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Abstract: In this study a novel robust approach for proportional integrative derivative gain evaluation is proposed. This
approach, which can be considered in the class of H∞ loop shaping methods, is applied to tune the gains of a multi-loop
autopilot for mini unmanned aerial vehicles. Nominal stability, nominal performance, robust stability and robust performance
of the system are assessed. Root locus method and loop shaping techniques are combined in order to guarantee compliance
with robustness requirements and to obtain satisfying flying qualities. Simulation results demonstrate that the method is easy
to implement, good robustness and flying performances can be achieved despite a conflicting requirement between these two
characteristics.

Nomenclature

LFT linear fractional transformations
PID proportional integrative derivative
UAV unmanned aerial vehicle
ec cumulative error
h flight altitude, m
p, q, r aircraft angular velocities, rad/s
tr rise time, s
tS settling time, s
u input signal
u� input signal given by uncertainties
y output signal
y� output signal given by uncertainties
w noise vector signal
z controlled vector signal
z1, z2 PID zeros
C(s) plant controller
Fi inner loop closing matrix
Fo outer loop closing matrix
G(s) plant transfer function
Ki inner loop PID controller
Kmult optimal gain
Ko outer loop PID controller
KD derivative gain
KI integrative gain
KP proportional gain
M interconnection matrix (including controller)
MP overshoot, %
P interconnection matrix
R(s) system input
V aircraft velocity, m/s
Weo outer loop error
Wei inner loop error

Wu input weighting function
Wy output weighting function
Y (s) system output
α aircraft angle of attack, rad
β aircraft sideslip angle, rad
δa, δe, δth aircraft controls
ζ damping ratio
μ� frequency dependent structure singular value
φ, θ , ψ aircraft attitude angles, rad
ωn natural frequency, rad/s
ωHF high frequency, rad/s
ωLF low frequency, rad/s
� unstructured uncertainties

1 Introduction

Despite the recent diffusion of modern robust control
techniques, proportional integrative derivative (PID) contro-
llers are still preferred in industrial applications and in
autopilot structure design because of their simplicity and
easiness of implementation. Even if PID control strategy
has been successfully used over many years in a wide
range of applications, the controller parameters have been
systematically tuned with trial and error approaches. Starting
from the 1990s considerable efforts have been made to
tune the controller gains with methodical approaches. Many
methods for PID tuning are found in the literature. The
authors of [1, 2] provide a good review of different robust
and optimal techniques. The purpose of this paper is to
implement and validate a novel robust approach for the
definition of fix order controller parameters. This method
is applied in order to optimise the handling qualities of
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an unmanned aerial vehicle (UAV) reducing the cumulative
error of the flight parameters estimated along a path. This
approach imposes a compromise between adequate mission-
oriented performance and robust characteristics. The control
gains are evaluated offline using a mixed graphical and
robust method to ensure good transient and steady-state
responses. A posteriori robust analysis demonstrates partial
robustness and good performance of the closed-loop system.
The validation is realised through the application of the
proposed method to a commercial multi-loop autopilot. The
aims are the improvement of navigation performance in
accomplishing the planned mission and the reduction of
set-up time required in airfield PID tuning.

