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Esercizio (tratto dall’esempio 6.22 p.189 del Mazzoldi)

Un disco di massa M e raggio R ruota con velocità angolare ω in un piano orizzontale
attorno ad un asse verticale che passa per il centro del disco e che è tenuto fisso da un
perno. Da un’altezza h viene lasciato cadere sul disco un punto materiale di massa m.
Il punto urta il disco ad una distanza d < R dal centro del disco e vi rimane attaccato.
Determinare:

1. la velocità angolare del sistema nell’istante successivo all’urto;

2. l’impulso della reazione vincolare;

3. l’impulso angolare della reazione vincolare.

R d

h

Fabrizio Dolcini (http://staff.polito.it/fabrizio.dolcini/)
Dip. di Scienza Applicata e Tecnologia, Politecnico di Torino - Esercizi di Fisica I



2

SOLUZIONE

1. • Ci chiediamo innanzitutto se il sistema disco+particella sia isolato. La risposta
è NO, dato che, oltre alle forze interne tra disco e particella che si esercitano
all’istante dell’urto e che causano l’attaccarsi della particella al disco, esistono
altre due forze esterne al sistema disco+particella:

- la forza peso che si esercita sulla particella fino a quando essa non si attacca
al disco (dopo è di fatto inattiva, essendo cancellata dal piano del disco stesso);

- la reazione vincolare del perno che agisce sul disco per mantenere fisso
sia il suo centro che il suo asse di rotazione.

Siccome il sistema non è isolato, non abbiamo garanzia che la quantità di moto
totale ~P ed il momento angolare totale ~L si conservino nel tempo. Anzi, come
vedremo, NON si conservano né l’uno né l’altro.

• Dato che ~P e ~L sono dei vettori a tre componenti, possiamo cercare di capire
se almeno alcune delle componenti di tali vettori si conservino. Tali leggi di
conservazione ci potrebbero forse permettere di risolvere il problema. A tale
scopo è utile analizzare le forze ed i momenti esterni che agiscono sul sistema.

• Indichiamo con z l’asse del disco e con y − z il piano identificato dall’asse del
disco e dalla verticale di caduta della particella, e con x l’asse perpendicolare a
tale piano e giacente sul piano del disco. Consideriamo come polo O il centro
del disco e valutiamo rispetto a tale polo il momento delle forze esterne descritte
sopra

x

y

z

O

~M
pe

so

d
~Mperno

<latexit sha1_base64="0mlW/pl1S4ueT6FYmphx7aOdV7k=">AAAB+HicbVDJSgNBEK2JW4xLxuXmZTAInsJMLnoMePEiRDALJMPQ06kkTXp6hu6eQBwC/ocXD4p4FfwRb36IdzvLQRMfFDzeq6KqXphwprTrflm5tfWNza38dmFnd2+/aB8cNlScSop1GvNYtkKikDOBdc00x1YikUQhx2Y4vJr6zRFKxWJxp8cJ+hHpC9ZjlGgjBXaxM0Ka3UyCLEEp4klgl9yyO4OzSrwFKVWPvz8eAKAW2J+dbkzTCIWmnCjV9txE+xmRmlGOk0InVZgQOiR9bBsqSITKz2aHT5wzo3SdXixNCe3M1N8TGYmUGkeh6YyIHqhlbyr+57VT3bv0MyaSVKOg80W9lDs6dqYpOF0mkWo+NoRQycytDh0QSag2WRVMCN7yy6ukUSl7btm7NWlUYI48nMApnIMHF1CFa6hBHSik8AjP8GLdW0/Wq/U2b81Zi5kj+APr/QfQ7pYF</latexit><latexit sha1_base64="S1OPtJNtWkNaqA9N9veA3zSFSqk=">AAAB+HicbVDLSsNAFJ34rPXR+Ni5GSyCq5J0o8uCGzdCBfuANoTJ9KYdOpmEmUmhhnyJGxeKuFX8EXf+gnv3Th8LbT1w4XDOvdx7T5BwprTjfForq2vrG5uFreL2zu5eyd4/aKo4lRQaNOaxbAdEAWcCGpppDu1EAokCDq1geDnxWyOQisXiVo8T8CLSFyxklGgj+XapOwKaXed+loAUce7bZafiTIGXiTsn5drR97v6ehvUffuj24tpGoHQlBOlOq6TaC8jUjPKIS92UwUJoUPSh46hgkSgvGx6eI5PjdLDYSxNCY2n6u+JjERKjaPAdEZED9SiNxH/8zqpDi+8jIkk1SDobFGYcqxjPEkB95gEqvnYEEIlM7diOiCSUG2yKpoQ3MWXl0mzWnGdintj0qiiGQroGJ2gM+Sic1RDV6iOGoiiFN2jR/Rk3VkP1rP1MmtdseYzh+gPrNcfctOX/Q==</latexit><latexit sha1_base64="S1OPtJNtWkNaqA9N9veA3zSFSqk=">AAAB+HicbVDLSsNAFJ34rPXR+Ni5GSyCq5J0o8uCGzdCBfuANoTJ9KYdOpmEmUmhhnyJGxeKuFX8EXf+gnv3Th8LbT1w4XDOvdx7T5BwprTjfForq2vrG5uFreL2zu5eyd4/aKo4lRQaNOaxbAdEAWcCGpppDu1EAokCDq1geDnxWyOQisXiVo8T8CLSFyxklGgj+XapOwKaXed+loAUce7bZafiTIGXiTsn5drR97v6ehvUffuj24tpGoHQlBOlOq6TaC8jUjPKIS92UwUJoUPSh46hgkSgvGx6eI5PjdLDYSxNCY2n6u+JjERKjaPAdEZED9SiNxH/8zqpDi+8jIkk1SDobFGYcqxjPEkB95gEqvnYEEIlM7diOiCSUG2yKpoQ3MWXl0mzWnGdintj0qiiGQroGJ2gM+Sic1RDV6iOGoiiFN2jR/Rk3VkP1rP1MmtdseYzh+gPrNcfctOX/Q==</latexit>

(a) Peso. Essendo la forza peso diretta lungo z, il momento ~Mpeso è diretto
lungo l’asse x;

~Mpeso = −mg d ûx (1)

dove ûx indica il versore lungo x, e d è il braccio della forza peso.

NOTA BENE: Essendo la forza peso una forza costante nel tempo, anche
il suo momento ~Mpeso è costante nel tempo. Pertanto, non è un momento

impulsivo e NON fa variare ~L in modo brusco (= con discontinuità).
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(b) Perno. Osserviamo che il perno svolge due azioni:

– mantiene fermo il centro del disco al momento dell’urto. Questo sig-
nifica che il perno esercita una forza (=la reazione vincolare ~R) che
impedisce al centro di massa del disco di spostarsi quando la pallina lo
urta;

– mantiene fisso l’asse di rotazione del disco. Si noti che non è equivalente
al punto precedente, perché anche se il centro del disco rimane fermo al
momento dell’urto, l’asse di rotazione potrebbe ancora ruotare sul pi-
ano y−z. Il punto materiale, urtando il disco, tenderebbe a fare ruotare
il disco attorno all’asse x, ossia a spostare il suo asse di rotazione sul
piano y− z. Il fatto che l’asse rimanga fisso lungo z significa che invece
all’istante dell’urto il perno esercita anche un momento vincolare che
impedisce al punto materiale di far ruotare il disco su tale piano (ossia
attorno all’asse x).

NOTA BENE: Il momento vincolare del perno è un’incognita. L’unica
cosa che possiamo dire con certezza è che, siccome contrasta la rotazione
sul piano y − z che la forza peso cerca di apportare, ~Mperno è diretto
lungo x, ossia

~Mperno = Mperno ûx (2)

dove ûx indica sempre il versore lungo x. Ragionevolmente possiamo
affermare che, una volta che l’urto è avvenuto e che il punto materiale è
rimasto incollato al disco, ~Mperno vale +mg d ûx in modo da uguagliare
e annullare il momento (1) esercitato dalla forza peso. Ma durante
il breve intervallo di tempo dell’urto il valore di ~Mperno, che sarà ra-
gionevolmente molto intenso (momento impulsivo), ci è ignoto. Ciò che
però ci interessa è che è diretto lungo x.

