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Esercizio (tratto dal Problema 6.31 del Mazzoldi-Nigro-Voci)
Un disco di massa m e raggio R scivola senza attrito su un piano orizzontale con velocità ~v lungo x.
Ad un certo istante un dentino (di dimensioni trascurabili) posto sul bordo del disco urta contro un
perno fisso P che si trova nel piano. Supponendo l’urto elastico, calcolare la velocità ~v ′ di traslazione
e la velocità angolare ω′ immediatamente dopo l’urto.

~v
<latexit sha1_base64="9wIVBLpHWMCdNvj6ygWf0aVlLZM=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiuCozIujOghuXFewF2qFk0jNtaCYzJJlCGfoQboQqoktfwddw59uYXhba+kPg4//PIeecIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoruNUMayxWMSqGVCNgkusGW4ENhOFNAoENoLB7TRvDFFpHssHM0rQj2hP8pAzaqzVaA+RZcNxp1hyy+5MZBW8BZRuPieTdwCodopf7W7M0gilYYJq3fLcxPgZVYYzgeNCO9WYUDagPWxZlDRC7WezccfkzDpdEsbKPmnIzP3dkdFI61EU2MqImr5ezqbmf1krNeG1n3GZpAYlm38UpoKYmEx3J12ukBkxskCZ4nZWwvpUUWbshQr2CN7yyqtQvyh7btm7d0uVS5grDydwCufgwRVU4A6qUAMGA3iEZ3hxEufJeXXe5qU5Z9FzDH/kfPwAbgGSgA==</latexit><latexit sha1_base64="kTZPZUmvg67l1A6xNBSegTBOCe4=">AAAB7nicbZDPSsNAEMYn9V+t/6oevSwWwVNJRNCbBS8eK9hWaEPZbCft0s0m7G4KJfQhvAhWxKuv4Gt4823ctD1o6wcLP75vhp2ZIBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMWywWMTqMaAaBZfYMNwIfEwU0igQ2AqGt3neGqHSPJYPZpygH9G+5CFn1Fir1Rkhy0aTbrniVt2ZyCp4C6jcfL7kmta75a9OL2ZphNIwQbVue25i/Iwqw5nASamTakwoG9I+ti1KGqH2s9m4E3JmnR4JY2WfNGTm/u7IaKT1OApsZUTNQC9nuflf1k5NeO1nXCapQcnmH4WpICYm+e6kxxUyI8YWKFPczkrYgCrKjL1QyR7BW155FZoXVc+tevdupXYJcxXhBE7hHDy4ghrcQR0awGAITzCFVydxnp03531eWnAWPcfwR87HD8s+lEU=</latexit><latexit sha1_base64="kTZPZUmvg67l1A6xNBSegTBOCe4=">AAAB7nicbZDPSsNAEMYn9V+t/6oevSwWwVNJRNCbBS8eK9hWaEPZbCft0s0m7G4KJfQhvAhWxKuv4Gt4823ctD1o6wcLP75vhp2ZIBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMWywWMTqMaAaBZfYMNwIfEwU0igQ2AqGt3neGqHSPJYPZpygH9G+5CFn1Fir1Rkhy0aTbrniVt2ZyCp4C6jcfL7kmta75a9OL2ZphNIwQbVue25i/Iwqw5nASamTakwoG9I+ti1KGqH2s9m4E3JmnR4JY2WfNGTm/u7IaKT1OApsZUTNQC9nuflf1k5NeO1nXCapQcnmH4WpICYm+e6kxxUyI8YWKFPczkrYgCrKjL1QyR7BW155FZoXVc+tevdupXYJcxXhBE7hHDy4ghrcQR0awGAITzCFVydxnp03531eWnAWPcfwR87HD8s+lEU=</latexit>
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<latexit sha1_base64="PocES0uYMwBLBh4THjN6llI2FPY=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCrs2phAM2FgmYB6QLDI7uZuMmZ1dZmaFsKS0srFQxNY/8Rfs/AZ/wsmj0MQDFw7nnMt9BIng2rjul5NbWV1b38hvFra2d3b3ivsHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBUMryZ+6x6V5rG8MaME/Yj2JQ85o8ZK9dptseSW3SnIMvHmpHT58f1AAMDmP7u9mKURSsME1brjuYnxM6oMZwLHhW6qMaFsSPvYsVTSCLWfTRcdkxOr9EgYK1vSkKn6uyOjkdajKLDJiJqBXvQm4n9eJzVhxc+4TFKDks0GhakgJiaTq0mPK2RGjCyhTHG7K2EDqigz9jcF+wRv8eRl0jwre27Zq7ul6gXMkIcjOIZT8OAcqnANNWgAA4RHeIYX5855cl6dt1k058x7DuEPnPcfHeGPWg==</latexit><latexit