Traditional PID controllers design methods commonly
require a compromise between system robustness and
performance. These methods are based on Ziegler–Nichols
theory [3], on H∞ approach [4, 5] and on gain phase
margin [6]. Recently some researchers focused their
attention on the development of techniques that combine
identification and control within loop shaping. Mc Farlane
and Glover [8] have demonstrated that the application
of H∞ loop shaping methods give a good controller
(if one exists) and the obtained closed-loop system is
robustly stable. The idea behind H∞ loop shaping approach
is the design of a controller that minimises the signal
transmission from load disturbances and measurement noise.
Alternatively, convex optimisation techniques can be used
to tune the controller. These methods are based on
frequency loop shaping theory (sensitivity function and
its complementary function) and specifications are usually
given in the form of a desired loop shaping function.
In [13] a method that integrates identification and PID
parameters tuning is presented. The system uncertainty is
modelled considering a multiplicative uncertainty structure.
Many robust stability and performance problems can be
considered in the H∞ framework and a complete theory
for control system synthesis exists. However, the order of
the optimal control is high, comparable to one of the plant.
Some authors have considered the problem of synthesising
PID controllers and propose a parametric approach based on
the generalisation of the Hermite–Biehler theorem. Applying
this method for a given fixed proportional gain, the set of
stabilising gain values is obtained by intersection of linear
inequalities. Datta et al. [9] have provided a computational
characterisation of all stabilising PID controllers for arbitrary
plant. This H∞ optimal design, usually carried out by a force
optimisation search procedure, is computationally very time-
consuming. For this reason Ming-Tzu Ho [10] proposed
a computationally efficient procedure for H∞ PID optimal
design instead of brute force search. The method proposed
in Ho’s paper revealed important structural properties of
H∞ PID controllers. However the Ho’s method is validated
and is applicable only for single input single output system.
Ntogramatzidis and Ferrante [11] have proposed a set of
simple closed formulas for the explicit computation of
the parameters in finite terms. They eliminate graphical,
heuristic and trial and error procedures to verify the
robustness of the selected parameters.

The method suggested in the present paper follows an
hybrid approach based on H∞ loop shaping theory where
nominal stability is guaranteed using root locus method [12],
as proposed by Ntogramatzidis and Ferrante. In our case,
root locus is applied to identify the desired value of PID
derivative gain and zeros (used to define the proportional
and integrative gains). Gains are defined to obtain on one
hand adequate robust stability and performance, on the other

hand to optimise closed-loop performance in terms of step
response and waypoints tracking. Besides, specifications for
PID design are chosen to guarantee that the weighted H∞
norm of the interconnection system matrix is less than a
specified constant value. The final purpose of this mixed
approach is the tuning of a commercial (black box) autopilot.
The relevance of this approach is theoretical, since a robust
solution is provided for the PID design with standard
optimisation method and practical, since the computational
effort is limited.

Authors verify that an adequate mission oriented design
is a key feature to obtain satisfactory flying handling
qualities and good closed-loop response with an acceptable
stability margin; to achieve them full robustness cannot be
guaranteed.

The paper is organised as follows. Section 2 discusses
the robust approach and the method is derived. Simulation
results are given in Section 3. Section 4 summarises the key
results.

2 Problem formulation

The described robust approach can be considered in the class
of H∞ loop shaping where a graphical procedure (based
on root locus method) is applied to evaluate preliminary
controller parameters. Typically, the design objective of
a control problem expresses requirements in terms of
attenuation of load disturbances, effects of measurement
noise and robustness with respect to model uncertainties.
PID controller gains are first defined through root locus
method to satisfy nominal stability; finally they are tuned to
comply to nominal performance, robust stability and robust
performance requirements.

This approach is applied to longitudinal and lateral-
directional control planes of an UAV. In the longitudinal
plane speed V is controlled by elevators δe, while altitude
is controlled by throttle δth (Fig. 1). Three PID controllers
have to be set, two feedbacks are on the speed loop (pitch
angle θ and speed V ) and one on the altitude loop (altitude
h). The state of the system in this plane, in addition to θ , V
and h, includes the angle of attack α and the pitch angular
velocity q.

In the lateral-directional plane (Fig. 2) ailerons δa control
the heading � through two feedbacks on the roll and heading

Fig. 1 Longitudinal control scheme

Fig. 2 Lateral-directional control scheme
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angle (respectively, � and �); two PID loops have to be
configured. In this plane the state of the system is defined
by �, �, the sideslip angle β, roll angular velocity p and
yaw angular velocity r.

The first requirement to be achieved is nominal stability.
This is obtained if all transfer functions from all input-
output pairs have poles with negative real part. For each loop
nominal stability is assessed in the time domain analysing
the closed-loop response to a step input. Rise time, settling
time, overshoot and steady-state error are the parameters
taken into account.

