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A new hardening cohesive/overlapping zone model for metallic materials based on Nonlin-
ear Fracture Mechanics concepts is proposed to capture the ductile fracture phenomena.
The fracture and compression behaviors of an initially cracked specimen are described
by the cohesive zone model and the overlapping zone model, respectively. Both approaches
assume a stress vs. displacement (fictitious opening or interpenetration) constitutive law
to describe the hardening and softening behaviors in the process zones in tension and com-
pression. As a result, the cohesive/overlapping zones are considered to be representative of
the regions where the plastic dissipation in the bulk and the crack formation and propaga-
tion take place. The proposed model is applied to study the size effects in three-point-
bending and compact tension tests. Furthermore, the asymptotical post-peak performances
of load vs. deflection curves are determined through the plastic limit analysis using the
proposed model. In this context, the fractal approach is applied to obtain scale-indepen-
dent hardening cohesive/overlapping laws. Finally, experimental confirmations to the
numerical simulations and to the limit analysis are discussed.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

In the framework of Linear Elastic Fracture Mechanics (LEFMs), the symmetrical stress field around the crack tip is usually
characterized by a single fracture toughness parameter, such as the stress-intensity factor, KI, or the energy release rate, GI .
Their critical values are frequently used as criteria for crack initiation. However, these concepts are based on linear elasticity
and they are invalid when plastic yielding takes place at the front of the crack tip. The path independent J-integral was pro-
posed as crack initiation criterion for nonlinear elastic materials without unloading [1]. However, it is now generally ac-
cepted that the J-integral resistance curves may be significantly influenced by loading conditions and specimen sizes.
Moreover, in most practical conditions, it is not able to characterize the fracture ‘‘driving force’’ in the presence of finite
inelastic energy dissipation and unloading processes. Alternatively, the crack growth resistance curve in terms of K, G or J
has been obtained vs. crack extension Da, namely, C = C (Da) [2]. A crack starts to propagate at C = C0, then it grows in
a stable manner with increasing C, and finally becomes unstable when C = Css (see Fig. 1). Typically, Css is much larger than
C0 and depends on the additional irreversible processes by remote and local plastic energy dissipation in the bulk. Unfortu-
nately, the resistance curve cannot be considered as a material property due to its significant dependence on specimen size,
initial crack length and/or loading configuration. Therefore, it is reasonable in ductile fracture to postulate that the total en-
ergy release rate comprises the energy dissipation rate referred to the plasticization of the material surrounding the process
zone and the separation energy rate required to create new fracture surfaces, according to the concept of the energy dissi-
. All rights reserved.
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Notation

a0 initial crack length
B thickness of specimen
{F} vector of nodal forces
Fy yielding force
GF fracture energy
GC crushing energy
h extension of cohesive zone or overlapping zone
L span of the specimen
c hardening exponent
[Kw] matrix of the coefficients of influence for the nodal displacements
[KP] vector of the coefficients of influence for the applied force
P applied force
sE energy brittleness number
W depth of the beam or width of the CT specimen
{w} vector of nodal displacements (crack opening/overlapping relative displacements)
wcr critical crack opening/overlapping displacement
wr opening/overlapping displacement at the peak cohesive stress
k wr/wcr

d deflection or load-line displacement
ey yielding strain
n0 initial crack ratio
k L/W = specimen slenderness
r stress
ry yielding stress
ru ultimate stress
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pation rate introduced by Turner and Kolednik [3] and Sumpter [4]. This is a straight generalization of the Griffith’s elastic
energy release rate to fracture processes with bulk plastic deformation.