sha1_base64="TiU0ZMkC5SxeoDf3f8654pbatRg=">AAAB6HicbVC7SgNBFL0bXzG+opaCDAbBKuzaaCEYsLFMwDwgWWR2cjcZMzu7zMwKIaS0srFQxNavsPUX7PwG/Qgnj0ITD1w4nHMu9xEkgmvjup9OZmFxaXklu5pbW9/Y3Mpv79R0nCqGVRaLWDUCqlFwiVXDjcBGopBGgcB60LsY+fVbVJrH8sr0E/Qj2pE85IwaK1XK1/mCW3THIPPEm5LC+fvX3f5b5dvmP1rtmKURSsME1brpuYnxB1QZzgQOc61UY0JZj3awaamkEWp/MF50SA6t0iZhrGxJQ8bq744BjbTuR4FNRtR09aw3Ev/zmqkJT/0Bl0lqULLJoDAVxMRkdDVpc4XMiL4llCludyWsSxVlxv4mZ5/gzZ48T2rHRc8tehW3UDqDCbKwBwdwBB6cQAkuoQxVYIBwD4/w5Nw4D86z8zKJZpxpzy78gfP6A7hpkU0=</latexit><latexit sha1_base64="TiU0ZMkC5SxeoDf3f8654pbatRg=">AAAB6HicbVC7SgNBFL0bXzG+opaCDAbBKuzaaCEYsLFMwDwgWWR2cjcZMzu7zMwKIaS0srFQxNavsPUX7PwG/Qgnj0ITD1w4nHMu9xEkgmvjup9OZmFxaXklu5pbW9/Y3Mpv79R0nCqGVRaLWDUCqlFwiVXDjcBGopBGgcB60LsY+fVbVJrH8sr0E/Qj2pE85IwaK1XK1/mCW3THIPPEm5LC+fvX3f5b5dvmP1rtmKURSsME1brpuYnxB1QZzgQOc61UY0JZj3awaamkEWp/MF50SA6t0iZhrGxJQ8bq744BjbTuR4FNRtR09aw3Ev/zmqkJT/0Bl0lqULLJoDAVxMRkdDVpc4XMiL4llCludyWsSxVlxv4mZ5/gzZ48T2rHRc8tehW3UDqDCbKwBwdwBB6cQAkuoQxVYIBwD4/w5Nw4D86z8zKJZpxpzy78gfP6A7hpkU0=</latexit>
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<latexit sha1_base64="YWNAKM0uBxKFdXfabtwk3YxNA0w=">AAAB+3icbVDJSgNBEK1xjXEb49HLYBA8SJjxYm4GvHiMYhbIjKGnU5M06Vno7gmGYX7FiwdFvAqe/Ahv/o2d5aCJDwoe71VRVc9POJPKtr+NldW19Y3NwlZxe2d3b988KDVlnAqKDRrzWLR9IpGzCBuKKY7tRCAJfY4tf3g18VsjFJLF0Z0aJ+iFpB+xgFGitNQ1S+4IaTbK7zP3zE0ECzHvmmW7Yk9hLRNnTsqXnx+3oFHvml9uL6ZpiJGinEjZcexEeRkRilGOedFNJSaEDkkfO5pGJETpZdPbc+tEKz0riIWuSFlT9fdERkIpx6GvO0OiBnLRm4j/eZ1UBVUvY1GSKozobFGQckvF1iQIq8cEUsXHmhAqmL7VogMiCFU6rqIOwVl8eZk0zyuOXXFu7HKtCjMU4AiO4RQcuIAaXEMdGkDhAR7hGV6M3HgyXo23WeuKMZ85hD8w3n8AQlyWtw==</latexit><latexit sha1_base64="6Y1vEp5MHWhctlNaYhjAsbEkBYI=">AAAB+3icbVDLSsNAFJ34rPUV61KQYBFcSEnc2J0FNy5bsA9oYplMb9qhk0mYmRRLyNLfcONCEbdCV36EO7/Bn3D6WGjrgQuHc+7l3nv8mFGpbPvLWFldW9/YzG3lt3d29/bNg0JDRokgUCcRi0TLxxIY5VBXVDFoxQJw6DNo+oPrid8cgpA04rdqFIMX4h6nASVYaaljFtwhkHSY3aXuuRsLGkLWMYt2yZ7CWibOnBSvPsa174fjcbVjfrrdiCQhcEUYlrLt2LHyUiwUJQyyvJtIiDEZ4B60NeU4BOml09sz61QrXSuIhC6urKn6eyLFoZSj0NedIVZ9uehNxP+8dqKCspdSHicKOJktChJmqciaBGF1qQCi2EgTTATVt1qkjwUmSseV1yE4iy8vk8ZFybFLTs0uVspohhw6QifoDDnoElXQDaqiOiLoHj2iZ/RiZMaT8Wq8zVpXjPnMIfoD4/0HTFeY/A==</latexit><latexit sha1_base64="6Y1vEp5MHWhctlNaYhjAsbEkBYI=">AAAB+3icbVDLSsNAFJ34rPUV61KQYBFcSEnc2J0FNy5bsA9oYplMb9qhk0mYmRRLyNLfcONCEbdCV36EO7/Bn3D6WGjrgQuHc+7l3nv8mFGpbPvLWFldW9/YzG3lt3d29/bNg0JDRokgUCcRi0TLxxIY5VBXVDFoxQJw6DNo+oPrid8cgpA04rdqFIMX4h6nASVYaaljFtwhkHSY3aXuuRsLGkLWMYt2yZ7CWibOnBSvPsa174fjcbVjfrrdiCQhcEUYlrLt2LHyUiwUJQyyvJtIiDEZ4B60NeU4BOml09sz61QrXSuIhC6urKn6eyLFoZSj0NedIVZ9uehNxP+8dqKCspdSHicKOJktChJmqciaBGF1qQCi2EgTTATVt1qkjwUmSseV1yE4iy8vk8ZFybFLTs0uVspohhw6QifoDDnoElXQDaqiOiLoHj2iZ/RiZMaT8Wq8zVpXjPnMIfoD4/0HTFeY/A==</latexit>
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SOLUZIONE