The root locus method allows plotting the position of the
poles of a closed-loop transfer function at the changing of
a parameter Kmult. Kmult is the gain of C(s), the controller
of the plant G(s) of the system having R(s) as input and
Y (s) as output. The importance of root locus method for
control system theory lies in the fact that the location of the
system poles determines the system stability and the system
transient response. The desired control system performance
can be obtained by changing only the static gain. A dynamic
compensator is required to achieve the desired performance.
The closed-loop transfer function is

Y (s)

R(s)
= C(s)G(s)

1 + C(s)G(s)

and its poles can be found solving the characteristic equation
1 + C(s)G(s) = 0. If L(s) is a transfer function proportional
to C(s)G(s) through Kmult, the characteristic equation can be
written as

1 + K multL(s) = 0 (1)

The root locus represents the position of all the possible
solutions of (1), as Kmult changes from 0 to ∞. Therefore
the root locus plot identifies, according to the value of Kmult,
the position of the poles of the closed-loop transfer function,
and thus its stability.

Root locus method is applied to define PID controller
gains KP, KI and KD. PID zeros z1 and z2 can be obtained
imposing equal to zero the numerator of PID controller
transfer function, KDs2 + KPs + KI = 0. According to
Vieta’s formula applied to this quadratic expression, the
following link between equation zeros and equation coeffi-
cients subsists ⎧⎪⎨

⎪⎩
z1 + z2 = − KP

KD

z1z2 = KI

KD

from which {
KP = −KD(z1 + z2)

KI = KD(z1z2)

The derivative gain KD coincides with Kmult. Therefore the
individuation of PID gains requires the definition of three
parameters: two PID zeros and Kmult. PID zeros are chosen
arbitrarily with negative real part in order to increase system
stability. Root locus method is applied to define a value
of Kmult satisfying closed-loop step response requirements
in terms of rise time tr , settling time tS and overshoot MP.
These target parameters can be calculated as a function of
damping ratio ζ and of natural frequency ωn of the system

Fig. 3 Robust control scheme

as defined in [13–15]⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

tr = 1

ωn

√
1 − ζ 2

(
π − tan−1

(√
1 − ζ 2

ζ

))

tS = − ln(tolerance fraction%)

ζωn

MP = exp−(πζ/
√

1−ζ 2)

(2)

This trial and error procedure can be repeated until a
satisfying, but yet not definitive, closed-loop step response
is attained. As the variation of each gain may have different
and conflicting effects on the closed-loop response, a
compromise has to be found.

At the same time performance and robust characteristics
of the system need to be taken into account. In order
to assess nominal performance, robust stability and robust
performance both the longitudinal and lateral-directional
schemes of Figs. 1 and 2 have to be reshaped into a
robust control scheme (Fig. 3). This include disturbances,
errors and some weighting functions necessary to evaluate
the compliance with robust requirements. Unstructured
uncertainties �(s) are modelled as �(s) = W �(s)� [16].
They include linearisation errors and neglected system
dynamics. The block W �(s) represents the unstructured
uncertainties error distribution. It is modelled as a diagonal
matrix

W �(s) =
[

w�(s) 0 · · ·
0 w�(s) · · ·

· · · · · · · · ·

]

where the diagonal elements contain the error distribution
along the frequency range. This is assumed to be low at low
frequencies, where the linearisation approximations appear,
and high at high frequencies where the aircraft fast dynamics
are neglected. The selected transfer function is

w�(s) = s + ωLF

s + ωHF

with ωLF = 1 rad/s and ωHF = 200 rad/s. The block � is
unknown but it must respect the condition ‖�‖∞ < 1 [17].

Weo(s) and Wei(s) represent, respectively, the error of the
outer and inner loop. The aim of having no steady-state
error for step input command means that, in the frequency
domain, gain must be null for s = 0. This is achieved
defining the error transfer function as a high-pass filter with
a cutoff frequency equal to the considered loop bandwidth.
Wu(s) and Wy(s) are the weighting functions on the input
and on output signals. The first poses a limit on the available
controls, for example, the maximum elevons deflection, the
second on the value of the outputs, for example, the angle
of attack has to be smaller than stall angle. In the scheme
K o(s) and K i(s) are, respectively, the outer and inner loop
PID controllers, Fo(s) and Fi(s) are, respectively, the outer
and inner loop-closing matrices.
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Fig. 4 General interconnection for robust control problems