As mentioned above, LEFM has been proven to be useful only if a crack-like notch or flaw exists in the body when the size
of the process zone due to plasticity or microcracking can be negligible with respect to the dimensions of the structural ele-
ment. However, these conditions are not always fulfilled, both for ductile metals and quasi-brittle cementitious materials, for
which the Cohesive Zone Model (CZM) proposed by Barenblatt [5,6] and Dugdale [7] was proven to be versatile. Subsequently,
the Dugdale model was reconsidered by Bilby et al. [8], Willis [9], Rice [1], and utilized by Wnuk [10]. Hillerborg et al. [11]
proposed the Fictitious Crack Model in order to study crack propagation in concrete. The model was further applied by Wec-
haratana and Shah [12], Bažant and Oh [13], and Ingraffea and Gerstle [14]. More recently, the former terminology of cohesive
crack model has been reproposed by Carpinteri [15–18], and Carpinteri et al. [19–21] to solve the unstable snap-back behav-
iors. The model has been used with this name by a number of researchers [22–24]. Later on, in order to explain the size ef-
fects upon the parameters of the cohesive law, fractal geometry concepts were introduced to elaborate the influence of the
microstructural disorder typical of quasi-brittle materials [25–28], giving rise to the so-called fractal (scale-invariant) cohe-
sive zone model [29]. The model was applied to interpret the most extensive experimental tensile data from concrete spec-
imens tested over a broad range of scales [30,31]. The review of those results is in [32]. Tvergaard and Hutchinson [33,34]
discussed the applicability of the cohesive zone model in ductile fracture, where it was used only for the fracture process,
Fig. 1. Typical fracture resistance curve for ductile materials.
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whereas the finite plastic deformations outside the fracture zone – as well as necking in initially uncracked tensile specimens
– were taken into account through J2 flow theory. Furthermore, Siegmund and Brocks [35] proposed a cohesive zone model
in which the peak stress and the cohesive energy are functions of the stress triaxiality calculated by the Gurson model which,
is widely used for ductile materials [36–38]. More precisely, they suggested that the energy dissipation rate consists of a
global plastic dissipation rate in the volume and a local separation energy (or local work of separation). The triaxiality depen-
dent cohesive zone model was used to investigate the effects of specimen size and initial crack extension on crack growth
resistance behaviors in ductile fracture [39].

2. Constitutive models

2.1. Basic concepts of the cohesive zone model

The basic assumption of the cohesive zone model is the formation, as an extension of the real crack, of a fictitious crack,
referred to as the process zone, where the material, albeit damaged, is still able to transfer stresses. The point separating the
stress-free area, i.e., the real crack, from the process zone, is called real crack tip, whilst the point separating the process zone
from the uncracked material is referred to as fictitious crack tip. The process zone represents the area in which energy dis-
sipation takes place: it begins where the principal tensile stress reaches the material tensile strength, and propagates in the
direction perpendicular to the direction of the principal tensile stress. In the process zone, the stresses transferred by the
material are functions of the displacement discontinuity, according to a proper cohesive law, whilst in the uncracked zone
the behavior of the material is linear-elastic or elasto-plastic. In the model described so far, shearing stresses in the process
zone are disregarded. The area under the r vs. w curve represents the fracture energy, GF , usually considered as a material
property. At the fictitious crack tip, the stress will be always equal to the tensile strength, and it is generally assumed that no
stress singularities exist at the fictitious crack tip. Some cohesive zone models may share the common character that the
cohesive traction at the fictitious tip is zero. However, from a physical point of view, the cohesive law describes the progres-
sive fracture process induced by finite deformation or applied stress. It is thus reasonable that the initial value of the traction
vs. separation law should be different from zero. Mathematically, the cohesive law with an initial zero traction does not
guarantee the absence of stress singularity at the fictitious crack tip, as demonstrated by Jin and Sun [40].