Pertanto abbiamo che il momento angolare totale del sistema disco+particella
varia secondo

d~L

dt
= ~Mext = ~Mpeso︸ ︷︷ ︸

cost

+ ~Mperno︸ ︷︷ ︸
impulsivo

= (−mg d+Mperno) ûx 6= 0 (3)

e ritroviamo appunto che il momento angolare ~L non si conserva, né nel tempo
(a causa di ~Mpeso e di ~Mperno), né attraverso l’urto (a causa di ~Mperno che è un
momento impulsivo).

• Tuttavia, osservando che ~Mpeso e ~Mperno sono diretti lungo x [vedi Eq.(1) e
(2)], in realtà nell’Eq.(3) è solo la componente Lx del momento angolare a non
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conservarsi. Scrivendo l’Eq.(3) in componenti ~L = Lxûx + Ly ̂ + Lzk̂, abbiamo





dLx

dt
= Mpeso︸ ︷︷ ︸

cost

+Mperno︸ ︷︷ ︸
impulsivo

6= 0 ⇒ Lx varia nel tempo con discontinuità

dLy

dt
= 0 ⇒ Ly = cost

dLz

dt
= 0 ⇒ Lz = cost

(4)
Dunque, anche se il momento angolare come vettore non si conserva né nel
tempo né attraverso l’urto, le componenti Ly e Lz si conservano nel tempo che
attraverso l’urto. In particolare Lz si conserva allora anche attraverso l’urto,
ossia

Lz,prima = Lz,dopo (5)

e possiamo sfruttare questa proprietà.

• Prima dell’urto la componente Lz è data solamente dalla rotazione del disco,
dato che la particella ha momento angolare solo lungo Lx.

Lz,prima = ID ω (6)

Dopo l’urto il disco ruoterà con una nuova velocità angolare ω′; la particella
si attacca al disco e dunque ruoterà solidalmente con esso, contribuendo ad
aumentarne il momento d’inerzia. Per cui

Lz,dopo = (ID + md2)ω′ (7)

Inserendo (6) e (6) in (5) otteniamo

ID ω = (ID + md2)ω′

⇓
ω′ = ω

ID
ID + md2

= ω
1

1 + md2

ID

(8)

Ricordando che il momento d’inerzia di un disco che ruota torno al suo asse
vale

ID =
1

2
MR2 (9)

otteniamo

ω′ = ω
1

1 + 2 m
M

d2

R2

(10)

2. Dato che la quantità di moto non si conserva attraverso l’urto, abbiamo

∆~P = ~Pdopo − ~Pprima (11)

Questa variazione viene assorbita dal perno, e costituisce appunto l’impulso della
reazione vincolare durante l’urto. Osserviamo che
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• la quantità di moto del disco è sempre nulla, sia prima che dopo l’urto: nel
disco ad ogni istante per ciascun elementino δm che ha una velocità ~v ce n’è un
altro simmetrico rispetto all’asse che ha velocità −~v. Infatti il centro di massa
del disco è fermo.

• Dunque la quantità di moto, sia prima che dopo l’urto, è dovuta alla sola
particella. In particolare

– prima dell’urto la quantità di moto della particella è diretta lungo z e verso
il basso. Indicando con vp il modulo della velocità immediatamente prima
dell’urto abbiamo

~Pprima = −mvp ~k (12)

dove k̂ è il versore lungo l’asse z verso l’alto.

– dopo l’urto la particella rimane attaccata al disco, e dunque la sua velocità
~v′ giace sul piano x− y ed è diretta tangenzialmente lungo la circonferenza
di rotazione di raggio d. In particolare, immediatamente dopo l’urto, la
velocità è diretta lungo −ûx

~Pdopo = −mω′d ûx (13)

• Pertanto i vettori quantità di moto ~Pprima e ~Pprima sono ortogonali tra loro, ed
abbiamo

|∆~P | = |~Pdopo − ~Pprima| =

=

√
|~Pdopo|2 + |~Pprima|2 =

=
√
m2(ω′)2d2 +m2v2p (14)

dove la velocità vp della particella immediatamente prima dell’urto è determi-
nata dalla sua altezza di caduta e vale

vp =
√

2gh (15)

mentre ω′ è dato dalla Eq.(10). Otteniamo dunque

|∆~P | =

√√√√
m2ω2d2

(
1 + 2 m

M
d2

R2

)2 + 2m2gh (16)

• L’angolo che ∆~P forma con la verticale vale

θ = arctan
|~Pdopo|
|~Pprima|

=

= arctan
mω′d

mvp
= arctan

(
ωd

(1 + 2 m
M

d2

R2 )
√

2gh

)
(17)
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x

y

z

~Pdopo

~Pprima

�~P

3. Dato che il momento angolare non si conserva attraverso l’urto, abbiamo

∆~L = ~Ldopo − ~Lprima (18)

Anche questa variazione viene assorbita dal perno, e costituisce appunto l’impulso
angolare della reazione vincolare durante l’urto. Osserviamo che, a differenza della
quantità di moto che è dovuta solo alla particella, il momento angolare è dovuto sia
prima che dopo l’urto al disco ed anche alla particella. In particolare abbiamo

• prima dell’urto

~Lprima = ~LD,prima︸ ︷︷ ︸
disco

+ ~Lp,prima︸ ︷︷ ︸
particella

=

= ID ωk̂ −mdvp ûx (19)

• dopo l’urto

~Ldopo = (ID +md2)ω′k̂ (20)

∆~L = ~Ldopo − ~Lprima =

= (ID +md2)ω′k̂ − ID ωk̂︸ ︷︷ ︸
=0 Eq.(5)

+mdvp ûx =

= mdvp ûx =

= md
√

2gh ûx (21)

dove le componenti lungo z si sono cancellate, appunto per la conservazione di Lz.
Questa discontinuità ∆~L attraverso l’urto è proprio l’effetto del momento angolare
impulsivo Mperno del perno.

Osservazione
Possiamo ora farci un’idea di com’è fatto il momento incognito Mperno. Infatti
integrando nel tempo la (3) si ha

∆~L = ûx

∫ ∞

t0

(Mpeso︸ ︷︷ ︸
=−mg d

+Mperno) dt (22)
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dove t0 è l’istante in cui la particella inizia a cadere dall’altezza iniziale h. Sap-
piamo che dopo l’urto Mperno dev’essere uguale e contrario a Mpeso in modo da
mantenere il momento angolare lungo ûx costantemente uguale a zero. Tuttavia
durante l’urto avrà una parte impulsiva il cui integrale nel tempo darà proprio
l’impulso angolare ∆~L. Siccome l’urto dura per un intervallo di tempo τ molto
breve, durante tale intervallo Mperno avrà un picco molto intenso, dell’ordine di

Mmax
perno ∼ |∆~L| /τ . L’andamento di Lx e di Mx = Mpeso +Mperno è schematicamente

rappresentato in Fig.1 dove, in particolare, l’inserto rappresenta uno zoom temporale
attorno all’istante tu in cui avviene l’urto.

