exercise. Study, as the parameters h,k € R vary, the solutions of the
linear system
T1— X0+ a3+ 34 = 1

1+ koot kry = k

r9 — x3+ hxry = 0
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Solution. The augmented matrix of the system is:

1 -1 1
(A kK)bE)=[ 1 k 0
o 1 -1

ST W

1
k
0

The notation is used to recall the explicit dependence of the coefficient matrix and of the
constant column on the parameters h and k. We may now begin a row reduction, as learned
in 7?7, by proposing this first elementary transformation:

R3 — R3 + R;, obtaining:

(A1(h, k)|b1(k)) :=

—_ =

-1 1
k0
0 0

+ &> w
—

h+3

One immediately sees that if k # 0, for every h € R, the matrix A;(h, k) is reduced and
therefore rk(A) = rkA;(h, k) = rk(Ai(h, k)|b1(k)) = 3. By the Rouché-Capelli theorem,
therefore, the system is compatible and has 00?2 = ool solutions, a way of saying that
there is a one-parameter family of solutions:

r1=1—(34+h)t
1
xo=—(k—kt —1+3t+ht)

k
1
xgzht—i—%(k—kt—l—i—fﬂt—i-ht)
T4 =1

If £ =0, the matrix (A1(h,0),b;(0)) becomes:

—1
(A1(h,0)[b1(0)) = 0
0

— =
o O =
+ o w
—_ O

Performing the further elementary row transformation:
R3(A1(h,0),b1(0)) = R3(A1(h,0),b1(0)) — Rz(A1(h,0), b1(0))

one obtains:

1 -1 1 3 1
0 0 0 R+3]|1

For h # —3, the matrix As(h,0) is reduced (up to exchanging the third and second rows);
rk(A) = 3 and rk(A|B) = 3.
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Therefore, by the Rouché-Capelli theorem, the system is compatible and has co?™3 = ool

solutions depending on one parameter:

r1 = 0
Tro = t
r3=1+1— 3
° h+3
=5
If Kk =0A h = -3, the augmented matrix becomes:
1 -1 1 3|1
(A2(07 _3)7b2(0)) = 1 0 0 00
0 0 0 0|1

The matrix is reduced; rk(A2(0,—3)) = 2 and rk(A2(0, —3)|b2(0)) = 3. Therefore, by the
Rouché—Capelli theorem, the system has no solutions.

6.8.12 To readers who might wish to complain, arguing that a single example is
not enough, we reply: these exercises are all the same anyway... And in any case,
more follow right below.

6.9 Exercises

6.9.1 The reader, male or female, should decompose each of the solutions of Exer-
cise 6.8.11 as the sum of a particular solution and a generic vector of the kernel of
the matrix A(h, k).
Soluzione: [?7, 9.5.1]

6.9.2 Prove that, in general, Aut(V') is not commutative. That is, explicitly pro-
duce a vector space V' and two isomorphisms from V' to itself such that fog # go f.

Soluzione: [?7, 8.5.1]

a

b
polynomial and prove that its roots are necessarily real; Could you compute the
eigenvectors of such a matrix? Experiments with numerical examples are allowed.

Soluzione: [?, 8.5.2]
6.9.4 Let an arbitrary antisymmetric 3 x 3 matrix be given:
0 a b

A=\ —a 0 ¢
—c -b 0

: . : b L
6.9.3 Consider the symmetric matrix B := ( c)' Compute the characteristic
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1. Is it invertible?

2. Prove that every 3 x3 matrix can be written uniquely as the sum of a symmetric
matrix and an antisymmetric matrix.

3. What is, if it exists, the unique matrix that is both symmetric and antisym-
metric?

Soluzione: [?, 8.5.3]
6.9.5 Let the matrix be given:

1 2 5
A=12 -1 0
5 10 -5

1. Compute A-AT and AT A: which of the two products gives a diagonal matrix?
2. Let B be the matrix

_{ Ci(A) GCy(A) C3(A)
b= (|01<A>|’ CalA) |03<A>|>

Compute B- BT and BT - B with MATLAB® (if you wish). Recall that in MATLAB®,
the transpose is indicated by the apostrophe AT — A’.