2.2. Basic concepts of the overlapping zone model

In the field of quasi-brittle materials, the overlapping zone model has been recently proposed in [41,42]. In close analogy
with the cohesive zone model, the localized compressive behavior of such materials is modelled by means of a compressive
stress vs. fictitious interpenetration law, whereas a linear-elastic stress vs. strain relationship is assumed for the undamaged
material. The material in the process zone is assumed to be able to transfer compressive stresses through the overlapping
surfaces, which are functions of the fictitious overlapping relative displacement, w. The localized compressive zone is then
represented by a fictitious overlapping, which is mathematically analogous to the fictitious crack in tension (see Fig. 2b). The
overlapping zone develops when the maximum compressive stress achieves the compression strength, and, in general, it is
assumed to propagate perpendicularly to it. Moreover, the area under the stress vs. displacement curve is defined as the
crushing or overlapping energy, GC (energy per unit area). It is worth noting that, contrarily to the cohesive zone model, that
has a direct connection with the actual mechanical behavior of quasi-brittle materials subjected to tension, the overlapping
zone model is just an idealization of an extremely complex failure mechanism that can vary from pure crushing to diagonal
shearing or to splitting failures, depending on the specimen size-scale and/or slenderness.

2.3. Hardening cohesive/overlapping zone model

In the present study, a new simple model is proposed for metallic materials through the incorporation of cohesive and
overlapping zone models. As regards the tensile behavior, differently to previous applications, where the use of the cohesive
crack model was limited to the softening regime, in the proposed approach the localization is considered also in the hard-
Fig. 2. Fracture with cohesive zone (a); compression with overlapping zone (b).
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ening phase. This means that, the process zone of the cohesive zone model is representative of the region where the plastic
dissipation in the bulk and the crack formation and propagation take place, i.e., the necking zone. The material outside the
necking has a linear-elastic behavior. Accordingly, the mechanical behavior of a metallic specimen under uniaxial tension
can be divided into the following stages:

(a) The specimen is elastic without any damage or localized zone (see Fig. 3b). The constitutive law is that shown in
Fig. 4a, and the specimen elongation is:
Fig. 3.
d ¼ eL ¼ rL=E; for r < ry: ð1Þ
(b) After the elastic limit is overcome, the deformation starts to localize within a limited specimen portion, giving rise to
the well-known phenomenon of necking (Fig. 3c). In case a perfectly plastic behavior is considered (constitutive law in
Fig. 4b), the applied load remains constant whereas the localized displacement, w, increases up to the limit value wr.
The total elongation of the specimen is:

d ¼ ryL=Eþw; for w 6 wr : ð2Þ
The elastic contribution of the bulk material is constant.
(c) As the necking deformation proceeds, microvoids enlargement and coalescence lead to the softening behavior, with

r < ru and wr < w 6 wcr, as shown in Fig. 3d. The localized contribution still increases, whereas the elastic one
decreases according to the loading decrement. When w > wcr, the reacting stress vanishes, and the material in the
necking zone is completely failed and unable to bear any loading, i.e. r = 0 (see Fig. 3e).

As a result, the predicted overall behavior in tension is scale-dependent, as shown in Fig. 5. In particular, when
wcr > (Ley + wr), the softening process is stable if displacement-controlled, since the slope dr/dd of the softening branch is
negative (see Fig. 5a). On the contrary, when wcr < (Ley + wr), the slope dr/dd of the softening branch becomes positive
(snap-back), as shown in Fig. 5b. In this case the loading process is stable only if it is controlled through a parameter that
is a monotonic increasing function of time, such as, for instance, the circumferential contraction in the necking region.
The condition of snap-back can be rearranged as follows:
wcrð1� kÞ=2W
eyðL=WÞ <

1
2
; ð3Þ
where W is the specimen width, and k = wr/wcr. In the case of perfectly-plastic law, wcr can be expressed by means of ry, GF

and k, and, therefore, Eq. (3) may be rewritten in the following form:
sE
1
eyk

1� k
1þ k

6
1
2
; ð4Þ
where
sE ¼
GF

ryW
ð5Þ
Different stages of the deformation history: (a) original without load; (b) no damage; (c) yielding and necking; (d) microscale crack; (e) final failure.



Fig. 4. Constitutive laws according to the cohesive/overlapping zone model: (a) linear-elastic stress vs. strain relationship for the undamaged material; (b)
perfectly plastic stress vs. displacement law for the damaged and/or yielded material (followed by a softening tail) for perfect plasticity (c = 0), and (c)
hardening plasticity (c > 0).