Mperno
<latexit sha1_base64="ZRASxG+XIZZfmRYpdur9hHnDLoo=">AAAB8HicbVDLSgNBEOz1GeMr6jGXwSB4CrtezDHoxYsQwTwkWcLspJMMmZ1ZZmaFsOQrvHhQxKuf483f8AucJCKaWNBQVHXT3RUlghvr+x/eyura+sZmbiu/vbO7t184OGwYlWqGdaaE0q2IGhRcYt1yK7CVaKRxJLAZjS6nfvMeteFK3tpxgmFMB5L3OaPWSXfX3SxBLdWkWyj5ZX8G8kOCRVKqFj8vwKHWLbx3eoqlMUrLBDWmHfiJDTOqLWcCJ/lOajChbEQH2HZU0hhNmM0OnpATp/RIX2lX0pKZ+nsio7Ex4zhynTG1Q7PoTcX/vHZq+5Uw4zJJLUo2X9RPBbGKTL8nPa6RWTF2hDLN3a2EDammzLqM8i6EpZeXSeOsHPjl4MalUYE5clCEYziFAM6hCldQgzowiOEBnuDZ096j9+K9zltXvO+ZI/gD7+0LOmuSHg==</latexit><latexit sha1_base64="AjgiVrL9KMDXqg5OYeK9LN9/3XM=">AAAB8HicbVC7SgNBFL0bH4mJj6hlmsEgWIVdG1MGbWyECOYhSQizk9lkyDyWmVkhLPkDOxsLRWz9HDt/w9rCSSKi0QMXDufcy733hDFnxvr+m5dZWV1bz+Y28oXNre2d4u5e06hEE9ogiivdDrGhnEnasMxy2o41xSLktBWOz2Z+64Zqw5S8spOY9gQeShYxgq2Tri/6aUy1VNN+sexX/DnQNwmWSblWej/NFm4/6v3ia3egSCKotIRjYzqBH9teirVlhNNpvpsYGmMyxkPacVRiQU0vnR88RYdOGaBIaVfSorn6cyLFwpiJCF2nwHZklr2Z+J/XSWxU7aVMxomlkiwWRQlHVqHZ92jANCWWTxzBRDN3KyIjrDGxLqO8C+HPy39J87gS+JXg0qVRhQVyUIIDOIIATqAG51CHBhAQcAcP8Ohp79578p4XrRnva2YffsF7+QRdYpO4</latexit><latexit sha1_base64="AjgiVrL9KMDXqg5OYeK9LN9/3XM=">AAAB8HicbVC7SgNBFL0bH4mJj6hlmsEgWIVdG1MGbWyECOYhSQizk9lkyDyWmVkhLPkDOxsLRWz9HDt/w9rCSSKi0QMXDufcy733hDFnxvr+m5dZWV1bz+Y28oXNre2d4u5e06hEE9ogiivdDrGhnEnasMxy2o41xSLktBWOz2Z+64Zqw5S8spOY9gQeShYxgq2Tri/6aUy1VNN+sexX/DnQNwmWSblWej/NFm4/6v3ia3egSCKotIRjYzqBH9teirVlhNNpvpsYGmMyxkPacVRiQU0vnR88RYdOGaBIaVfSorn6cyLFwpiJCF2nwHZklr2Z+J/XSWxU7aVMxomlkiwWRQlHVqHZ92jANCWWTxzBRDN3KyIjrDGxLqO8C+HPy39J87gS+JXg0qVRhQVyUIIDOIIATqAG51CHBhAQcAcP8Ohp79578p4XrRnva2YffsF7+QRdYpO4</latexit>

Mpeso
<latexit sha1_base64="vsBSup+D6T3Omh9Jy7JMUD7pOQk=">AAAB73icdVDLSgNBEOz1GeMr6jGXwSB4CrtezDHoxYsQwTwgCWF20psMmZ1ZZ2aFsOQnvHhQxKu/483f8AucJArxVdBQVHXT3RUmghvr+2/e0vLK6tp6biO/ubW9s1vY228YlWqGdaaE0q2QGhRcYt1yK7CVaKRxKLAZjs6nfvMWteFKXttxgt2YDiSPOKPWSa3LXpagUZNeoRSU/RmI/4t8WaVq8f0MHGq9wmunr1gao7RMUGPagZ/Ybka15UzgJN9JDSaUjegA245KGqPpZrN7J+TIKX0SKe1KWjJTFycyGhszjkPXGVM7ND+9qfiX105tVOlmXCapRcnmi6JUEKvI9HnS5xqZFWNHKNPc3UrYkGrKrIsovxjC/6RxUg78cnDl0qjAHDkowiEcQwCnUIULqEEdGAi4gwd49G68e+/Je563LnmfMwfwDd7LB20Akac=</latexit><latexit sha1_base64="8U2wCVok/tCNAmOW5pOHmaZtpoQ=">AAAB73icdVA9SwNBEJ2LH4mJH1HLNIsiWIU7G1MGbWyECOYDkhD2NnPJkr29c3dPCEf+gZWNhSK2/h07/4a1hZtEIX49GHi8N8PMPD8WXBvXfXUyS8srq9ncWr6wvrG5VdzeaegoUQzrLBKRavlUo+AS64Ybga1YIQ19gU1/dDr1m9eoNI/kpRnH2A3pQPKAM2qs1DrvpTHqaNIr7ntldwbi/iJf1n619HaSLdy813rFl04/YkmI0jBBtW57bmy6KVWGM4GTfCfRGFM2ogNsWyppiLqbzu6dkAOr9EkQKVvSkJm6OJHSUOtx6NvOkJqh/ulNxb+8dmKCSjflMk4MSjZfFCSCmIhMnyd9rpAZMbaEMsXtrYQNqaLM2IjyiyH8TxpHZc8texc2jQrMkYMS7MEheHAMVTiDGtSBgYBbuIcH58q5cx6dp3lrxvmc2YVvcJ4/AI/3k0E=</latexit><latexit sha1_base64="8U2wCVok/tCNAmOW5pOHmaZtpoQ=">AAAB73icdVA9SwNBEJ2LH4mJH1HLNIsiWIU7G1MGbWyECOYDkhD2NnPJkr29c3dPCEf+gZWNhSK2/h07/4a1hZtEIX49GHi8N8PMPD8WXBvXfXUyS8srq9ncWr6wvrG5VdzeaegoUQzrLBKRavlUo+AS64Ybga1YIQ19gU1/dDr1m9eoNI/kpRnH2A3pQPKAM2qs1DrvpTHqaNIr7ntldwbi/iJf1n619HaSLdy813rFl04/YkmI0jBBtW57bmy6KVWGM4GTfCfRGFM2ogNsWyppiLqbzu6dkAOr9EkQKVvSkJm6OJHSUOtx6NvOkJqh/ulNxb+8dmKCSjflMk4MSjZfFCSCmIhMnyd9rpAZMbaEMsXtrYQNqaLM2IjyiyH8TxpHZc8texc2jQrMkYMS7MEheHAMVTiDGtSBgYBbuIcH58q5cx6dp3lrxvmc2YVvcJ4/AI/3k0E=</latexit>

t
<latexit sha1_base64="KSaHXoEaRFoxN63C8xiW5mWpO/o=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKujekM2FgmYi6QLGF2cjYZMzu7zMwKYckT2FgoYutTWPkQdr6Nk0uhiT8MfPz/Ocw5J0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD3NWw+oNI/lnRkn6Ed0IHnIGTXWqpteseSW3ZnIKngLKF19ftyCVa1X/Or2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx6KkEWo/mw06IWfW6ZMwVvZJQ2bu746MRlqPo8BWRtQM9XI2Nf/LOqkJK37GZZIalGz+UZgKYmIy3Zr0uUJmxNgCZYrbWQkbUkWZsbcp2CN4yyuvQvOi7Lllr+6WqhWYKw8ncArn4MElVOEGatAABgiP8Awvzr3z5Lw6b/PSnLPoOYY/ct5/AJp0jvE=</latexit><latexit sha1_base64="pWCtaj8WIgVNvCqMwKWf81mhtV4=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidzCZjZmeXmbNCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx1IYdN0vZ2V1bX1jM7OV3d7Z3dvPHRzWTJRoxqsskpFu+NRwKRSvokDJG7HmNPQlr/uD60lev+faiEjd4jDm7ZD2lAgEo2itCnZyebfgTkWWwZtD/upjXPl+OBmXO7nPVjdiScgVMkmNaXpujO2UahRM8lG2lRgeUzagPd60qGjITTudDjoiZ9bpkiDS9ikkU/d3R0pDY4ahbytDin2zmE3M/7JmgkGxnQoVJ8gVm30UJJJgRCZbk67QnKEcWqBMCzsrYX2qKUN7m6w9gre48jLULgqeW/Aqbr5UhJkycAyncA4eXEIJbqAMVWDA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+kb5E2</latexit><latexit sha1_base64="pWCtaj8WIgVNvCqMwKWf81mhtV4=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidzCZjZmeXmbNCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx1IYdN0vZ2V1bX1jM7OV3d7Z3dvPHRzWTJRoxqsskpFu+NRwKRSvokDJG7HmNPQlr/uD60lev+faiEjd4jDm7ZD2lAgEo2itCnZyebfgTkWWwZtD/upjXPl+OBmXO7nPVjdiScgVMkmNaXpujO2UahRM8lG2lRgeUzagPd60qGjITTudDjoiZ9bpkiDS9ikkU/d3R0pDY4ahbytDin2zmE3M/7JmgkGxnQoVJ8gVm30UJJJgRCZbk67QnKEcWqBMCzsrYX2qKUN7m6w9gre48jLULgqeW/Aqbr5UhJkycAyncA4eXEIJbqAMVWDA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+kb5E2</latexit>