• Anzitutto mi chiedo se il sistema di punti materiali ’disco’ è isolato. La risposta è NO, dato
che il perno P, nell’urto, esercita una forza sul disco. Pertanto, a priori, non ho garanzia che si
conservino la quantità di moto ~P e il momento angolare ~L del disco.

• In seconda battuta mi chiedo se la quantità di moto e il momento angolare si conservino almeno
attraverso l’urto (=non subiscano salti bruschi nell’urto). Questo dipende da se la forza esterna
ed il momento della forza esterna sono impulsivi o no.

– La forza esterna (forza del perno) è una forza impulsiva: anche se ci è ignota, sappiamo
che si esercita per un brevissimo intervallo temporale (l’urto) ed è intensa. Pertanto la
quantità di moto ~P del disco subisce un salto nel tempo e NON si conserva nemmeno
attraverso l’urto;

– Il momento della forza esterna del perno: osservo che, se scelgo il perno P come polo, il
momento ~M e della forza esterna del perno è nullo, in quanto tale forza è applicata proprio
al polo P. Pertanto la quantità di moto ~L (calcolata sempre rispetto al polo P) si conserva
nel tempo

d~L

dt
= ~M e = 0 ⇒ ~L = constante (1)

e dunque in particolare si conserva attraverso l’urto, ossia

~Lprima = ~Ldopo (calcolati rispetto a P) (2)

Osservo anche che, dato che il moto avviene lungo il piano, il momento angolare ~L è
ortogonale al piano del foglio, ossia è diretto lungo z.

• Per calcolare il momento angolare rispetto al polo P (sia prima che dopo l’urto), uso il teorema
di König sul momento angolare, che esprime il momento angolare del corpo rigido rispetto ad
un polo P in termini del momento angolare rispetto al centro di massa:

~L = ~rCM ×m~vCM + ~L
∣∣∣
C.M.︸ ︷︷ ︸

=Iωûz

(3)

dove ~rCM e ~vCM sono la posizione e la velocità del C.M. del disco rispetto al polo P, e

I =
1

2
mR2 (4)

è il momento d’inerzia calcolato rispetto all’asse che passa per il centro di massa.

Dunque dalla (2) abbiamo

~Lprima = ~Ldopo

⇓
Rmv ûz + 0︸︷︷︸

no rotaz.

prima

= Rmv ′ ûz + Iω′ ûz︸ ︷︷ ︸
rotaz.

dopo

(5)

