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Abstract

In this paper the design of the feedforward block of a
two degree of freedom controller for reference tracking
in SISO systems in the presence of model uncertainty
is addressed.

From previous works, it is know that given a set
of noisy input-output measurements, an uncertainty
model set for the plant can be obtained through Set
Membership H,, identification techniques and, on
the basis of such a model set, a robust design of the
feedback compensator can be performed. In this work
the design of the feedforward filter is formulated as a
robust model matching problem. An optimal solution
is provided in closed form on a finite set of frequencies
obtained from a suitable frequency gridding. Then a
FIR model, approximation of the optimal solution, is
obtained solving a linear programming problem.

The efficiency of the method is tested on two examples,
related to two typical patterns of uncertainty, the first
one arising in the case of unmodeled dynamics, the
second one in the case of parametric uncertainty.

Keywords —— Two degrees of freedom, robust
control, control design from data, feedforward,
Set-Membership.

1 Introduction

The paper deals with the problem of designing a
discrete-time two degrees of freedom control system
from experimental data. Two degrees of freedom de-
sign is a well known and widely used séructure when
both reference tracking and disturbance attenuation
performances are required (see, e.g., [3], [L1]). Tt is well
known that when there is no model uncertainty the de-
sign of the feedback controller K and the feedforward
filter Q@ (see Fig. 1) can be decoupled without affect-
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ing the achievable performances [11]. However that is
not true in the presence of modelling error. Since the
simultaneous synthesis of K and @ might be a difficult
problem, the design is usually still performed in two
independent stages (see, e.g., {2], [4]), which is also the
approach used in this work.

Limebeer el al. in [4] design the feedback controller
using the H loop shaping approach developed by Mc-

_Farlane and Glover in [5]. Then, taking into account

the model uncertainty in the multiplicative input form,
they design the feedforward filter using Hoo optimiza-
tion via +y-iteration. Giusto and Paganini in [2] for-
mulate the feedforward filter design in the presence of
model uncertainty as a minimization of a linear objec-
tive subject to an infinite number of convex constraints.
They provide an approximate solution by reducing the
original problem to one with a finite number of convex
constraints through frequency gridding or optimization
over the span of a set of basis functions. '
In this work a design procedure for SISO systems based
on experimental data is proposed. Given a set of noisy
input output measurements, an uncertainty rmodel set
for the plant can be obtained through set-membership
H, identification techniques 8], [9]. On the basis of
such a model set, the feedback controller which satis-
fies loop requirements can be desigtied, for example, as
described in [6]. Thus we focus on the design of the
feedforward filter.

First, from the identified uncertainty model set of the
plant, an uncertainty model set for the closed-loop com-
plementary sensitivity T is computed, (see, e.g., [7]).
Then the design of the feedback block is formulated as
an H,, robust model-matching problem solved in two
stages. In the first stage the robust-optimal solution
Q*{w) is provided in closed form at each w on a finite
set of frequencies wy, k=1,2,....,N. Hence a FIR mcdel
Q(z) € RH, approximating the optimal solution is
obtained solving a linear programming problem.

2 Robust model-matching design

In this section the proposed design procedure is out-
lined. First, given a set of noisy input-output mea-
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Figure 1: Two degree of freedom configuration in the pres-
ence of model uncertainty

surements, an uncertainty model set My, is identified
through set-membership H., identification technigues
(8], 9]. The obtained model set is an additive frequency
shaped model set of the form:

(Mo = Aag) € 8 [Aprlw) <
< W (w),Vwe [0, 27]} {1

Maps (M, Wag) =

where & is the Banach space of causal, single-
input single-output, linear time-invariant, discrete-
time, BIBO-stable dynamical processes; M, is a
n—order real rational model, Wy is a known function
bounding the modelling error, derived from the identi-
fication procedure.