Soluzione: |7, 8.5.4]
6.9.6 Let two endomorphisms of R? and (R*)Y be given by

x —2r+y+=z

flyl = Y+ 2z and gla,b,c) = (—2a+b+c,b+¢,8b — c).
z 8y — 2

1. Determine the matrix A of f with respect to the canonical basis of R3;

2. Determine the matrix B of g with respect to the canonical basis of (R?)Y;

3. Verify that f is an automorphism (= invertible endomorphism);

4. Determine all eigenvalues of f and of g; (hint for g: look for vectors o € (R3)

such that g(«) is a multiple of «)
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5. Determine a basis for each eigenspace of f and one for each eigenspace of g;
6. Determine an invertible matrix P € R3*3 such that P~1AP is diagonal.
Soluzione: [?7, 9.5.5]
6.9.7 Let the linear map f : R* — R3 be defined by

x
r+z—1
f ‘Z = y+z
¢ T—y—1t

1. Find the matrix M; of f with respect to the canonical bases of R* and R?,
respectively.

2. Determine a basis of the kernel of f;

3. Prove that f is not surjective and determine a vector of R? with no preimage.

1
4. Given the vector v = [ 1] € R3, determine the affine space f~'(v) of its
0

preimages.

6.9.8 Consider the linear map f : R?> — R such that

B ()]

1. Find the matrix of f with respect to the canonical bases;
2. Say, justifying the answer, whether f is surjective;

3. Determine the preimage f~!(2) of 2;

4. Compute f(2e; + 2es).

Soluzione: 7, 9.5.7]
6.9.9 Let f € Endr(R?) be given by:

x T +y+ 3z
flyl=1| z+2y+52
z —r—3y— Tz
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. Determine f? (the composition of f with itself);
. Find ker(f?). What is its dimension? Determine a basis for it;

. Determine a complementary subspace to ker(f?) in R3, that is, a subspace W

such that R3 = ker(f?) & W;

. Determine, for every value of a, the vectors u € R? such that

1

Soluzione: |7, 8.5.6]
6.9.10 An endomorphism f of R? is given such that

0 0
fl1r]1=f10
0 1
. Prove that the vector
0
1
-1

belongs to the kernel and that (0,3,5)7 belongs to the image.

. Prove that f is not surjective;
. Prove that the image has dimension at most 2;

. How many linearly independent vectors of the kernel can be found as the di-

mension of the image varies?

Soluzione: 7, 9.5.2]
6.9.11 Consider the matrix

A::(Z g).

The trace of A is the sum of the elements on the diagonal, that is, tr(A4) := a + d.
The polynomial

pa(t) = det(tl — A)

is called the characteristic polynomial.
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1. Prove that
pa(t) = t* — tr(A)t + det(A);

2. Using the previous point, compute p(t) for all the matrices listed below:
0 —1 3 -1 9 -1 3 3
1 0 1 4 1 8 15
Soluzione: [?7, 9.5.3]

6.9.12 Let the matrix be given:

1 2 5
A=12 -1 0
5 10 -5

1. Compute A-AT and AT - A: which of the two products gives a diagonal matrix?

2. Let B be the matrix

) GA) Cy(A)
b= (|01<A>|’ CalA) |03<A>|>

Compute B - BT and BT - B with MATLAB (©) (if you wish).

Soluzione: 7, 9.5.4]
6.9.13 Let two endomorphisms of R? and (R?)Y be given by

x —2r+y—+c

fly] = y+z and g(a,b,c) = (—2a+b+c,b+¢, 80— c).
z 8y — 2

1. Determine the matrix A of f with respect to the canonical basis of R3;

2. Determine the matrix B of g with respect to the canonical basis of (R3)Y;

3. Verify that f is an automorphism (= invertible endomorphism);

4. Determine all eigenvalues of f and of g; (hint for g: look for vectors a € (R3)Y
such that g(«) is a multiple of «)
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5. Determine a basis for each eigenspace of f and one for each eigenspace of g;
6. Determine an invertible matrix P € R3*3 such that P~ AP is diagonal.