t
<latexit sha1_base64="KSaHXoEaRFoxN63C8xiW5mWpO/o=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKujekM2FgmYi6QLGF2cjYZMzu7zMwKYckT2FgoYutTWPkQdr6Nk0uhiT8MfPz/Ocw5J0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD3NWw+oNI/lnRkn6Ed0IHnIGTXWqpteseSW3ZnIKngLKF19ftyCVa1X/Or2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx6KkEWo/mw06IWfW6ZMwVvZJQ2bu746MRlqPo8BWRtQM9XI2Nf/LOqkJK37GZZIalGz+UZgKYmIy3Zr0uUJmxNgCZYrbWQkbUkWZsbcp2CN4yyuvQvOi7Lllr+6WqhWYKw8ncArn4MElVOEGatAABgiP8Awvzr3z5Lw6b/PSnLPoOYY/ct5/AJp0jvE=</latexit><latexit sha1_base64="pWCtaj8WIgVNvCqMwKWf81mhtV4=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidzCZjZmeXmbNCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx1IYdN0vZ2V1bX1jM7OV3d7Z3dvPHRzWTJRoxqsskpFu+NRwKRSvokDJG7HmNPQlr/uD60lev+faiEjd4jDm7ZD2lAgEo2itCnZyebfgTkWWwZtD/upjXPl+OBmXO7nPVjdiScgVMkmNaXpujO2UahRM8lG2lRgeUzagPd60qGjITTudDjoiZ9bpkiDS9ikkU/d3R0pDY4ahbytDin2zmE3M/7JmgkGxnQoVJ8gVm30UJJJgRCZbk67QnKEcWqBMCzsrYX2qKUN7m6w9gre48jLULgqeW/Aqbr5UhJkycAyncA4eXEIJbqAMVWDA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+kb5E2</latexit><latexit sha1_base64="pWCtaj8WIgVNvCqMwKWf81mhtV4=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidzCZjZmeXmbNCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx1IYdN0vZ2V1bX1jM7OV3d7Z3dvPHRzWTJRoxqsskpFu+NRwKRSvokDJG7HmNPQlr/uD60lev+faiEjd4jDm7ZD2lAgEo2itCnZyebfgTkWWwZtD/upjXPl+OBmXO7nPVjdiScgVMkmNaXpujO2UahRM8lG2lRgeUzagPd60qGjITTudDjoiZ9bpkiDS9ikkU/d3R0pDY4ahbytDin2zmE3M/7JmgkGxnQoVJ8gVm30UJJJgRCZbk67QnKEcWqBMCzsrYX2qKUN7m6w9gre48jLULgqeW/Aqbr5UhJkycAyncA4eXEIJbqAMVWDA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+kb5E2</latexit>

Lx
<latexit sha1_base64="OT3iYRk1WvCgWqX0aiYTK9TQ0rc=">AAAB6nicbVA9SwNBEJ2LXzEaE7W0WQyCVbizMWXAxsIiovmA5Ah7m71kyd7esTsnhiM/wcZCEVt/iT/Bzn/j5qPQxAcDj/dmmJkXJFIYdN1vJ7exubW9k98t7O0XD0rlw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8NfPbD1wbEat7nCTcj+hQiVAwila6u+k/9ssVt+rOQdaJtySVevEzJQDQ6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNCLzU8oWxMh7xrqaIRN342P3VKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz6s3E/7xuimHNz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2BD8FZfXieti6rnVr1bm0YNFsjDCZzCOXhwCXW4hgY0gcEQnuAFXh3pPDtvzvuiNecsZ47hD5yPH2egj1E=</latexit><latexit sha1_base64="wh9cX8XIt7PcbsPqeLT8q8IldqY=">AAAB6nicbVDLSgNBEOyNr7gajXr0MhgCnsKuF3MMCOLBQ0TzgGQJs5PZZMjs7DIPMSz5BC8eFPEqfoif4M2/cfI4aGJBQ1HVTXdXmHKmtOd9O7m19Y3Nrfy2u7Nb2NsvHhw2VWIkoQ2S8ES2Q6woZ4I2NNOctlNJcRxy2gpHF1O/dU+lYom40+OUBjEeCBYxgrWVbq97D71iyat4M6BV4i9IqVb4NOVL96PeK351+wkxMRWacKxUx/dSHWRYakY4nbhdo2iKyQgPaMdSgWOqgmx26gSVrdJHUSJtCY1m6u+JDMdKjePQdsZYD9WyNxX/8zpGR9UgYyI1mgoyXxQZjnSCpn+jPpOUaD62BBPJ7K2IDLHERNt0XBuCv/zyKmmeVXyv4t/YNKowRx6O4QROwYdzqMEV1KEBBAbwCM/w4nDnyXl13uatOWcxcwR/4Lz/ALarkEw=</latexit><latexit sha1_base64="wh9cX8XIt7PcbsPqeLT8q8IldqY=">AAAB6nicbVDLSgNBEOyNr7gajXr0MhgCnsKuF3MMCOLBQ0TzgGQJs5PZZMjs7DIPMSz5BC8eFPEqfoif4M2/cfI4aGJBQ1HVTXdXmHKmtOd9O7m19Y3Nrfy2u7Nb2NsvHhw2VWIkoQ2S8ES2Q6woZ4I2NNOctlNJcRxy2gpHF1O/dU+lYom40+OUBjEeCBYxgrWVbq97D71iyat4M6BV4i9IqVb4NOVL96PeK351+wkxMRWacKxUx/dSHWRYakY4nbhdo2iKyQgPaMdSgWOqgmx26gSVrdJHUSJtCY1m6u+JDMdKjePQdsZYD9WyNxX/8zpGR9UgYyI1mgoyXxQZjnSCpn+jPpOUaD62BBPJ7K2IDLHERNt0XBuCv/zyKmmeVXyv4t/YNKowRx6O4QROwYdzqMEV1KEBBAbwCM/w4nDnyXl13uatOWcxcwR/4Lz/ALarkEw=</latexit>