Usando la (4) nella (5) e semplificando otteniamo

v − v′ =
1

2
Rω′ (6)
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~v
<latexit sha1_base64="9wIVBLpHWMCdNvj6ygWf0aVlLZM=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiuCozIujOghuXFewF2qFk0jNtaCYzJJlCGfoQboQqoktfwddw59uYXhba+kPg4//PIeecIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoruNUMayxWMSqGVCNgkusGW4ENhOFNAoENoLB7TRvDFFpHssHM0rQj2hP8pAzaqzVaA+RZcNxp1hyy+5MZBW8BZRuPieTdwCodopf7W7M0gilYYJq3fLcxPgZVYYzgeNCO9WYUDagPWxZlDRC7WezccfkzDpdEsbKPmnIzP3dkdFI61EU2MqImr5ezqbmf1krNeG1n3GZpAYlm38UpoKYmEx3J12ukBkxskCZ4nZWwvpUUWbshQr2CN7yyqtQvyh7btm7d0uVS5grDydwCufgwRVU4A6qUAMGA3iEZ3hxEufJeXXe5qU5Z9FzDH/kfPwAbgGSgA==</latexit><latexit sha1_base64="kTZPZUmvg67l1A6xNBSegTBOCe4=">AAAB7nicbZDPSsNAEMYn9V+t/6oevSwWwVNJRNCbBS8eK9hWaEPZbCft0s0m7G4KJfQhvAhWxKuv4Gt4823ctD1o6wcLP75vhp2ZIBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMWywWMTqMaAaBZfYMNwIfEwU0igQ2AqGt3neGqHSPJYPZpygH9G+5CFn1Fir1Rkhy0aTbrniVt2ZyCp4C6jcfL7kmta75a9OL2ZphNIwQbVue25i/Iwqw5nASamTakwoG9I+ti1KGqH2s9m4E3JmnR4JY2WfNGTm/u7IaKT1OApsZUTNQC9nuflf1k5NeO1nXCapQcnmH4WpICYm+e6kxxUyI8YWKFPczkrYgCrKjL1QyR7BW155FZoXVc+tevdupXYJcxXhBE7hHDy4ghrcQR0awGAITzCFVydxnp03531eWnAWPcfwR87HD8s+lEU=</latexit><latexit sha1_base64="kTZPZUmvg67l1A6xNBSegTBOCe4=">AAAB7nicbZDPSsNAEMYn9V+t/6oevSwWwVNJRNCbBS8eK9hWaEPZbCft0s0m7G4KJfQhvAhWxKuv4Gt4823ctD1o6wcLP75vhp2ZIBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMWywWMTqMaAaBZfYMNwIfEwU0igQ2AqGt3neGqHSPJYPZpygH9G+5CFn1Fir1Rkhy0aTbrniVt2ZyCp4C6jcfL7kmta75a9OL2ZphNIwQbVue25i/Iwqw5nASamTakwoG9I+ti1KGqH2s9m4E3JmnR4JY2WfNGTm/u7IaKT1OApsZUTNQC9nuflf1k5NeO1nXCapQcnmH4WpICYm+e6kxxUyI8YWKFPczkrYgCrKjL1QyR7BW155FZoXVc+tevdupXYJcxXhBE7hHDy4ghrcQR0awGAITzCFVydxnp03531eWnAWPcfwR87HD8s+lEU=</latexit>