Fig. 5. Stress vs. displacement response for perfectly plastic material: (a) normal softening; (b) snap-back instability.
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is the energy brittleness number, a function of the mechanical and geometrical parameters of the problem, (introduced by
Carpinteri [15–18] for quasi-brittle materials), and k = L/W is the specimen slenderness.

It is worth noting that the application of Eq. (2) permits the hardening cohesive law and its parameters to be directly de-
rived from the experimental load vs. elongation curves. In the present study, a symmetric behavior for tension and compres-
sion is considered on the basis of the failure mechanism occurring at the microscale. For crystalline solids under either
tension or compression, in fact, deformation and failure are accomplished by means of dislocation motions, which involve
the dislocation nucleation, slipping and annihilation, leading to very similar tensile and compressive stress–strain behaviors
into the plastic region [43]. In compression, since necking does not occur, the plastic flow under uniaxial compression will be
localized and developed into a slip band with an orientation of about 45� to the loading direction, similar to the localized
tensile necking. These localizations of irreversible energy dissipation in terms of plasticity and fracture are not rigorously
interpretable in continuum mechanics, although they have significant effects on ductility.

In the following, more complex cohesive/overlapping constitutive relations are considered, taking the hardening effect
into account. The stress vs. displacement laws are such that the stresses undergo a power-law hardening as the displace-
ments increase up to the ultimate stress ru (solid line in Fig. 4c):
r ¼ ry þ ðru � ryÞðw=wrÞc; ð6Þ
where c > 0 is the hardening exponent, c = 0 corresponding to perfect plasticity; ry is the yielding stress; w is the opening or
overlapping relative displacement; wr corresponds to the peak stress and determines the shape of the stress vs. separation
law. Beyond the displacement wr, the stresses may decrease in different ways and vanish in correspondence with the critical
value for the opening or overlapping relative displacement, wcr. A linear elastic stress vs. strain law is adopted for the undam-
aged material (Fig. 4a).
3. Numerical algorithm

Let us consider the three-point-bending (TPB) specimen shown in Fig. 6. On the basis of the constitutive laws previously
introduced for metallic materials, the fracturing and the plastic phenomena taking place within the mid-span portion can be
described by means of the numerical approach proposed by Carpinteri et al. [41] for reinforced concrete beams. Such an ap-
proach is based on a discrete form of the elastic equations governing the mechanical response of the two symmetric portions.



Fig. 6. Finite element nodes along the mid-span cross-section of the TPB specimen.
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In this scheme, both fracturing and plastic compressive phenomena are assumed to be fully localized along the mid-span
cross-section of the beam. The symmetry cross-section of the specimen can be subdivided into finite elements by n nodes.
Consequently, cohesive and overlapping stresses are replaced by equivalent nodal forces by integrating the corresponding
distributed tractions over the element side. Such nodal forces depend on the nodal opening or overlapping displacements
according to the cohesive or overlapping laws shown in Fig. 4c. The nodal forces, Fi, acting along the mid-span cross-section
can be computed as follows:
fFg ¼ ½Kw�fwg þ fKPgP; ð7Þ
where {F} is the vector of nodal forces, [Kw] is the matrix of the coefficients of influence for the nodal displacements, {w} is
the vector of nodal displacements, and {KP} is the vector of the coefficients of influence for the applied load P. All the coef-
ficients of influence are computed a priori with a linear-elastic finite element analysis. In addition, [Kw] and {KP} are indepen-
dent of the specimen size, mesh and slenderness ratio being the same. When fracturing and compression yielding take place,
the following equations can be considered (see Fig. 7):
Fi ¼ 0 for i ¼ 1;2; . . . ; ðj� 1Þ; ð8aÞ