Then an uncertainty model set M7 for the complemen-
tary sensitivity T(z) can be evaluated from (1) (see,
e.g., [7]). Such a set has the following form:

Mo (T, Wr) = {(Ty, -+ A7) € § 1 |Ar(w)i<

< Wr (w),Ywe[0, 27} (2)

The design of the reference pre-filter (3(z) is formulated
in terms of the following robust H,, model matching
problem:

Q'(2) = oeg minoup IQIT(:) =M (2) e (3

where || - [|oo is the Hy norm and M,(2) is a discrete
time reference model. Note that, if reference tracking
is desired in a given frequency range, we set M, =11in
such a range. Thus, (3) is equivalent to the problem of
looking for the optimal worst-case approximation of the
inverse of T'(z} over a suitable frequency range speci-
fied by the choice of M, (w).

We propose a two steps procedure for the solution of
the design problem (3). First, a solution is obtained re-
laxing in {3) the requirement Q(z) € RH s, and look-
ing for optimality at each w, i.e., solving the following
problem:

Q*(w) = argg](i% sup  Q(w)T(w) — M (w)] (4}

wj Te My

The following proposition provides the solution of the

optimization problem (4).

Proposition 1

For given reference model M;(z) and uncertainty
model set My, the solution of problem (4) at fixed w,
called robust-optimal filter, is:

Wriw) = L) ©
Proof of Proposition 1
Let D(c,r) be the disk of centre ¢ and radius r in the
complex plane, i.e.:
Dle,r)={ze€C:z=c+pef?, ¢ € [0,2n],p € [0,7]}
(6)
Denoting the value of the robust-optimal filter at fre-
quency w with Q*(w) = |@*(w)|e’®, it follows:
Qw)Dle,7) = {v € C: v = Qw)e + |Q(w)ipe! ¥+,
p € [0,27],p € [0,7] } = D(Q(w)e, |Q(w)ir) (M
Now, for a given w, let Mp(w) = {T(w) e C: T €
Mr} and let Mor(w) = {Qw)T(w) € € : T €
Mo}, Since My(w) = D(Tn(w), Wr(w)), it follows
that Mor{w) = DH{Q{w)T,(w), |Q(w)|Wr{w)). Thus,
it is easily seen that (4) can be rewritten as:
Q") = arg min{I QW)L (w) ~ Mr(w)] +

+Wr(w)|QW)i} =

= arg min min, (QEIT(w) = Me(w)] +

+WT( NQw)} =

B IQ(u)Iph(Q(u)) J(IQW), pr(Qw)))  (8)

where ph(-} is the phase of a complex number.
First the minimization over ph(@(w)) is considered:

PH(Q () = arg  min (1Q@)Tn(w) — Ma(w)[ +

+Wr{w)Qw )l} =

arg h{rg(n )){IQ(W)T (w) — My (w)|} =

= arg, min {[(Q)|IT, (w)]e PH@HPAT

PR(Q(w))
~| My (w)|? RNy |} =
= ph(M, () — ph(Tn(w)) (8)

Putting together equations (8) and (9) the minimiza-
tion over |Q(w)| can be dealt with as {ollows:

Q¥ (w)t = argIcrﬁiwn)‘{lej“’hw*”(IQ(w)FITn(W)! +

— M (@))] +WrW)|QW)} =
= arg min {lefb"“”’ﬁ“||1Q(w)|m<w)|—er(wm +

+Wr(w)|Q w)|} =

= arg lgl(lri{l Q)| T ()] — | M (w)| | +

+Wr (W) Q)l} =

=arg min J(1Q ), ph(Q" (). (10)
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The solution of {10) can be obtained by the following
two linear programming problems:

Q7 (@)l arg;%‘(ﬂ%, J(1QwW)) (11)
| M {w)|
st [Q(w)| 2 @)l
and
[Q3{w)I are;lm(in J2(|Q(w)]} (12)
< [Mrw))|
B )
where;
J{|Qw)]) = QT (W) |- | My (W)t + Wr{w)|Qw)| =
=|QH(Wr (W) + |[Talw)]) — | My (w)]
(13)
and
J(|Q)) =M ()|~ |Q()| Tn (W) |+ Wr (w)Q{w)| =
=|Mp(w)] +H Q) (Wr(w) — [Ta(w)l)
{14)
In fact:

min J(1Q()], ph(Q"(w)) =
— min{Jy (|Q3w)]), J2(1Q3 (@)])]

The solutions of problems (11) and (12) are respec-
tively:

(15)

