
Exercise

Let A = ( 11)
*

and

consider the linean map

8 : R
*
--Pixe

A

given by

f
-

(B) = AB

↓ determine the image , its basis and its

dimension ;

ii) determine the Kernel
,

its basis and it

dimension;

iii) determine eigenvalues , eigenspaces

and the characteristic polynonial;

iv) Determine an
associated matrix

to fa -



Solution
-

To fix the idea let us explicitly write

the linear map proposed in the exercise

Let i = (*) a generic
motrix of RX

Then f(B) = AB = (22)(i) =

= (etzet ( * )

i) Image the imageIm(ft) is

the rector space generated by the images of

some
bors rectors of R ?

The natural bors of R
* " is

4): ) , (80)
,

( : 8) , (89)3
Il

IS

↑ i Ezs
Ezz

Ein

Indeed

Ri
*
= [En ,

Ein
,

Es
,

Ena]



Therefore

Im fa = [f(n) , falFi) , faCEzi
,

faSEzel] =

= [A · En
,

AoEz
,

A . Es
,

A . Ean]

= /(2) , (82) , (ii)
,
(1)

=[(ii) , 18 :1]

It follows that

Lim Im (fa) =2
and {(18) , 18h)}

in one basis .

ii) The formula

4 = dim R = dimle/ta) + dincka(fal

gives dimka(fal = 2.



(22) e k(fa)=> b(" = 18 %

)

E) (i ill 2) = 1 :: ) es

LutzT 4) = (8) #

z = -xt =-y

Thus :

ke (f) = Ey)/uyer =

= [( % )
, (: )]

confirming that dimmKe(fa) = 2

NOCE ke (fa) in the

eigenspace of the eigenvalue O.

So mg(0)= dim Ker(fa) = 2

and ma(0)2



in anteres. One eigenvalue is zere,

as computed.

New Je Speciale) J B +o ,
Batte* )

AB = / B

(ci)(i) =
* (2) (

(u

E
n+z = XX

1 [
2x+1z = 47

From the first sytem we get

((1 - 3(x
+ y = which the man

2x + (2-)
.

2 = 0 zue solutions #

↓
known

I ?-
1

1 = 0 =(1) = 0

-

2 - d

d(b -3) =02y = 3



The seme can be argued by the eiyster

(y
++ = by

2y+ 27 =
xt

Lot as compute the eigenspace of Io with

respect to 3

E
(1 - X(x + z = 0

for d = 3 give

2x +
(2 - b)z = 0

- 2x +z =
0

() z =2x

E 2x - z = 0

Thus (20) in an eigencee

with respect to 3.

Using the other system one finas

109) is eigenrearr

The general Eigensface is



"

(4 ) = x() % ) + y(82)

Thus dim Ken (fa-Bida) = 2

mg (3) = 2 = ma (3)

Since ma(o) +ma(z) = n =

maco =2 and ma(s) = 2 . Therefore

Pf(t =
T(T-3)

↑
Characteristic

Polymanial

Iv) The associated matrix to Io in the

berie E= (En
,

E12/ Es
, Eva) regiven by

M = TAErls AEnla AEngAEna] =

I



= [8)
, 18 n) (2018] =

E

-I
End of exercise If you

want
, please
-

compute the characteristic polynonnial out

of the anociated matux
.