Fi ¼ Fy þ ðFu � FyÞðwi=wcrÞc for i ¼ j; . . . ; ðm� 1Þ; ð8bÞ

wi ¼ 0 for i ¼ m; . . . ; p; ð8cÞ

Fi ¼ �½Fy þ ðFu � FyÞðwi=wcrÞc� for i ¼ ðpþ 1Þ; . . . ;n: ð8dÞ
The same hardening law is used for tension, Eq. (8b), and compression, Eq. (8d). Eqs. (7) and (8) constitute an algebraic sys-
tem of (2n) equations with (2n + 1) unknowns, i.e., the elements of the vectors {w} and {F} and the applied load, P. In this
case, there are two alternative possible additional equations to solve the system: we can set either the force in the fictitious
crack tip, m, equal to the tensile yielding force, or the force in the fictitious overlapping zone tip, p, equal to the compressive
Fig. 7. Nonlinear cohesive and overlapping stress distributions along the mid-span cross-section of the TPB specimen.



Fig. 8. Compact tension test: (a) geometry; and, (b) finite element nodes along the symmetry cross-section.
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yielding force. In the numerical scheme, we select the situation which is closer to the critical condition. The driving param-
eter of the process is the position of the tip that in the considered step has reached the limit resistance. Only this tip is moved
when passing to the next step. The two fictitious tips advance until they converge to the same node. Finally, at each step of
the algorithm it is possible to calculate the deflection, d, as follows:
d ¼ fDwgfwg þ DPP; ð9Þ
where {Dw} is the vector of the coefficients of influence for the nodal displacements, and DP is the coefficient of influence for
the applied load. In addition, {Dw} and DP are also independent of the specimen size, mesh and beam slenderness being kept
constant.

It is worth noting that the same numerical algorithm can be profitably used to study different specimen geometries and
loading conditions, as, for instance, the compact tension test (CT). The only difference regards the elastic coefficients entering
Eqs. (7) and (9). The geometry and the discretized model used to compute the elastic coefficients are shown in Fig. 8.

4. Limit analysis according to the hardening cohesive/overlapping zone model

4.1. Limit analysis for the three-point-bending test

The numerical simulation procedure carried out with the algorithm proposed in the previous section terminates when the
two fictitious tips converge to the same node. On the other hand, for an exhaustive analysis, the entire post-peak load vs.
deflection curve should be determined. To this purpose, a limit analysis approach based on the proposed constitutive laws
can provide asymptotic approximation to the post-peak response, which can be relevant in the analysis of ductile-to-brittle
transitions.

Once the tensile yielding strength and the compressive yielding strength have been achieved at the bottom and the top
beam edges, respectively, fracture and plastic compressive processes are assumed to initiate. The supposed limit situation is
shown in Fig. 9a. The limit stage of the deformation and fracture process may be considered as that of two rigid parts con-
nected by the hinge A in the mid-span cross-section. The equilibrium of each part is ensured by the external load, the support
reaction, the closing cohesive forces and the opening overlapping forces, as evidenced in Fig. 9b. For the sake of simplicity, a
linear-hardening with subsequent vertical drop relationship is assumed for the stress vs. displacement law (dashed curve in
Fig. 4c) instead of the power-law hardening expressed in Eq. (6) followed by the linear softening branch (solid curve in
Fig. 4c). Several investigations focusing on the effect of the shape of the traction–separation law on the resulting fracture
behavior (see, among others, Tvergaard and Hutchinson [33,34] for metals and Carpinteri et al. [44] for concrete-like mate-
rials), in fact, came to the conclusion that such an effect is relatively weak. On the contrary, as discussed in Section 6.1 of the
present paper, the cohesive/overlapping dissipated energy plays a fundamental role in determining the overall response.
Therefore, a simplified law can be assumed for the limit analysis computations, provided that the area beneath the stress
vs. displacement curve is equal to that of the more complex law assumed for the corresponding numerical simulations.
The same mechanical parameters (cohesive/overlapping energy, yielding stress, ultimate stress) are adopted for both tension
and compression. The geometrical similitude of the triangles ABC and A0B0C0 in Fig. 9a provides:
d
0:5L