P
<latexit sha1_base64="PocES0uYMwBLBh4THjN6llI2FPY=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCrs2phAM2FgmYB6QLDI7uZuMmZ1dZmaFsKS0srFQxNY/8Rfs/AZ/wsmj0MQDFw7nnMt9BIng2rjul5NbWV1b38hvFra2d3b3ivsHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBUMryZ+6x6V5rG8MaME/Yj2JQ85o8ZK9dptseSW3SnIMvHmpHT58f1AAMDmP7u9mKURSsME1brjuYnxM6oMZwLHhW6qMaFsSPvYsVTSCLWfTRcdkxOr9EgYK1vSkKn6uyOjkdajKLDJiJqBXvQm4n9eJzVhxc+4TFKDks0GhakgJiaTq0mPK2RGjCyhTHG7K2EDqigz9jcF+wRv8eRl0jwre27Zq7ul6gXMkIcjOIZT8OAcqnANNWgAA4RHeIYX5855cl6dt1k058x7DuEPnPcfHeGPWg==</latexit><latexit sha1_base64="TiU0ZMkC5SxeoDf3f8654pbatRg=">AAAB6HicbVC7SgNBFL0bXzG+opaCDAbBKuzaaCEYsLFMwDwgWWR2cjcZMzu7zMwKIaS0srFQxNavsPUX7PwG/Qgnj0ITD1w4nHMu9xEkgmvjup9OZmFxaXklu5pbW9/Y3Mpv79R0nCqGVRaLWDUCqlFwiVXDjcBGopBGgcB60LsY+fVbVJrH8sr0E/Qj2pE85IwaK1XK1/mCW3THIPPEm5LC+fvX3f5b5dvmP1rtmKURSsME1brpuYnxB1QZzgQOc61UY0JZj3awaamkEWp/MF50SA6t0iZhrGxJQ8bq744BjbTuR4FNRtR09aw3Ev/zmqkJT/0Bl0lqULLJoDAVxMRkdDVpc4XMiL4llCludyWsSxVlxv4mZ5/gzZ48T2rHRc8tehW3UDqDCbKwBwdwBB6cQAkuoQxVYIBwD4/w5Nw4D86z8zKJZpxpzy78gfP6A7hpkU0=</latexit><latexit sha1_base64="TiU0ZMkC5SxeoDf3f8654pbatRg=">AAAB6HicbVC7SgNBFL0bXzG+opaCDAbBKuzaaCEYsLFMwDwgWWR2cjcZMzu7zMwKIaS0srFQxNavsPUX7PwG/Qgnj0ITD1w4nHMu9xEkgmvjup9OZmFxaXklu5pbW9/Y3Mpv79R0nCqGVRaLWDUCqlFwiVXDjcBGopBGgcB60LsY+fVbVJrH8sr0E/Qj2pE85IwaK1XK1/mCW3THIPPEm5LC+fvX3f5b5dvmP1rtmKURSsME1brpuYnxB1QZzgQOc61UY0JZj3awaamkEWp/MF50SA6t0iZhrGxJQ8bq744BjbTuR4FNRtR09aw3Ev/zmqkJT/0Bl0lqULLJoDAVxMRkdDVpc4XMiL4llCludyWsSxVlxv4mZ5/gzZ48T2rHRc8tehW3UDqDCbKwBwdwBB6cQAkuoQxVYIBwD4/w5Nw4D86z8zKJZpxpzy78gfP6A7hpkU0=</latexit>
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<latexit sha1_base64="YWNAKM0uBxKFdXfabtwk3YxNA0w=">AAAB+3icbVDJSgNBEK1xjXEb49HLYBA8SJjxYm4GvHiMYhbIjKGnU5M06Vno7gmGYX7FiwdFvAqe/Ahv/o2d5aCJDwoe71VRVc9POJPKtr+NldW19Y3NwlZxe2d3b988KDVlnAqKDRrzWLR9IpGzCBuKKY7tRCAJfY4tf3g18VsjFJLF0Z0aJ+iFpB+xgFGitNQ1S+4IaTbK7zP3zE0ECzHvmmW7Yk9hLRNnTsqXnx+3oFHvml9uL6ZpiJGinEjZcexEeRkRilGOedFNJSaEDkkfO5pGJETpZdPbc+tEKz0riIWuSFlT9fdERkIpx6GvO0OiBnLRm4j/eZ1UBVUvY1GSKozobFGQckvF1iQIq8cEUsXHmhAqmL7VogMiCFU6rqIOwVl8eZk0zyuOXXFu7HKtCjMU4AiO4RQcuIAaXEMdGkDhAR7hGV6M3HgyXo23WeuKMZ85hD8w3n8AQlyWtw==</latexit><latexit sha1_base64="6Y1vEp5MHWhctlNaYhjAsbEkBYI=">AAAB+3icbVDLSsNAFJ34rPUV61KQYBFcSEnc2J0FNy5bsA9oYplMb9qhk0mYmRRLyNLfcONCEbdCV36EO7/Bn3D6WGjrgQuHc+7l3nv8mFGpbPvLWFldW9/YzG3lt3d29/bNg0JDRokgUCcRi0TLxxIY5VBXVDFoxQJw6DNo+oPrid8cgpA04rdqFIMX4h6nASVYaaljFtwhkHSY3aXuuRsLGkLWMYt2yZ7CWibOnBSvPsa174fjcbVjfrrdiCQhcEUYlrLt2LHyUiwUJQyyvJtIiDEZ4B60NeU4BOml09sz61QrXSuIhC6urKn6eyLFoZSj0NedIVZ9uehNxP+8dqKCspdSHicKOJktChJmqciaBGF1qQCi2EgTTATVt1qkjwUmSseV1yE4iy8vk8ZFybFLTs0uVspohhw6QifoDDnoElXQDaqiOiLoHj2iZ/RiZMaT8Wq8zVpXjPnMIfoD4/0HTFeY/A==</latexit><latexit sha1_base64="6Y1vEp5MHWhctlNaYhjAsbEkBYI=">AAAB+3icbVDLSsNAFJ34rPUV61KQYBFcSEnc2J0FNy5bsA9oYplMb9qhk0mYmRRLyNLfcONCEbdCV36EO7/Bn3D6WGjrgQuHc+7l3nv8mFGpbPvLWFldW9/YzG3lt3d29/bNg0JDRokgUCcRi0TLxxIY5VBXVDFoxQJw6DNo+oPrid8cgpA04rdqFIMX4h6nASVYaaljFtwhkHSY3aXuuRsLGkLWMYt2yZ7CWibOnBSvPsa174fjcbVjfrrdiCQhcEUYlrLt2LHyUiwUJQyyvJtIiDEZ4B60NeU4BOml09sz61QrXSuIhC6urKn6eyLFoZSj0NedIVZ9uehNxP+8dqKCspdSHicKOJktChJmqciaBGF1qQCi2EgTTATVt1qkjwUmSseV1yE4iy8vk8ZFybFLTs0uVspohhw6QifoDDnoElXQDaqiOiLoHj2iZ/RiZMaT8Wq8zVpXjPnMIfoD4/0HTFeY/A==</latexit>