Mx
<latexit sha1_base64="ZSXYNt28ervGoYRBXF5PjOTdvyE=">AAAB6nicbVDLSgNBEOyNrxiNiXr0MhgET2HXizkGvHgRIpoHJEuYncwmQ2Znl5leMSz5BC8eFPHql/gJ3vwbJ4+DJhY0FFXddHcFiRQGXffbyW1sbm3v5HcLe/vFg1L58Khl4lQz3mSxjHUnoIZLoXgTBUreSTSnUSB5Oxhfzfz2A9dGxOoeJwn3IzpUIhSMopXubvqP/XLFrbpzkHXiLUmlXvxMCQA0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTQSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sisejPxP6+bYljzM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdgQvNWX10nrouq5Ve/WplGDBfJwAqdwDh5cQh2uoQFNYDCEJ3iBV0c6z86b875ozTnLmWP4A+fjB2kmj1I=</latexit><latexit sha1_base64="/4IzCPr5mU6sd7/0mMsGG0FBkRM=">AAAB6nicbVDLSgNBEOyNr7gajXr0MhgCnsKuF3MMCOJFiGgekCxhdjKbDJmdXeYhhiWf4MWDIl7FD/ETvPk3Th4HTSxoKKq66e4KU86U9rxvJ7e2vrG5ld92d3YLe/vFg8OmSowktEESnsh2iBXlTNCGZprTdiopjkNOW+HoYuq37qlULBF3epzSIMYDwSJGsLbS7XXvoVcseRVvBrRK/AUp1QqfpnzpftR7xa9uPyEmpkITjpXq+F6qgwxLzQinE7drFE0xGeEB7VgqcExVkM1OnaCyVfooSqQtodFM/T2R4VipcRzazhjroVr2puJ/XsfoqBpkTKRGU0HmiyLDkU7Q9G/UZ5ISzceWYCKZvRWRIZaYaJuOa0Pwl19eJc2ziu9V/BubRhXmyMMxnMAp+HAONbiCOjSAwAAe4RleHO48Oa/O27w15yxmjuAPnPcfuDGQTQ==</latexit><latexit sha1_base64="/4IzCPr5mU6sd7/0mMsGG0FBkRM=">AAAB6nicbVDLSgNBEOyNr7gajXr0MhgCnsKuF3MMCOJFiGgekCxhdjKbDJmdXeYhhiWf4MWDIl7FD/ETvPk3Th4HTSxoKKq66e4KU86U9rxvJ7e2vrG5ld92d3YLe/vFg8OmSowktEESnsh2iBXlTNCGZprTdiopjkNOW+HoYuq37qlULBF3epzSIMYDwSJGsLbS7XXvoVcseRVvBrRK/AUp1QqfpnzpftR7xa9uPyEmpkITjpXq+F6qgwxLzQinE7drFE0xGeEB7VgqcExVkM1OnaCyVfooSqQtodFM/T2R4VipcRzazhjroVr2puJ/XsfoqBpkTKRGU0HmiyLDkU7Q9G/UZ5ISzceWYCKZvRWRIZaYaJuOa0Pwl19eJc2ziu9V/BubRhXmyMMxnMAp+HAONbiCOjSAwAAe4RleHO48Oa/O27w15yxmjuAPnPcfuDGQTQ==</latexit>

tu
<latexit sha1_base64="Dgoe/QKC5IqgS+0ytgNxLMUFpD8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RTSIkS5idzCZDZmeXmR4hLPkELx4U8epv+AeevPk3Th4HTSxoKKq66e6KMikM+v63V1hZXVvfKG6WtrZ3dvfK+wdNk1rNeIOlMtX3ETVcCsUbKFDy+0xzmkSSt6Lh1cRvPXBtRKrucJTxMKF9JWLBKDrpFru2W674VX8KskyCOanUip8f4FDvlr86vZTZhCtkkhrTDvwMw5xqFEzycaljDc8oG9I+bzuqaMJNmE9PHZMTp/RInGpXCslU/T2R08SYURK5zoTiwCx6E/E/r20xvgxzoTKLXLHZothKgimZ/E16QnOGcuQIZVq4WwkbUE0ZunRKLoRg8eVl0jyrBn41uHFpnMMMRTiCYziFAC6gBtdQhwYw6MMjPMOLJ70n79V7m7UWvPnMIfyB9/4D25WPnw==</latexit><latexit sha1_base64="S/TTnsBZcvirjq+yRmzAwZswo4M=">AAAB6nicbVDLSgNBEOyNrxhfMR69DAmCp7Argh4DevAY0TwgWcLsZDYZMju7zPQKYcknePGgiFfxL/wDT978GyePg0YLGoqqbrq7gkQKg6775eRWVtfWN/Kbha3tnd294n6paeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsYXUz91h3XRsTqFscJ9yM6UCIUjKKVbrCX9ooVt+rOQP4Sb0EqtfzHe+nyrVzvFT+7/ZilEVfIJDWm47kJ+hnVKJjkk0I3NTyhbEQHvGOpohE3fjY7dUKOrNInYaxtKSQz9edERiNjxlFgOyOKQ7PsTcX/vE6K4bmfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOwYbgLb/8lzRPqp5b9a5tGqcwRx4OoQzH4MEZ1OAK6tAABgO4h0d4cqTz4Dw7L/PWnLOYOYBfcF6/AVoNkL0=</latexit><latexit sha1_base64="S/TTnsBZcvirjq+yRmzAwZswo4M=">AAAB6nicbVDLSgNBEOyNrxhfMR69DAmCp7Argh4DevAY0TwgWcLsZDYZMju7zPQKYcknePGgiFfxL/wDT978GyePg0YLGoqqbrq7gkQKg6775eRWVtfWN/Kbha3tnd294n6paeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsYXUz91h3XRsTqFscJ9yM6UCIUjKKVbrCX9ooVt+rOQP4Sb0EqtfzHe+nyrVzvFT+7/ZilEVfIJDWm47kJ+hnVKJjkk0I3NTyhbEQHvGOpohE3fjY7dUKOrNInYaxtKSQz9edERiNjxlFgOyOKQ7PsTcX/vE6K4bmfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOwYbgLb/8lzRPqp5b9a5tGqcwRx4OoQzH4MEZ1OAK6tAABgO4h0d4cqTz4Dw7L/PWnLOYOYBfcF6/AVoNkL0=</latexit>

tu
<latexit sha1_base64="Dgoe/QKC5IqgS+0ytgNxLMUFpD8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RTSIkS5idzCZDZmeXmR4hLPkELx4U8epv+AeevPk3Th4HTSxoKKq66e6KMikM+v63V1hZXVvfKG6WtrZ3dvfK+wdNk1rNeIOlMtX3ETVcCsUbKFDy+0xzmkSSt6Lh1cRvPXBtRKrucJTxMKF9JWLBKDrpFru2W674VX8KskyCOanUip8f4FDvlr86vZTZhCtkkhrTDvwMw5xqFEzycaljDc8oG9I+bzuqaMJNmE9PHZMTp/RInGpXCslU/T2R08SYURK5zoTiwCx6E/E/r20xvgxzoTKLXLHZothKgimZ/E16QnOGcuQIZVq4WwkbUE0ZunRKLoRg8eVl0jyrBn41uHFpnMMMRTiCYziFAC6gBtdQhwYw6MMjPMOLJ70n79V7m7UWvPnMIfyB9/4D25WPnw==</latexit><latexit sha1_base64="S/TTnsBZcvirjq+yRmzAwZswo4M=">AAAB6nicbVDLSgNBEOyNrxhfMR69DAmCp7Argh4DevAY0TwgWcLsZDYZMju7zPQKYcknePGgiFfxL/wDT978GyePg0YLGoqqbrq7gkQKg6775eRWVtfWN/Kbha3tnd294n6paeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsYXUz91h3XRsTqFscJ9yM6UCIUjKKVbrCX9ooVt+rOQP4Sb0EqtfzHe+nyrVzvFT+7/ZilEVfIJDWm47kJ+hnVKJjkk0I3NTyhbEQHvGOpohE3fjY7dUKOrNInYaxtKSQz9edERiNjxlFgOyOKQ7PsTcX/vE6K4bmfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOwYbgLb/8lzRPqp5b9a5tGqcwRx4OoQzH4MEZ1OAK6tAABgO4h0d4cqTz4Dw7L/PWnLOYOYBfcF6/AVoNkL0=</latexit><latexit sha1_base64="S/TTnsBZcvirjq+yRmzAwZswo4M=">AAAB6nicbVDLSgNBEOyNrxhfMR69DAmCp7Argh4DevAY0TwgWcLsZDYZMju7zPQKYcknePGgiFfxL/wDT978GyePg0YLGoqqbrq7gkQKg6775eRWVtfWN/Kbha3tnd294n6paeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsYXUz91h3XRsTqFscJ9yM6UCIUjKKVbrCX9ooVt+rOQP4Sb0EqtfzHe+nyrVzvFT+7/ZilEVfIJDWm47kJ+hnVKJjkk0I3NTyhbEQHvGOpohE3fjY7dUKOrNInYaxtKSQz9edERiNjxlFgOyOKQ7PsTcX/vE6K4bmfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOwYbgLb/8lzRPqp5b9a5tGqcwRx4OoQzH4MEZ1OAK6tAABgO4h0d4cqTz4Dw7L/PWnLOYOYBfcF6/AVoNkL0=</latexit>