a P − K − � framework
b M − � framework

The next step requires the introduction of linear fractional
transformations (LFT) [18]. According to Ogata [15] a
system as shown in Fig. 3 can be redrawn into a general
LFT interconnection (Fig. 4a) where � are the possible
uncertainties, P(s) is the interconnection matrix, K(s) is the
controller, u is the control signal, y is the measurement, w is
a vector signal including noise, z is a vector signal including
all controlled signals, u� and y� are the input and output
signals given by uncertainties.

This formulation allows considering the plant, the
controller, the performance weights and the uncertainties as
a unified framework. The plant and the controller can still be
enclosed into a unique matrix M (s) computing a lower LFT.
The result is the M–� framework (Fig. 4b), the most used
configuration in robustness design and analysis of uncertain
feedback systems. The matrix M (s) can be partitioned into
four blocks according to the input and output dimensions,
so that (

y�

z

)
=

[
M 11(s) M 12(s)
M 21(s) M 22(s)

] (
u�

w

)

The matrix M (s) is the starting point for the analysis
of nominal performance, robust stability and robust
performance through the use of small gain theorem [17].

Nominal performance is achieved if, for the nominal
model M (s) (� = 0), the energy of the output z because
of disturbances with energy bounded is also bounded. A
condition easier to be verified is obtained assuming the
interconnection of Fig. 4b stable, as the submatrix M 22

links z with w it can be stated that nominal performance
is attained if

M 22(s)∞ ≤ 1

Robust stability is achieved when all members of the
family of systems which includes uncertainties are nominally
stable. Assuming M (s) internally stable, the resulting robust
stability condition is

M 11(s)∞ ≤ 1

Robust performance is guaranteed when all members of
the family of systems with uncertainties achieve nominal
performance. In other words, output z should have bounded
energy for all bounded energy disturbances and for all
models in the set, this can be written as

z(s)2 ≤ 1 ∀{w ∈ L2, w(s)2 ≤ 1}, ∀�|�∞ < 1

The verification of this requirement passes through the μ
analysis of the frequency response of the full matrix M .
In [15] it is shown that an uncertain system is robustly

stable and satisfies (even if only partially) H∞ performance
for all �(s) if and only if the structured singular value μ
of the corresponding interconnection model is no greater
than one. A robust controller design based on μ analysis
is less conservative than a classical robust H∞ design. Its
main benefit is the definition of the robust performance.

3 Simulation results and practical
application

The presented robust control strategy is applied to a multi-
loop PID commercial autopilot integrated on the MH850
UAV with the goal of satisfying nominal stability, nominal
performance, robust stability and robust performance
requirements. The aircraft belongs to the mini-UAV
category, it has tailless configuration, electric propulsion,
tractor propeller and non-movable vertical surfaces at
wingtips. Take-off mass is about 1 kg and the wingspan is
0.85 m. At the considered airspeed (15 m/s) just the spiral
mode is slightly unstable having a real positive pole equal
to 0.0061.

Control in the longitudinal and lateral-directional plane
is provided through elevons since the rudder is absent.
Autonomous flight is performed with the integration of
the MicroPilot MP2028 autopilot, a multi-loop PID system
designed for fully autonomous operations. Its capabilities
include airspeed hold, altitude hold, turn coordination, GPS
waypoint navigation and autonomous launch and recovery.
Its compact dimensions (100 × 40 × 20 mm) and low
weight (28 g) makes it suitable for mini-UAV applications.
The MicroPilot MP2028, as shown in Fig. 5, offers several
control loops [19].

A linear model of the aircraft is created. Using an aircraft
design software tool and an engine propeller analytical
model, the full set of aerodynamic derivatives is obtained.
These are fitted to complete two state space models of
the aircraft longitudinal and lateral-directional dynamics
derived through the linearisation of the equations of motion.
The models of the plant include actuators, the throttle is
described with a first-order transfer function whereas elevons
with a second-order transfer function.