prima dopo

P
<latexit sha1_base64="PocES0uYMwBLBh4THjN6llI2FPY=">AAAB6HicbVC7SgNBFL0bXzG+opY2g0GwCrs2phAM2FgmYB6QLDI7uZuMmZ1dZmaFsKS0srFQxNY/8Rfs/AZ/wsmj0MQDFw7nnMt9BIng2rjul5NbWV1b38hvFra2d3b3ivsHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBUMryZ+6x6V5rG8MaME/Yj2JQ85o8ZK9dptseSW3SnIMvHmpHT58f1AAMDmP7u9mKURSsME1brjuYnxM6oMZwLHhW6qMaFsSPvYsVTSCLWfTRcdkxOr9EgYK1vSkKn6uyOjkdajKLDJiJqBXvQm4n9eJzVhxc+4TFKDks0GhakgJiaTq0mPK2RGjCyhTHG7K2EDqigz9jcF+wRv8eRl0jwre27Zq7ul6gXMkIcjOIZT8OAcqnANNWgAA4RHeIYX5855cl6dt1k058x7DuEPnPcfHeGPWg==</latexit><latexit sha1_base64="TiU0ZMkC5SxeoDf3f8654pbatRg=">AAAB6HicbVC7SgNBFL0bXzG+opaCDAbBKuzaaCEYsLFMwDwgWWR2cjcZMzu7zMwKIaS0srFQxNavsPUX7PwG/Qgnj0ITD1w4nHMu9xEkgmvjup9OZmFxaXklu5pbW9/Y3Mpv79R0nCqGVRaLWDUCqlFwiVXDjcBGopBGgcB60LsY+fVbVJrH8sr0E/Qj2pE85IwaK1XK1/mCW3THIPPEm5LC+fvX3f5b5dvmP1rtmKURSsME1brpuYnxB1QZzgQOc61UY0JZj3awaamkEWp/MF50SA6t0iZhrGxJQ8bq744BjbTuR4FNRtR09aw3Ev/zmqkJT/0Bl0lqULLJoDAVxMRkdDVpc4XMiL4llCludyWsSxVlxv4mZ5/gzZ48T2rHRc8tehW3UDqDCbKwBwdwBB6cQAkuoQxVYIBwD4/w5Nw4D86z8zKJZpxpzy78gfP6A7hpkU0=</latexit><latexit sha1_base64="TiU0ZMkC5SxeoDf3f8654pbatRg=">AAAB6HicbVC7SgNBFL0bXzG+opaCDAbBKuzaaCEYsLFMwDwgWWR2cjcZMzu7zMwKIaS0srFQxNavsPUX7PwG/Qgnj0ITD1w4nHMu9xEkgmvjup9OZmFxaXklu5pbW9/Y3Mpv79R0nCqGVRaLWDUCqlFwiVXDjcBGopBGgcB60LsY+fVbVJrH8sr0E/Qj2pE85IwaK1XK1/mCW3THIPPEm5LC+fvX3f5b5dvmP1rtmKURSsME1brpuYnxB1QZzgQOc61UY0JZj3awaamkEWp/MF50SA6t0iZhrGxJQ8bq744BjbTuR4FNRtR09aw3Ev/zmqkJT/0Bl0lqULLJoDAVxMRkdDVpc4XMiL4llCludyWsSxVlxv4mZ5/gzZ48T2rHRc8tehW3UDqDCbKwBwdwBB6cQAkuoQxVYIBwD4/w5Nw4D86z8zKJZpxpzy78gfP6A7hpkU0=</latexit>

~rCM
<latexit sha1_base64="9j+mh4T3GctAVuU/aIcP+TErcUM=">AAAB83icbVDLSsNAFL3xUWt9VV26CRbBVUm60WWhGzdCC/YBTSiT6U07dDIJM5NCCfkNNy4Uces/+A3uxJ9x+lho64ELh3Pu5d57goQzpR3ny9ra3tkt7BX3SweHR8cn5dOzjopTSbFNYx7LXkAUciawrZnm2Eskkijg2A0mjbnfnaJULBYPepagH5GRYCGjRBvJ86ZIM5kPssZ9PihXnKqzgL1J3BWp1Aut7w8AaA7Kn94wpmmEQlNOlOq7TqL9jEjNKMe85KUKE0InZIR9QwWJUPnZ4ubcvjLK0A5jaUpoe6H+nshIpNQsCkxnRPRYrXtz8T+vn+rw1s+YSFKNgi4XhSm3dWzPA7CHTCLVfGYIoZKZW206JpJQbWIqmRDc9Zc3SadWdZ2q2zJp1GCJIlzAJVyDCzdQhztoQhsoJPAIz/BipdaT9Wq9LVu3rNXMOfyB9f4DRpGT+w==</latexit><latexit sha1_base64="hse/4BUaV6ZVJUMEi4dixvprZGQ=">AAAB83icbVA9SwNBEJ2LGmP8ilraLAbBKtyl0TKQxkZIwHxA7gh7m71kyd7esbsXCMf9CJs0FooIVv4RSzvxz7j5KDTxwcDjvRlm5vkxZ0rb9peV29reye8W9or7B4dHx6WT07aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/HF97ncmVCoWiXs9jakX4qFgASNYG8l1J5SkMuun9busXyrbFXsBtEmcFSnX8s3vj9nDW6Nf+nQHEUlCKjThWKmeY8faS7HUjHCaFd1E0RiTMR7SnqECh1R56eLmDF0aZYCCSJoSGi3U3xMpDpWahr7pDLEeqXVvLv7n9RId3HgpE3GiqSDLRUHCkY7QPAA0YJISzaeGYCKZuRWREZaYaBNT0YTgrL+8SdrVimNXnKZJowpLFOAcLuAKHLiGGtxCA1pAIIYZPMGzlViP1ov1umzNWauZM/gD6/0HvUKV0w==</latexit><latexit sha1_base64="hse/4BUaV6ZVJUMEi4dixvprZGQ=">AAAB83icbVA9SwNBEJ2LGmP8ilraLAbBKtyl0TKQxkZIwHxA7gh7m71kyd7esbsXCMf9CJs0FooIVv4RSzvxz7j5KDTxwcDjvRlm5vkxZ0rb9peV29reye8W9or7B4dHx6WT07aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/HF97ncmVCoWiXs9jakX4qFgASNYG8l1J5SkMuun9busXyrbFXsBtEmcFSnX8s3vj9nDW6Nf+nQHEUlCKjThWKmeY8faS7HUjHCaFd1E0RiTMR7SnqECh1R56eLmDF0aZYCCSJoSGi3U3xMpDpWahr7pDLEeqXVvLv7n9RId3HgpE3GiqSDLRUHCkY7QPAA0YJISzaeGYCKZuRWREZaYaBNT0YTgrL+8SdrVimNXnKZJowpLFOAcLuAKHLiGGtxCA1pAIIYZPMGzlViP1ov1umzNWauZM/gD6/0HvUKV0w==</latexit>