�mgd
<latexit sha1_base64="gaalXBr1sr3ui22X4qgAkQ9JFhI=">AAAB7XicdVDJSgNBEK1xjXFJ1KOXxiB4McyIoDcDXjxGMAskQ+jp6Una9DJ09whhyD948aCIV//Hm5/gX9hJFOL2oODxXhVV9aKUM2N9/81bWFxaXlktrBXXNza3SuXtnaZRmSa0QRRXuh1hQzmTtGGZ5bSdaopFxGkrGl5M/NYt1YYpeW1HKQ0F7kuWMIKtk5pHAvVR3CtXgqo/BfJ/kS+rUiu9nyMAqPfKr91YkUxQaQnHxnQCP7VhjrVlhNNxsZsZmmIyxH3acVRiQU2YT68dowOnxChR2pW0aKrOT+RYGDMSkesU2A7MT28i/uV1MpuchTmTaWapJLNFScaRVWjyOoqZpsTykSOYaOZuRWSANSbWBVScD+F/0jyuBn41uHJpnMAMBdiDfTiEAE6hBpdQhwYQuIE7eIBHT3n33pP3PGtd8D5nduEbvJcPjVOP4Q==</latexit><latexit sha1_base64="wyOa5liR/E8LFaQffh3+3LgQycg=">AAAB7XicdVDLSgNBEOyNr7g+EvXoZTAIejDsiqA3AyJ4jGAekCxhdnY2GTMzu8zMCiHkH7x4UMSrH+FfePMT/AsniUJ8FTQUVd10d4UpZ9p43puTm5tfWFzKL7srq2vrheLGZl0nmSK0RhKeqGaINeVM0pphhtNmqigWIaeNsH829hs3VGmWyCszSGkgcFeymBFsrFQ/EKiLok6x5Je9CZD3i3xZpUrh/XTffTmvdoqv7SghmaDSEI61bvleaoIhVoYRTkduO9M0xaSPu7RlqcSC6mA4uXaEdq0SoThRtqRBE3V2YoiF1gMR2k6BTU//9MbiX14rM/FJMGQyzQyVZLoozjgyCRq/jiKmKDF8YAkmitlbEelhhYmxAbmzIfxP6odl3yv7lzaNI5giD9uwA3vgwzFU4AKqUAMC13AL9/DgJM6d8+g8TVtzzufMFnyD8/wB/JuQ9A==</latexit><latexit sha1_base64="wyOa5liR/E8LFaQffh3+3LgQycg=">AAAB7XicdVDLSgNBEOyNr7g+EvXoZTAIejDsiqA3AyJ4jGAekCxhdnY2GTMzu8zMCiHkH7x4UMSrH+FfePMT/AsniUJ8FTQUVd10d4UpZ9p43puTm5tfWFzKL7srq2vrheLGZl0nmSK0RhKeqGaINeVM0pphhtNmqigWIaeNsH829hs3VGmWyCszSGkgcFeymBFsrFQ/EKiLok6x5Je9CZD3i3xZpUrh/XTffTmvdoqv7SghmaDSEI61bvleaoIhVoYRTkduO9M0xaSPu7RlqcSC6mA4uXaEdq0SoThRtqRBE3V2YoiF1gMR2k6BTU//9MbiX14rM/FJMGQyzQyVZLoozjgyCRq/jiKmKDF8YAkmitlbEelhhYmxAbmzIfxP6odl3yv7lzaNI5giD9uwA3vgwzFU4AKqUAMC13AL9/DgJM6d8+g8TVtzzufMFnyD8/wB/JuQ9A==</latexit>

+mgd
<latexit sha1_base64="N/1Dqa36udF6JlH8csNfjynTlFY=">AAAB7XicbVDLSgNBEOyNrxgfiXr0MhgEQQi7IujNgBePEcwDkiXMzs4mY+axzMwKYck/ePGgiFf/x5uf4F84SUQ0WtBQVHXT3RWlnBnr++9eYWl5ZXWtuF7a2NzaLld2dltGZZrQJlFc6U6EDeVM0qZlltNOqikWEaftaHQ59dt3VBum5I0dpzQUeCBZwgi2TmodCzRAcb9S9Wv+DOibBIukWi9/XCAAaPQrb71YkUxQaQnHxnQDP7VhjrVlhNNJqZcZmmIywgPadVRiQU2Yz66doEOnxChR2pW0aKb+nMixMGYsItcpsB2aRW8q/ud1M5uchzmTaWapJPNFScaRVWj6OoqZpsTysSOYaOZuRWSINSbWBVRyIfx5+S9pndQCvxZcuzROYY4i7MMBHEEAZ1CHK2hAEwjcwj08wpOnvAfv2XuZtxa8r5k9+AXv9ROKL4/f</latexit><latexit sha1_base64="SLkV/rRfLfuE+4wOCLBgQEtN8pQ=">AAAB7XicbVDLSgNBEOyNr7g+EvXoZTAIihB2RdCbARE8RjAPSJYwOzubjJmZXWZmhRDyD148KOLVj/AvvPkJ/oWTREQTCxqKqm66u8KUM20878PJLSwuLa/kV9219Y3NQnFru66TTBFaIwlPVDPEmnImac0ww2kzVRSLkNNG2L8Y+407qjRL5I0ZpDQQuCtZzAg2VqofCdRFUadY8sreBOiH+LOkVCl8nh+6b5fVTvG9HSUkE1QawrHWLd9LTTDEyjDC6chtZ5qmmPRxl7YslVhQHQwn147QvlUiFCfKljRoov6eGGKh9UCEtlNg09Oz3lj8z2tlJj4LhkymmaGSTBfFGUcmQePXUcQUJYYPLMFEMXsrIj2sMDE2INeGMPfyPKkfl32v7F/bNE5gijzswh4cgA+nUIErqEINCNzCPTzCk5M4D86z8zJtzTnfMzvwB87rF/l3kPI=</latexit><latexit sha1_base64="SLkV/rRfLfuE+4wOCLBgQEtN8pQ=">AAAB7XicbVDLSgNBEOyNr7g+EvXoZTAIihB2RdCbARE8RjAPSJYwOzubjJmZXWZmhRDyD148KOLVj/AvvPkJ/oWTREQTCxqKqm66u8KUM20878PJLSwuLa/kV9219Y3NQnFru66TTBFaIwlPVDPEmnImac0ww2kzVRSLkNNG2L8Y+407qjRL5I0ZpDQQuCtZzAg2VqofCdRFUadY8sreBOiH+LOkVCl8nh+6b5fVTvG9HSUkE1QawrHWLd9LTTDEyjDC6chtZ5qmmPRxl7YslVhQHQwn147QvlUiFCfKljRoov6eGGKh9UCEtlNg09Oz3lj8z2tlJj4LhkymmaGSTBfFGUcmQePXUcQUJYYPLMFEMXsrIj2sMDE2INeGMPfyPKkfl32v7F/bNE5gijzswh4cgA+nUIErqEINCNzCPTzCk5M4D86z8zJtzTnfMzvwB87rF/l3kPI=</latexit>