Applying the root locus procedure for nominal stability
achievement, the longitudinal and lateral directional control
loops are closed with satisfying rise time tr , settling time
tS and overshoot MP (see (2)). For the MH850 UAV, the
required specifications are

⎧⎨
⎩

tr
∼= 2 s

tS
∼= 60 s

MP
∼= 55%

PID temporary gains are so tuned with root locus method
in order to comply with them. Unfortunately a contrast
between the closed-loop response characteristics and robust
specifications is observable. Initially priority is given to
these latest requirements, a decay on the closed-loop
response is accepted as long as nominal stability is
maintained. Therefore a trial and error procedure is set up
to modify original PID gains so that nominal performance,
robust stability and robust performance are satisfied. From
images of Fig. 6 that refer to the longitudinal plane, it can
be seen that not all requirements can be achieved even
accepting, for instance, a slow step response in the pitch
from airspeed loop.
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Fig. 5 MP2028 scheme as implemented in the simulator

Fig. 6 Longitudinal plane nominal and robust characteristics with gains optimised for requirements

Similar considerations can be drawn for the lateral-
directional plane (Fig. 7) even if here results prove to
be more satisfactory. In fact, comparing robust stability,
nominal performance and robust performance graphics it can
be seen that the lateral-directional plane is more compliant
with requirements in terms of maximum value achieved and
frequency interval crossing width. The PID gains so obtained
are summarised in Tables 1 and 2.

The aircraft behaviour with the assigned gains is
simulated using a Fortran-based software which implements
a commercial multi-loop PID autopilot (Micropilot MP2028
or equivalent). Its capabilities include attitude, airspeed
and altitude hold, turn coordination and sequential GPS
waypoint navigation. The simulator has been tested and
experimentally validated using flight test data [20, 21]. The
aircraft rigid body model is detailed in terms of propulsive,
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Fig. 7 Lateral-directional plane nominal and robust characteristics with gains optimised for requirements

Table 1 Longitudinal plane gains optimised for
requirements

P I D

elevator from pitch −0.04 −0.25 −0.002
pitch from airspeed −0.0002 −0.0001 −0.0001
throttle from altitude 0.055 0.0005 0

Table 2 Lateral-directional plane gains optimised for
requirements

P I D

aileron from roll 0.08 0 0
roll from heading 0.05 0 0

Table 3 Cumulative error with gains optimised for
requirements

Parameter Cumulative error

cross track, m 7 289 412
heading angle, ◦ 390 846
altitude, m 66 860
true airspeed, m/s 88 135
pitch angle, ◦ 3275
roll angle, ◦ 59

aerodynamic and inertial actions. The propulsion system is
modelled with propeller, DC motor and batteries and its
aerodynamics is implemented using the blade element theory
corrected for inflow effects. Blade airfoil aerodynamics is

Fig. 8 3D view of trajectory with gains optimised for requirements
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generated with a Reynolds number dependent database.
The DC motor is parameterised with no-load and stall
current, nominal voltage and stall torque. The simulator
allows a post-flight analysis as it stores in memory

the assigned commands and the aircraft states along
the flight path. The use of such environment plays a
key role in the reduction of expensive and risky flight
tests.

Fig. 9 Longitudinal plane nominal and robust characteristics with gains optimised for performance

Fig. 10 Lateral-directional plane nominal and robust characteristics with gains optimised for performance
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The path chosen to test the aircraft behaviour is a 500 m
side square with a constant 100 m altitude, cruise speed is
15 m/s. The simulator of the MP2028 autopilot is set with the
flyto navigation mode (the aircraft is flown to the waypoint
maintaining altitude and airspeed, the desired heading is
set with no attempt to travel in straight line between two
points [19]) with a 1 Hz GPS update rate. Results with these
PID gains prove to be not adequate for the mission purposes,
as it can be seen from Table 3 and Fig. 8. Table 3 indicates
the cumulative error of the main navigation parameters, for
a parameter k in a simulation with N steps the cumulative
error ec is defined as

ec =
N∑

i=1

|K i − ki|

where ki is the parameter at the ith step and Ki is the
reference value of the same parameter at the same step.