~rCM
<latexit sha1_base64="9j+mh4T3GctAVuU/aIcP+TErcUM=">AAAB83icbVDLSsNAFL3xUWt9VV26CRbBVUm60WWhGzdCC/YBTSiT6U07dDIJM5NCCfkNNy4Uces/+A3uxJ9x+lho64ELh3Pu5d57goQzpR3ny9ra3tkt7BX3SweHR8cn5dOzjopTSbFNYx7LXkAUciawrZnm2Eskkijg2A0mjbnfnaJULBYPepagH5GRYCGjRBvJ86ZIM5kPssZ9PihXnKqzgL1J3BWp1Aut7w8AaA7Kn94wpmmEQlNOlOq7TqL9jEjNKMe85KUKE0InZIR9QwWJUPnZ4ubcvjLK0A5jaUpoe6H+nshIpNQsCkxnRPRYrXtz8T+vn+rw1s+YSFKNgi4XhSm3dWzPA7CHTCLVfGYIoZKZW206JpJQbWIqmRDc9Zc3SadWdZ2q2zJp1GCJIlzAJVyDCzdQhztoQhsoJPAIz/BipdaT9Wq9LVu3rNXMOfyB9f4DRpGT+w==</latexit><latexit sha1_base64="hse/4BUaV6ZVJUMEi4dixvprZGQ=">AAAB83icbVA9SwNBEJ2LGmP8ilraLAbBKtyl0TKQxkZIwHxA7gh7m71kyd7esbsXCMf9CJs0FooIVv4RSzvxz7j5KDTxwcDjvRlm5vkxZ0rb9peV29reye8W9or7B4dHx6WT07aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/HF97ncmVCoWiXs9jakX4qFgASNYG8l1J5SkMuun9busXyrbFXsBtEmcFSnX8s3vj9nDW6Nf+nQHEUlCKjThWKmeY8faS7HUjHCaFd1E0RiTMR7SnqECh1R56eLmDF0aZYCCSJoSGi3U3xMpDpWahr7pDLEeqXVvLv7n9RId3HgpE3GiqSDLRUHCkY7QPAA0YJISzaeGYCKZuRWREZaYaBNT0YTgrL+8SdrVimNXnKZJowpLFOAcLuAKHLiGGtxCA1pAIIYZPMGzlViP1ov1umzNWauZM/gD6/0HvUKV0w==</latexit><latexit sha1_base64="hse/4BUaV6ZVJUMEi4dixvprZGQ=">AAAB83icbVA9SwNBEJ2LGmP8ilraLAbBKtyl0TKQxkZIwHxA7gh7m71kyd7esbsXCMf9CJs0FooIVv4RSzvxz7j5KDTxwcDjvRlm5vkxZ0rb9peV29reye8W9or7B4dHx6WT07aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/HF97ncmVCoWiXs9jakX4qFgASNYG8l1J5SkMuun9busXyrbFXsBtEmcFSnX8s3vj9nDW6Nf+nQHEUlCKjThWKmeY8faS7HUjHCaFd1E0RiTMR7SnqECh1R56eLmDF0aZYCCSJoSGi3U3xMpDpWahr7pDLEeqXVvLv7n9RId3HgpE3GiqSDLRUHCkY7QPAA0YJISzaeGYCKZuRWREZaYaBNT0YTgrL+8SdrVimNXnKZJowpLFOAcLuAKHLiGGtxCA1pAIIYZPMGzlViP1ov1umzNWauZM/gD6/0HvUKV0w==</latexit>