Soluzione: |7, 9.5.5]
6.9.14 Let the linear map f : R* — R? be defined by

N T4z —t
/ Z = y+z
' z—y—t

1. Find the matrix M; of f with respect to the canonical bases of R* and R?,
respectively.

2. Determine a basis of the kernel of f;

3. Prove that f is not surjective and determine a vector of R?® with no preimage.

1
4. Given the vector v = | 1| € R3, determine the affine space f~1(v) of its
0

preimages.

Soluzione: |7, 9.5.6]

6.9.15 The following exercise aims to make readers aware of the difference between
writing a vector as a row or writing it as a column. Let the map f : R — R? be

given by:
f v (2 —y+ 32
Z S \Tr—y+22

i) Write the function in the form of the product of a matrix by a vector of un-
knowns;

ii) Find @ € R? such that f() = 0;

iii) Find the preimages of the vector (1,2)7 € R? (T denotes transposition).

Soluzione: 7, 4.4.10]
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6.9.16 Let the function f : (R*)Y — (R?)Y be given by:
flz,y,2) = (x —y — 2,20 — 2y — 22)
1. Write the function f as a product of matrices;
2. Find the preimages of (0,0);
3. Find the preimages, if they exist, of (2,4) and of (2,5).

Soluzione: |7, 4.4.11]

6.9.17 Find an endomorphism all of whose eigenvalues are zero. Find a linear map
of zero rank.

Soluzione: |7, 9.5.8]

6.9.18 Recall that if z := a + bi is a complex number, with ¢ = /—1, then its
conjugate is defined by Z = a — bi. Consider then the function f : C* — C? given by:

f 21y _ (<A< — 252
29)  \ 221 + 29
i) Considering C? as a vector space over the reals, determine whether f is real-
linear;
ii) What is one of its matrix expressions after identifying C? with R*?

iii) Is the function complex-linear?

iv) Is it possible to write a 2 X 2 matrix with complex coefficients representing f
with respect to some basis of C??

(hint: is the conjugation function z + Z complex-linear? And real-linear?)

Soluzione: 7, 9.5.9]
6.9.19 Reduce the matrix

4 6 12 18 16

1 3 5 —1 3

A= 4 3 0 0 3
-2 -1 5 3 =2

both by rows and by columns.
Soluzione: [?7, 5.10.9]
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0 5
0 6/

6.9.20 Let the matrices be given:

1 2 -1 3 -1
A= (_2 3 1 2) and B = (_1

1. Prove that R* = Im(A) @ Im(B);

)
)

2. Determine ker(A) N ker(B);
3. Establish whether A : R* — R2, defined by u — Au, is injective;

4. Establish whether B : R* — R2, defined by u ~ Bu, is surjective;

(5)

whose first two rows are the rows of A and whose second two are those of B;

5. Compute the kernel of the matrix

6. Generalize the exercise. Prove that if A and B are two matrices with the same
number of columns, then the sum Im(A) @ Im(B) is direct if and only if the

rank of the matrix
A
B

coincides with the sum of the ranks of A and B separately.

Soluzione: 7, 7.4.4]

6.9.21 Find the inverse of the square matrix

2 3
A=
3 2

by the method of elementary row and column transformations.
Soluzione: [?7, 5.10.10]

6.9.22 Let the matrix be given:

1 3 -2 1
A=12 1 2 3
34 0 4
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i) Find the preimages of the vectors

3
Cy(A)=1[1 and
4

C3(A)

41

ii) Identifying A with a linear map from R* — R3, find the preimages of C' :=

1
3
4

’

iii) find at least one vector having no preimage;
iv) Reduce the matrix A by rows;

v) Solve the linear system

-,

(M]b) =

W N
S =W

and interpret the result geometrically.

Soluzione: [?, 5.10.13 1]

SN N
N
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