¼ 0:5wcr

h
; ð10Þ
which gives:
h ¼ wcrL
4d

: ð11Þ



Fig. 9. Limit analysis for TPB test: (a) limit condition of fracture with cohesive and overlapping forces; (b) cohesive and overlapping force distributions
along the symmetry cross-section.
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The rotational equilibrium around point A is possible for any beam configuration only if the moment of external force and
support reaction is equal to the moment of cohesive forces and overlapping forces (see Fig. 9b):
PL
4
¼ 1

3
h2Bð2ru þ ryÞ; ð12Þ
which gives
P ¼ 1
12

w2
crLBð2ru þ ryÞd�2: ð13Þ
In dimensionless form, we have:
eP ¼ k4

3
2ru þ ry

ry

� �
sE

ey
~d

 !2

; ð14Þ
where
eP ¼ PL

ryBW2 ; ð15Þ

~d ¼ dL

eyW2 ; ð16Þ
and sE is the brittleness number defined in Eq. (5). According to Fig. 9a, the total extension of the cohesive and overlapping
zones must be less than or equal to the initial ligament of the beam, so that the limit condition is:
2h 6Wð1� n0Þ; ð17Þ
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where n0 is the ratio between the initial crack length, a0, and the beam depth, W. From Eqs. (11) and (17), we can obtain the
lower bound to limit analysis in terms of deflection:
d P
2wcr

ð1� n0Þ
: ð18Þ
4.2. Limit analysis for the compact tension test

Once the yielding tensile or compressive strength has been achieved at one of the two ends of the initial ligament (point F
or N in Fig. 10), the tensile cohesive process or the compressive overlapping process are supposed to initiate. Based on the
hypothesis that the CT specimen is constituted by two rigid blocks connected by the plastic hinge A, as shown in Fig. 10,
geometrical similitude and equilibrium conditions analogous to those previously considered in the limit analysis of TPB
can be assumed. Again, a linear-hardening with subsequent vertical drop relationship is assumed for the stress vs. displace-
ment law (see Fig. 4c).

In Fig. 10, M or M0 is the point of load application, and a is the rotational angle around hinge A corresponding to the exter-
nal load, P, which is equilibrated by the cohesive and overlapping forces exerted perpendicularly to the symmetry plane. W is
the width of the CT specimen; h1 and h2 are the extensions of the cohesive and overlapping zones, respectively; wcr is the
critical opening or overlapping displacement; n0 is the initial crack ratio, and B is the thickness of the specimen. As schemat-
ically shown in Fig. 10, C0F0 is the initial crack length, a0. From the triangles M0AC0 and FAF’ in Fig. 10, being FF0 = wcr/2,
AF0 = h1, MC = M0C0 = lMC = lM0C0 and AC’ = W�h2, we have:
tan a ¼ wcr

2h1
; ð19Þ
and
tan b ¼ lMC

W � h2
: ð20Þ
From triangles MAD and M0AC0:
lMD ¼ lAM sinðaþ bÞ; ð21Þ

lAM ¼ lAM0 ¼ l2
M0C0 þ ðW � h2Þ2
h i1

2
: ð22Þ
From Fig. 10, the load-line displacement, d, is equal to:
d ¼ 2 lMD � lM0C0ð Þ ð23Þ
Meanwhile, the moment equilibrium around hinge A can provide:
Fig. 10. Limit condition of fracture with cohesive and overlapping forces and geometrical similitude in the CT specimen.
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PðW � h2Þ ¼
B
6

h2
1ð2ru þ ryÞ þ h2

2ð2rx þ ryÞ
h i

; ð24Þ
and the force equilibrium perpendicular to the symmetry section gives:
P ¼ 0:5B½ðru þ ryÞh1 � ðrx þ ryÞh2�; ð25Þ
where
rx ¼
h2

h1
ðru � ryÞ þ ry ð26Þ
is the overlapping force at the end of the overlapping zone. As shown in Fig. 10, the total extension of the cohesive and over-
lapping zones must be less than or equal to the initial ligament of the CT specimen:
h1 þ h2 6 ð1� n0ÞW: ð27Þ
Such a limitation determines a lower bound to the load-line displacement, beyond which the limit analysis assumes
validity for the considered specimen with a given initial crack ratio n0.
5. Scale-independent (fractal) hardening cohesive/overlapping law