!M (w)]
which provides the minimum:
H(iG(w)) = Helr) g

[T ()]
and

* M:r' Tn Wr(w S Tn’ w
IQrz(w)!={l (w)lél g wﬂJZITM
{18)

which provides the minitum:

o] PR gy < T ()|
J2(|Qz(w)]) = { |J}\§r(@35| Wi(w) > |Tn(w)|

(19)
Finally from (15) the following results is obtained:
J(Q* (@), phl@" () =
= min{/1(1Q1 (W)]), 2(1Q2(w)])) =

={ BIMEC) W) < [To)] )
IMe(w) Wrlw) 2 [Th(w)
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which is achieved with the filter @*(w) in (5).

Proposition 1 shows that at all frequencies at which the
relative uncertainty ETA{E)}T is less than 1, the robust-
optimal solution Q*{w) equals the solution of the prob-

lem in the uncertainty—free case, 1.e., the nominal solu-

tion Qn(w) = M, (w)/Th(w). At frequencies at which
I‘:A;T(:I > 1 the optimum is achieved turning off the
controller.

The robust-optimal Q*(w) can be computed for a set
of frequencies wy, k=1,2,...... LN which suitably grids
the interval [0,n] and a rational stable approxima-
tion Q(z)eRHqo of Q*(z) can be obtained through
standard interpolation/approximation techniques like,
€.g., exact or approximated Nevanlinna-Pick interpola-
tion [1]. However, numerical problems may arise in
Nevanlinna-Pick interpolation for values of N larger
than 50+ 100. Thus, an alternative approach is consid-
ered in this paper. A finite impulse response (FIR) fil-
ter @, (z) of order v, described by its impulse response
R = [R&¥ A% h217, is computed solving the

.......

following problem:

hQ“—arg omin |[W(y = Fxh®)leo

eFIR]

(21)

where W is & weighting matrix accounting for the de-
sired tolerance at different frequencies and:

Re (Q” (wi)) Im(Q™(wy)) | e R

[
Y= [ th YN ] = RQNXI
Fn= [QT(WQ QT (wn) }T € RINx@+1)
Qwy) = [ R;(('f'y(z:i)))) ] € RIx ()
‘I’(Wk) = [ 1 e‘jwk eﬁi?u.‘k - —juwk } € C]x(y+1)
FIRD = Q) =3 %2R0l v} (22)
k=1

Note that in {22) a constraint is added on the transfer
function derivative of the approximating FIR. Indeed,
if large values of v are required for obtaining reasonable
approximation, problem (21) may become ill-posed
for v = co. Well-posed solutions can be obtained by
suitably choosing the “regularization” parameter =y
[10], which imposes a certain degree of smoothness of
the intersample magnitude of the approximating FIR.
The solution of {21) can be efficiently derived by
means of linear programming techniques for quite
large values of ¥ and N.

3 Examples

Two examples are reported, related to two typical
patterns of the uncertainty on the complementary
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Figure 2: Example 1 - Nominal closed loop [Th|(solid),
uncertainty bounds |1, |+ Wr (dashed) and ref-

erence model |M;|(thin)
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Figure 3: Example 1 - Magnitude of the optimal fil-
ter |Q"|(solid) and of the approximating filter
{@u[(thin)_

sensitivity. In Exampie 1 large uncertainty (> 100%)
is present at high frequencies. Thus the robust-
optimal filter Q*(w) is given by the nominal one
Qn(w) up to the frequency at which uncertainty
becomes large (> 100%), and zero from that frequency
on. This typically happens when the uncertainty
is due to unmodelled dynamics. In Example 2
the uncertainty is large at middle frequencies, so
that the robust-optimal filter is zero in such a range.
This may happen in the case of parametric uncertainty.