Fig. 8 represents the three-dimensional (3D) view of the
path with respect to the defined waypoints. The aircraft
passes through the first waypoint which is in line with
the starting point, the following waypoints are missed
with an error of order of magnitude comparable to the
path dimension. Remarkable oscillations on the longitudinal
plane are also observable. These undesired performances are
because of a low response in the lateral-directional plane
and to an underdamped behaviour in the longitudinal plane.
Oscillations in the commands are significant, in particular
regarding throttle and elevator which control altitude and
speed.

As flight performances proved to be unsatisfactory
nominal performance, robust stability and robust perfor-
mance conditions are relaxed. Gains are now set with the
purpose of improving the aircraft behaviour along the path
without forgetting the other requirements. These results are
plotted in Figs. 9 and 10.

A shortening in the step response settling time
coincides with a worsening in the compliance with robust
requirements. In the longitudinal plane two peaks are
observable at 10−1.8 and 101.3 rad/s which correspond to the
natural frequencies of the underdamped poles of the closed-
loop system. The lateral-directional plane still proposes
better results, both as step response settling time and as
respect of the unitary threshold. A peak is observable at

Table 4 Longitudinal plane gains optimised for
performance

P I D

elevator from pitch −0.3 −3.25 −0.01
pitch from airspeed −0.0021 −0.00087 −0.0015
throttle from altitude 0.019 0.0002 0.01

Table 5 Lateral-directional plane gains optimised for
performance

P I D

aileron from roll 0.12 0.0005 0.001
roll from heading 1.5 0.005 0.01

Table 6 Cumulative error with updated gains

Parameter Cumulative error

cross track, m 216 651, (3%)
heading angle, ◦ 167 540, (42%)
altitude, m 9315, (14%)
true airspeed, m/s 2955, (3%)
pitch angle, ◦ 7, (0.2%)
roll angle, ◦ 439, (744%)

100.8 rad/s where a pole with 0.085 damping is present. The
new PID gains are indicated in Tables 4 and 5. Generally
an increase in the absolute value of the gains is remarked,
except in the case of the throttle from altitude loop.

If the simulations are performed with the same path of
the previous case, the cumulative errors of Table 6 are
now obtained (between brackets the percentage of the new
value with respect to the value obtained in the first place).
Except from the roll angle, a considerable improvement of
the cumulative errors is achieved. The roll angle unsatisfying
result is motivated by the four turns performed by the aircraft
where error is accumulated; in the previous case, in fact,
a single long turn was executed. Improvements are visible
from Fig. 11, the new path is smooth and regular, no altitude

Fig. 11 3D trajectory view with gains optimised for performance
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Fig. 12 Flight parameters responses with gains optimised for performance

oscillations are recorded and waypoints are reached with
precision.

A good matching between reference and actual flight
parameters is guaranteed (Fig. 12). During the initial
transition to trimmed flight the aircraft loses altitude and
gains speed, finally the error cancels out as steady flight
condition is reached.

4 Conclusions

A graphical method and a robust a posteriori control
validation of multi-loop controller design is proposed. PID
gains are determined by a tradeoff between step response
characteristics and robust performance (via μ synthesis).
The controller design is divided in two steps: (i) preliminary
controller parameters defined with root locus method and (ii)
definitive PID gains based on robust specification results.
One advantage of this hybrid method is the ability of
enforcing robustness with respect to plant variation and
external disturbances (fictitious perturbation) to accomplish
the desired platform mission.

The effectiveness of this approach is crosschecked with
a comprehensive simulation tool which guarantees the
achievement of the desired mission requirements. The
aircraft model, used in simulation and validated with
real flights, includes the principal control functions of
the autopilot and it represents the aircraft’s dynamics
accurately (i.e. a detailed aerodynamic database). Some
uncertainties in the frequency response of the actuators are
also considered.

As a conclusion, this approach provides a tradeoff
between robustness and performance. Its application defines
a promising solution to the problem of tuning of commercial
autopilots for mini UAVs, a category of flying vehicles for
which precise guidelines for handling qualities assessment
are still missing.
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