Although the cohesive approach is a significant contribution in the definition of a scale-independent constitutive law with
respect to the classical stress–strain relations, the cohesive parameters, ry, wcr and GF , are affected themselves by the spec-
imen size. Therefore, the fractal approach to scale effects proposed and discussed widely by Carpinteri [25,26] and Carpinteri
et al. [29,42] for quasi-brittle materials both in tension and compression, is herein adopted. As experimentally evidenced by
Kleiser and Bocek [45] and Zaiser et al. [46] for copper alloy, in fact, the strain at the ultimate condition is localized within
slip-line bands having fractal patterns. Analogously, the fractal geometry can be successfully used to represent the ligament
at the peak load, characterized by the presence of voids and microcracks. Finally, transmission electron micrograph tech-
nique (TEM) [47] and acoustic emission technique [48] have confirmed the fractal character of the energy dissipation pat-
tern. As a result, the nominal parameters of the cohesive law, namely ry, wcr and GF , cannot be assumed as material
properties, as they depend on the resolution used to measure the set where stress, strain and energy dissipation take place.
In particular, in the limit of a very high measure resolution, the stress and the strain tend to be infinite, whereas the dissi-
pated energy tends to zero. Finite values can be obtained only introducing fractal quantities, i.e., mechanical quantities with
non-integer physical dimensions. On the other hand, if the measure resolution is fixed, the nominal quantities undergo size
effects. More specifically, the fractal strain localization explains the observed increasing tail of the cohesive law as the spec-
imen size increases, i.e., it clarifies the scaling of the critical displacement wcr. The lacunarity of the ligament explains the
experimentally observed decrease in the cohesive yielding strength, ry, by increasing the specimen size, whereas the scaling
of the fracture energy is a consequence of the invasive fractality of the domain where energy dissipates, which has a physical
dimension comprised between 2.0 and 3.0. In formulae, the scaling of the parameters is described by the following power-
laws:
ry ¼ r�yw�dr ; ð28aÞ
GF ¼ G�FwdG ; ð28bÞ
wcr ¼ e�crw
ð1�deÞ; ð28cÞ
where r�y, G�F and e�cr are the true scale invariant parameters, having anomalous physical dimensions, and w is the represen-
tative specimen dimension. From a practical point of view, the exponents dr and dG can be evaluated from experimental re-
sults. In particular, they represent the slope, in the bi-logarithmic diagram, of the straight lines interpolating the values of ry

and GF , respectively, as functions of the specimen size. This means that, tensile and/or compressive tests have to be carried
out on samples with different dimensions. Then, the exponent de is obtained by applying the following relationship derived
from the integral definition of the fractal fracture energy (see [29] for more details):
dr þ de þ dG ¼ 1: ð29Þ
According to the fractal concepts herein outlined, it is possible to define a scale-independent hardening cohesive/overlap-
ping law, which can be expressed in the following form:
r� ¼ r�y þ ðr�u � r�yÞðe�=e�yÞ
c
; ð30Þ
where the fractal parameters r�y, r�u, e�y, as well as G�F , are determined as the intercepts of the scaling-laws in Eq. (28).
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6. Comparison between experimental results and numerical simulations

6.1. Three-point-bending test of HY80 steel

In this section, the experimental load vs. displacement curves from Zhu and Joyce [49] are compared with our numerical
simulations. The material used for tests was HY80 steel available in a 27 mm thick plate with ry = 630 MPa, ru = 735 MPa,
hardening exponent 0.1, and the Young’s modulus E = 207 GPa, which are from the cylindrical specimen tensile test with a
25 mm initial gauge. The specimens were single edge notched as recommended by ASTM E1820, with different initial crack
length ratios n0 = a0/W = 0.13, 0.25, 0.40, 0.55, 0.60. The other geometric parameters of the beams are: L = 203 mm,
W = 50.75 mm, B = 25.375 mm, slenderness k = 4.