Example 1: 1In this example the following
nonminimum-phase continuous-time system is consid-
ered:

—0.0609 s* — 0.48715% — 0.4871 5% + 1.9482 5 + 2.9224

P =
(=) f £ 043115° 1 2.6764 5% + 0.4384 5 + 0.1412

On the basis of a set of input-output experimental mea-
surements obtained with 75 = 1 s as sampling time, the

Worst case error
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Figure 4: Example 1 - Worst case errors: optimal fil-

ter Q°(solid), approximating filter Q. (thin) and
norninal filter @ (dashed)
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Figure 5: Example 2 - Nominal closed loop |T|{solid},

uncertainty bounds |T,.|+ Wr (dashed) and ref-

erence model | M- |(thin)

identification of model set Mj; for P and the subse-
quent design of the loop controller K(2) guaranteing
robust stability and disturbance attenuation specifica-
tion, was presented in {6]. Using the tools described
in {7} we have computed a model set My of the form
(2) for the complementary sensitivity function. The
magnitude of the nominal model:

—0.013412% + 0.15922* + 0.17262* 4 0.05013z — 0.01474
2% — 0.55712% — 0.106423 + 0.471822 — 0.6957z + 0.2775
together with the corresponding uncertainty region are
depicted in Figure 2. The following reference model
was considered:

Maolz) = —0.0087352° + 0.09939z° + 0.1662 + 0.05788
T 23 — 0.885%22 + (.2139x — 0.01353

To(z)=

The magnitude of the reference model M, is shown
in Figure 2. The robust-optimal filter @*(w) has been
computed on a set of 500 logarithmically equally spaced
frequencies in the interval [0, x]. Finally, a FIR filter of
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Figure 6: Example 2 - Magnitude of the optimal fil-
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Figure 7: Example 2 - Worst case errors: optimal filter
Q" (solid), appreximating filter @, (thin) and.
nominal filter Qn(dashed)

order v = 100 was computed solving problem {(21) with
suitable choices of parameters W and . Figure 3 shows
the magnitude of the robust-optimal filter @*{w) and
of the approximaging filter @, (w). Figure 4 illustrates
the worst case model matching error:

sup  [|Q(w)T{w) — M. (w)| =
Te Mt

= QW) Tn(w) — My (w)] + Wr(w)|@(w)]

when both the nominal fiter @, = M, /T, and the
filter {), (w) are considered.

Example 2: In this example the model set Mg
for the closed loop system has the nominal model

To(s) = 0.017542% + 0.03509z + 0.01754
e 22 — 1.836z + 0.9064

The magnitude of T}, together with the corresponding
uncertainty region are depicted in Figure 5. The fol-
lowing reference model was considered:

0.05194z° + 0.130622 + 0.1053z + 0.0267
23 — (.885822 =+ 0.21392 — 0.01353

M, =

The magnitude of the reference model M, is illustrated
in Figure 5. Figure 6 shows the magnitude of the op-
timal filter Q*(w), computed over 500 logarithmically
equally spaced frequencies in the interval [0, 7], and the
magnitude of the approximating filter Q,.(w) of order
200. Figure 7 shows the worst case error when both
the nominal filter @, = M, /T, and the filter Q,,(w)
are considered.

In both examples, FIR filters are obtained, giving quite
good approximations of the robust-optimal filters Q*
and providing significant reductions of the worst case
model matching errors with respect to nominal filters.

4 Conclusion

In this paper a simple procedure for the design of the
feedforward filter of a two degree of freedom controller
for S1SO systems in the presence of model uncertainty,
has been presented.

Given an uncertainty model set for the complementary
sensitivity function T'(z}, the problem has been formu-
lated as a robust Ho, model matching problem. First
the robust-optimal solution @*{w) is provided in closed
form on a finite set of frequencies wx, k=1,2,....,N, ob-
tained from & suitable gridding of the interval {0, #].
Then a v-order FIR model Q,,(z) approximating @Q* is
obtained solving a linear programming problem. The
approach appears to be computationally efficient and,
what’s more, it explicitly highlights that the feedfor-
ward filter should be designed as near as possible to
the nominal one in the frequency ranges where the un-
certainty of the complementary sensitivity function is
less than 100%, and as near as possible to zero for fre-
quencies where the uncertainty is greater than 100%. -
The efficiency of the method is tested on two examples,
related to two typical patterns of uncertainty, the first
one arising in the case of unmodeled dynamics, the sec-
ond one in the case of parametric uncertainty.

The extension of this approach to general MIMO sys-
tems seems not to be straightforward, while the case of
square systems is at present under investigation.
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