⌧
<latexit sha1_base64="6u3XLSe+LUiIwfugIdjzuQqXR9M=">AAAB63icbZC7SgNBFIbPeo3xFrW0GQyCVdgVQTsDNpYRzAWSJcxOZpMhM7vLzFkhLHkFGwuNWNj4EL6GnW/jbJJCE38Y+Pj/c5hzTpBIYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DBxqhmvs1jGuhVQw6WIeB0FSt5KNKcqkLwZDG/yvPnAtRFxdI+jhPuK9iMRCkYxtzpI026p7FbcqcgyeHMoX39OJu8AUOuWvjq9mKWKR8gkNabtuQn6GdUomOTjYic1PKFsSPu8bTGiihs/m846JqfW6ZEw1vZFSKbu746MKmNGKrCViuLALGa5+V/WTjG88jMRJSnyiM0+ClNJMCb54qQnNGcoRxYo08LOStiAasrQnqdoj+AtrrwMjfOK51a8O7dcvYCZCnAMJ3AGHlxCFW6hBnVgMIBHeIYXRzlPzqvzNitdceY9R/BHzscP4EaRAA==</latexit><latexit sha1_base64="0S9Lz7k5FqzOf+TviPkfRxMlSOQ=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLqz4MZlBXuBNpTJdNIOnUnCzIlQQl/BjQu1uPUhfA13vo2Ttgtt/WHg4//PYc45QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoaeJUM95gsYx1O6CGSxHxBgqUvJ1oTlUgeSsY3eZ565FrI+LoAccJ9xUdRCIUjGJudZGmvXLFrbozkVXwFlC5+XzLNa33yl/dfsxSxSNkkhrT8dwE/YxqFEzySambGp5QNqID3rEYUcWNn81mnZAz6/RJGGv7IiQz93dHRpUxYxXYSkVxaJaz3Pwv66QYXvuZiJIUecTmH4WpJBiTfHHSF5ozlGMLlGlhZyVsSDVlaM9TskfwlldeheZF1XOr3r1bqV3CXEU4gVM4Bw+uoAZ3UIcGMBjCE7zAq6OcZ2fqvM9LC86i5xj+yPn4AT2SksU=</latexit><latexit sha1_base64="0S9Lz7k5FqzOf+TviPkfRxMlSOQ=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLqz4MZlBXuBNpTJdNIOnUnCzIlQQl/BjQu1uPUhfA13vo2Ttgtt/WHg4//PYc45QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoaeJUM95gsYx1O6CGSxHxBgqUvJ1oTlUgeSsY3eZ565FrI+LoAccJ9xUdRCIUjGJudZGmvXLFrbozkVXwFlC5+XzLNa33yl/dfsxSxSNkkhrT8dwE/YxqFEzySambGp5QNqID3rEYUcWNn81mnZAz6/RJGGv7IiQz93dHRpUxYxXYSkVxaJaz3Pwv66QYXvuZiJIUecTmH4WpJBiTfHHSF5ozlGMLlGlhZyVsSDVlaM9TskfwlldeheZF1XOr3r1bqV3CXEU4gVM4Bw+uoAZ3UIcGMBjCE7zAq6OcZ2fqvM9LC86i5xj+yPn4AT2SksU=</latexit>

Mperno
<latexit sha1_base64="ZRASxG+XIZZfmRYpdur9hHnDLoo=">AAAB8HicbVDLSgNBEOz1GeMr6jGXwSB4CrtezDHoxYsQwTwkWcLspJMMmZ1ZZmaFsOQrvHhQxKuf483f8AucJCKaWNBQVHXT3RUlghvr+x/eyura+sZmbiu/vbO7t184OGwYlWqGdaaE0q2IGhRcYt1yK7CVaKRxJLAZjS6nfvMeteFK3tpxgmFMB5L3OaPWSXfX3SxBLdWkWyj5ZX8G8kOCRVKqFj8vwKHWLbx3eoqlMUrLBDWmHfiJDTOqLWcCJ/lOajChbEQH2HZU0hhNmM0OnpATp/RIX2lX0pKZ+nsio7Ex4zhynTG1Q7PoTcX/vHZq+5Uw4zJJLUo2X9RPBbGKTL8nPa6RWTF2hDLN3a2EDammzLqM8i6EpZeXSeOsHPjl4MalUYE5clCEYziFAM6hCldQgzowiOEBnuDZ096j9+K9zltXvO+ZI/gD7+0LOmuSHg==</latexit><latexit sha1_base64="AjgiVrL9KMDXqg5OYeK9LN9/3XM=">AAAB8HicbVC7SgNBFL0bH4mJj6hlmsEgWIVdG1MGbWyECOYhSQizk9lkyDyWmVkhLPkDOxsLRWz9HDt/w9rCSSKi0QMXDufcy733hDFnxvr+m5dZWV1bz+Y28oXNre2d4u5e06hEE9ogiivdDrGhnEnasMxy2o41xSLktBWOz2Z+64Zqw5S8spOY9gQeShYxgq2Tri/6aUy1VNN+sexX/DnQNwmWSblWej/NFm4/6v3ia3egSCKotIRjYzqBH9teirVlhNNpvpsYGmMyxkPacVRiQU0vnR88RYdOGaBIaVfSorn6cyLFwpiJCF2nwHZklr2Z+J/XSWxU7aVMxomlkiwWRQlHVqHZ92jANCWWTxzBRDN3KyIjrDGxLqO8C+HPy39J87gS+JXg0qVRhQVyUIIDOIIATqAG51CHBhAQcAcP8Ohp79578p4XrRnva2YffsF7+QRdYpO4</latexit><latexit sha1_base64="AjgiVrL9KMDXqg5OYeK9LN9/3XM=">AAAB8HicbVC7SgNBFL0bH4mJj6hlmsEgWIVdG1MGbWyECOYhSQizk9lkyDyWmVkhLPkDOxsLRWz9HDt/w9rCSSKi0QMXDufcy733hDFnxvr+m5dZWV1bz+Y28oXNre2d4u5e06hEE9ogiivdDrGhnEnasMxy2o41xSLktBWOz2Z+64Zqw5S8spOY9gQeShYxgq2Tri/6aUy1VNN+sexX/DnQNwmWSblWej/NFm4/6v3ia3egSCKotIRjYzqBH9teirVlhNNpvpsYGmMyxkPacVRiQU0vnR88RYdOGaBIaVfSorn6cyLFwpiJCF2nwHZklr2Z+J/XSWxU7aVMxomlkiwWRQlHVqHZ92jANCWWTxzBRDN3KyIjrDGxLqO8C+HPy39J87gS+JXg0qVRhQVyUIIDOIIATqAG51CHBhAQcAcP8Ohp79578p4XrRnva2YffsF7+QRdYpO4</latexit>

Lx
<latexit sha1_base64="OT3iYRk1WvCgWqX0aiYTK9TQ0rc=">AAAB6nicbVA9SwNBEJ2LXzEaE7W0WQyCVbizMWXAxsIiovmA5Ah7m71kyd7esTsnhiM/wcZCEVt/iT/Bzn/j5qPQxAcDj/dmmJkXJFIYdN1vJ7exubW9k98t7O0XD0rlw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8NfPbD1wbEat7nCTcj+hQiVAwila6u+k/9ssVt+rOQdaJtySVevEzJQDQ6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNCLzU8oWxMh7xrqaIRN342P3VKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz6s3E/7xuimHNz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2BD8FZfXieti6rnVr1bm0YNFsjDCZzCOXhwCXW4hgY0gcEQnuAFXh3pPDtvzvuiNecsZ47hD5yPH2egj1E=</latexit><latexit sha1_base64="wh9cX8XIt7PcbsPqeLT8q8IldqY=">AAAB6nicbVDLSgNBEOyNr7gajXr0MhgCnsKuF3MMCOLBQ0TzgGQJs5PZZMjs7DIPMSz5BC8eFPEqfoif4M2/cfI4aGJBQ1HVTXdXmHKmtOd9O7m19Y3Nrfy2u7Nb2NsvHhw2VWIkoQ2S8ES2Q6woZ4I2NNOctlNJcRxy2gpHF1O/dU+lYom40+OUBjEeCBYxgrWVbq97D71iyat4M6BV4i9IqVb4NOVL96PeK351+wkxMRWacKxUx/dSHWRYakY4nbhdo2iKyQgPaMdSgWOqgmx26gSVrdJHUSJtCY1m6u+JDMdKjePQdsZYD9WyNxX/8zpGR9UgYyI1mgoyXxQZjnSCpn+jPpOUaD62BBPJ7K2IDLHERNt0XBuCv/zyKmmeVXyv4t/YNKowRx6O4QROwYdzqMEV1KEBBAbwCM/w4nDnyXl13uatOWcxcwR/4Lz/ALarkEw=</latexit><latexit sha1_base64="wh9cX8XIt7PcbsPqeLT8q8IldqY=">AAAB6nicbVDLSgNBEOyNr7gajXr0MhgCnsKuF3MMCOLBQ0TzgGQJs5PZZMjs7DIPMSz5BC8eFPEqfoif4M2/cfI4aGJBQ1HVTXdXmHKmtOd9O7m19Y3Nrfy2u7Nb2NsvHhw2VWIkoQ2S8ES2Q6woZ4I2NNOctlNJcRxy2gpHF1O/dU+lYom40+OUBjEeCBYxgrWVbq97D71iyat4M6BV4i9IqVb4NOVL96PeK351+wkxMRWacKxUx/dSHWRYakY4nbhdo2iKyQgPaMdSgWOqgmx26gSVrdJHUSJtCY1m6u+JDMdKjePQdsZYD9WyNxX/8zpGR9UgYyI1mgoyXxQZjnSCpn+jPpOUaD62BBPJ7K2IDLHERNt0XBuCv/zyKmmeVXyv4t/YNKowRx6O4QROwYdzqMEV1KEBBAbwCM/w4nDnyXl13uatOWcxcwR/4Lz/ALarkEw=</latexit>