!0
<latexit sha1_base64="+4uswb9jFRdsY5hn0hSHnCVo1Jk=">AAAB9HicbVBNS8NAEJ34WeNX1aOXYBE8laQXvYgFLx4r2A9oYtlsJ+3S3STubgolFPwXXjwo4tWr/8Ob/8btx0FbHww83pthZl6Ycqa0635bK6tr6xubhS17e2d3b794cNhQSSYp1mnCE9kKiULOYqxrpjm2UolEhByb4eB64jeHKBVL4js9SjEQpBeziFGijRT4icAeufdTyQR2iiW37E7hLBNvTkpXn/blIwDUOsUvv5vQTGCsKSdKtT031UFOpGaU49j2M4UpoQPSw7ahMRGognx69Ng5NUrXiRJpKtbOVP09kROh1EiEplMQ3VeL3kT8z2tnOroIchanmcaYzhZFGXd04kwScLpMItV8ZAihkplbHdonklBtcrJNCN7iy8ukUSl7btm7dUvVCsxQgGM4gTPw4ByqcAM1qAOFB3iCF3i1htaz9Wa9z1pXrPnMEfyB9fEDTaOT4Q==</latexit><latexit sha1_base64="cHnYKmpE7vAcMlJHo+JzJhyk/O4=">AAAB9HicbVC7SgNBFJ2Nr7i+opY2i0GwCrtptBEDNpYRzAOya5id3CRDZnbGmdlAWPIdNhZKsLX1P2zEv3HyKDTxwIXDOfdy7z2xZFQb3/92cmvrG5tb+W13Z3dv/6BweFTXIlUEakQwoZox1sBoAjVDDYOmVIB5zKARD26mfmMISlOR3JuRhIjjXkK7lGBjpSgUHHr4IZSKcmgXin7Jn8FbJcGCFK8/3Cs5+XKr7cJn2BEk5ZAYwrDWrcCXJsqwMpQwGLthqkFiMsA9aFmaYA46ymZHj70zq3S8rlC2EuPN1N8TGeZaj3hsOzk2fb3sTcX/vFZqupdRRhOZGkjIfFE3ZZ4R3jQBr0MVEMNGlmCiqL3VI32sMDE2J9eGECy/vErq5VLgl4I7v1gpozny6ASdonMUoAtUQbeoimqIoEf0hF7QqzN0np2J8zZvzTmLmWP0B877Dz8ylVU=</latexit><latexit sha1_base64="cHnYKmpE7vAcMlJHo+JzJhyk/O4=">AAAB9HicbVC7SgNBFJ2Nr7i+opY2i0GwCrtptBEDNpYRzAOya5id3CRDZnbGmdlAWPIdNhZKsLX1P2zEv3HyKDTxwIXDOfdy7z2xZFQb3/92cmvrG5tb+W13Z3dv/6BweFTXIlUEakQwoZox1sBoAjVDDYOmVIB5zKARD26mfmMISlOR3JuRhIjjXkK7lGBjpSgUHHr4IZSKcmgXin7Jn8FbJcGCFK8/3Cs5+XKr7cJn2BEk5ZAYwrDWrcCXJsqwMpQwGLthqkFiMsA9aFmaYA46ymZHj70zq3S8rlC2EuPN1N8TGeZaj3hsOzk2fb3sTcX/vFZqupdRRhOZGkjIfFE3ZZ4R3jQBr0MVEMNGlmCiqL3VI32sMDE2J9eGECy/vErq5VLgl4I7v1gpozny6ASdonMUoAtUQbeoimqIoEf0hF7QqzN0np2J8zZvzTmLmWP0B877Dz8ylVU=</latexit>

• Dobbiamo ora sfruttare l’informazione che l’urto è elastico (l’energia si conserva). Applicando
il teorema di König dell’energia, che esprime l’energia cinetica del corpo rigido rispetto ad un
polo P in termini dell’energia cinetica rispetto al centro di massa del corpo rigido

EK =
1

2
m~v 2

CM + EK |C.M.︸ ︷︷ ︸
= 1

2
Iω2

(7)

dalla conservazione dell’energia otteniamo

EK,prima = EK,dopo

⇓
1

2
mv2 + 0︸︷︷︸

no rotaz.

prima

=
1

2
mv′ 2 +

1

2
Iω′ 2︸ ︷︷ ︸

cin. rotaz.

dopo

(8)

Usando la (4) nella (8) e semplificando otteniamo

v2 − v′ 2 =
1

2
R2ω′ 2 (9)

• Le due equazioni (6) e (9) 
v − v′ = 1

2Rω′

v2 − v′ 2 = 1
2R

2ω′ 2
(10)

costituiscono un sistema di due equazioni per le due incognite v′ e ω′. Per risolvere il sistema
portiamo ai membri sinistri tutto ciò che riguarda v′

v′ = v − 1
2Rω′

v′ 2 = v2 − 1
2R

2ω′ 2
(11)

Prendendo il quadrato della prima equazione ed uguagliandolo alla seconda(
v − 1

2
Rω′

)2

= v2 − 1

2
R2ω′ 2

⇓

v2 −Rv ω′ +
1

4
R2ω′ 2 = v2 − 1

2
R2ω′ 2

⇓
3

4
R2ω′ 2 = Rv ω′ (12)
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4

da cui

ω′ =
4v

3R
(13)

Sostituendo ora la (15) nella prima equazione del sistema (11) otteniamo

v′ = v − 1

2
R · 4v

3R
(14)

ossia

v′ =
v

3
(15)
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