tu
<latexit sha1_base64="Dgoe/QKC5IqgS+0ytgNxLMUFpD8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RTSIkS5idzCZDZmeXmR4hLPkELx4U8epv+AeevPk3Th4HTSxoKKq66e6KMikM+v63V1hZXVvfKG6WtrZ3dvfK+wdNk1rNeIOlMtX3ETVcCsUbKFDy+0xzmkSSt6Lh1cRvPXBtRKrucJTxMKF9JWLBKDrpFru2W674VX8KskyCOanUip8f4FDvlr86vZTZhCtkkhrTDvwMw5xqFEzycaljDc8oG9I+bzuqaMJNmE9PHZMTp/RInGpXCslU/T2R08SYURK5zoTiwCx6E/E/r20xvgxzoTKLXLHZothKgimZ/E16QnOGcuQIZVq4WwkbUE0ZunRKLoRg8eVl0jyrBn41uHFpnMMMRTiCYziFAC6gBtdQhwYw6MMjPMOLJ70n79V7m7UWvPnMIfyB9/4D25WPnw==</latexit><latexit sha1_base64="S/TTnsBZcvirjq+yRmzAwZswo4M=">AAAB6nicbVDLSgNBEOyNrxhfMR69DAmCp7Argh4DevAY0TwgWcLsZDYZMju7zPQKYcknePGgiFfxL/wDT978GyePg0YLGoqqbrq7gkQKg6775eRWVtfWN/Kbha3tnd294n6paeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsYXUz91h3XRsTqFscJ9yM6UCIUjKKVbrCX9ooVt+rOQP4Sb0EqtfzHe+nyrVzvFT+7/ZilEVfIJDWm47kJ+hnVKJjkk0I3NTyhbEQHvGOpohE3fjY7dUKOrNInYaxtKSQz9edERiNjxlFgOyOKQ7PsTcX/vE6K4bmfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOwYbgLb/8lzRPqp5b9a5tGqcwRx4OoQzH4MEZ1OAK6tAABgO4h0d4cqTz4Dw7L/PWnLOYOYBfcF6/AVoNkL0=</latexit><latexit sha1_base64="S/TTnsBZcvirjq+yRmzAwZswo4M=">AAAB6nicbVDLSgNBEOyNrxhfMR69DAmCp7Argh4DevAY0TwgWcLsZDYZMju7zPQKYcknePGgiFfxL/wDT978GyePg0YLGoqqbrq7gkQKg6775eRWVtfWN/Kbha3tnd294n6paeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsYXUz91h3XRsTqFscJ9yM6UCIUjKKVbrCX9ooVt+rOQP4Sb0EqtfzHe+nyrVzvFT+7/ZilEVfIJDWm47kJ+hnVKJjkk0I3NTyhbEQHvGOpohE3fjY7dUKOrNInYaxtKSQz9edERiNjxlFgOyOKQ7PsTcX/vE6K4bmfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOwYbgLb/8lzRPqp5b9a5tGqcwRx4OoQzH4MEZ1OAK6tAABgO4h0d4cqTz4Dw7L/PWnLOYOYBfcF6/AVoNkL0=</latexit>

md
p

2gh
<latexit sha1_base64="IOcDiSONtnAklZunG4t4Sjn0qyU=">AAAB+XicbVA9SwNBEJ3zM8avU0ubxSBYhbs0WgZsrCSC+YAkxL29vWTJ7t25OxcIR/6JjYUithb+Dzv/jZuPQhMfDDzem2FmXpBKYdDzvp219Y3Nre3CTnF3b//g0D06bpgk04zXWSIT3Qqo4VLEvI4CJW+lmlMVSN4MhtdTvzni2ogkvsdxyruK9mMRCUbRSj3XVSQkHfOoMa+QPhlMem7JK3szkFXiL0ip6n7ePgBAred+dcKEZYrHyCQ1pu17KXZzqlEwySfFTmZ4StmQ9nnb0pgqbrr57PIJObdKSKJE24qRzNTfEzlVxoxVYDsVxYFZ9qbif147w+iqm4s4zZDHbL4oyiTBhExjIKHQnKEcW0KZFvZWwgZUU4Y2rKINwV9+eZU0KmXfK/t3Ng0P5ijAKZzBBfhwCVW4gRrUgcEInuAFXp3ceXbenPd565qzmDmBP3A+fgCAb5Ra</latexit><latexit sha1_base64="V7GF3MAwqMYBgxgMUhngnzgCSF0=">AAAB+XicbVC7SgNBFJ31GeNr1dJmMAhWYTeNlgEbK4lgHpAsYXZ2NhkyM7vO3A2EJX9ioYUithaChR9h5984eRSaeODC4Zx7ufeeMBXcgOd9Oyura+sbm4Wt4vbO7t6+e3DYMEmmKavTRCS6FRLDBFesDhwEa6WaERkK1gwHlxO/OWTa8ETdwihlgSQ9xWNOCVip67oSR7hj7jTkFdzD/XHXLXllbwq8TPw5KVXd92v2+fBR67pfnSihmWQKqCDGtH0vhSAnGjgVbFzsZIalhA5Ij7UtVUQyE+TTy8f41CoRjhNtSwGeqr8nciKNGcnQdkoCfbPoTcT/vHYG8UWQc5VmwBSdLYozgSHBkxhwxDWjIEaWEKq5vRXTPtGEgg2raEPwF19eJo1K2ffK/o1Nw0MzFNAxOkFnyEfnqIquUA3VEUVDdI+e0LOTO4/Oi/M6a11x5jNH6A+ctx9TaJZ3</latexit><latexit sha1_base64="V7GF3MAwqMYBgxgMUhngnzgCSF0=">AAAB+XicbVC7SgNBFJ31GeNr1dJmMAhWYTeNlgEbK4lgHpAsYXZ2NhkyM7vO3A2EJX9ioYUithaChR9h5984eRSaeODC4Zx7ufeeMBXcgOd9Oyura+sbm4Wt4vbO7t6+e3DYMEmmKavTRCS6FRLDBFesDhwEa6WaERkK1gwHlxO/OWTa8ETdwihlgSQ9xWNOCVip67oSR7hj7jTkFdzD/XHXLXllbwq8TPw5KVXd92v2+fBR67pfnSihmWQKqCDGtH0vhSAnGjgVbFzsZIalhA5Ij7UtVUQyE+TTy8f41CoRjhNtSwGeqr8nciKNGcnQdkoCfbPoTcT/vHYG8UWQc5VmwBSdLYozgSHBkxhwxDWjIEaWEKq5vRXTPtGEgg2raEPwF19eJo1K2ffK/o1Nw0MzFNAxOkFnyEfnqIquUA3VEUVDdI+e0LOTO4/Oi/M6a11x5jNH6A+ctx9TaJZ3</latexit>

Figure 1: Andamento nel tempo della componente Lx del momento angolare (riquadro
superiore) e della componente Mx del momento delle forze esterne: momento della forza
peso (rosso) e momento del perno (blu). La discontinuità ∆Lx = md

√
2gh attraverso

l’urto [vedi Eq.(21)] è dovuta al momento Mperno che è impulsivo, ossia ha un picco molto
intenso durante il breve intervallo di tempo τ in cui avviene l’urto.
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