The above mechanical parameters have been employed in the numerical simulations with the cohesive/overlapping laws.
The cohesive/overlapping energy is assumed to be 750 N/mm, wcr = 1.81 mm and wr = 0.3wcr. It is worth noting that the ratio
wr/wcr has only a slight influence on the pre-peak behavior but not trivial beyond that, as can be deduced from the load vs.
deflection curves shown in Fig. 11b. Such curves refer to the three different constitutive laws characterized by wr/wcr = 0.1,
0.5 and 0.9, shown in Fig. 11a. On the contrary, the mechanical response, especially the post-peak performance, is signifi-
cantly determined by the value of the cohesive energy (see Fig. 12).

It is worth noting that the assumed value, GF = 750 N/mm, is approximately equal to the asymptotic value Jss of the J-resis-
tance curves in [49]. The comparison between experiments and numerical simulations is shown in Fig. 13, where a very good
approximation is obtained for all the considered initial crack lengths. The numerical simulations are terminated when the
two fictitious tips converge to the same node, so that the tails of the load vs. deflection curves are described just by means
of limit analysis. In addition, the numerical load–deflection curve for a0/W = 0.00 is also plotted in Fig. 13, which demon-
strates a very good continuity between numerical algorithm and limit analysis. The points A, B, C, D, E and F indicate the
lower bounds of limit analysis for the different initial crack ratios, n0 = a0/W. It may be presumed that all the experimental
load–deflection curves asymptotically tend to the limit analysis curve as shown in Fig. 13.

6.2. Compact tension test of DIN 22NiMoCr37 steel

The material for the compact tension test (CT) was obtained from a large forged, quenched and tempered ring segment of
ferritic steel DIN 22NiMoCr37, which is widely used in nuclear power plants. All the experimental data are taken from the
Euro-Fracture Dataset [50]. Three different specimens scaled in linear dimension as 1:2:4 have been considered, as described
in Table 1. According to the scale effects discussed in Section 5, size-dependent parameters should be assumed for the con-
stitutive laws. Unfortunately, the tensile properties were determined only from cylindrical specimens having a diameter of
6 mm and an initial gauge length of 25 mm. They are: ry = 470 MPa, ru = 616 MPa, and E = 200 GPa. Therefore, the scale-
dependent cohesive parameters for the numerical and analytical simulations cannot be obtained from experiments, but they
have to be derived from a best-fitting analysis. In particular, the properties reported in ref. [50] are assigned to the 1T CT
specimen, which has the dimensions closest to those of the tensile sample. For such a specimen, the cohesive/overlapping
energy is assumed equal to 3200 N/mm, and the Ramberg-Osgood hardening exponent to 0.12. Then, a variation of the yield-
ing strength with a slope of �0.15 in the bi-logarithmic diagram ry vs. W, is introduced, consistently with the experimental
investigations on the size effects in the bending test of mild steel reported in [51]. Such a scaling law (Eq. (28a)) determines
ry = 425 and 385 MPa for 2T and 4T CT specimens, respectively (see Fig. 14a). As regards the scale effect on the cohesive/
overlapping energy, it is determined by repeated solutions until the numerical and limit analysis predictions best fit the
Fig. 11. Normalized cohesive/overlapping laws by varying k = wr/wcr (a); and corresponding dimensionless load vs. deflection curves (b).



Fig. 12. Dimensionless load vs. deflection curves for different cohesive/overlapping energy GF .

Fig. 13. Comparison of numerical simulations with experimental results [49] for the TPB tests with different initial crack lengths (the points A, B, C, D, E, F
represent the lower bound of limit analysis for different initial crack lengths).

Table 1
Geometry of the CT specimens of DIN 22NiMoCr37 steel [50].

Specimen Width, W (mm) Thickness, B (mm) Initial crack length, a0 (mm)

CT 1T 50 25 28.3
CT 2T 100 50 58.9
CT 4T 200 100 113.6
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experimental results (Fig. 15). Also in these cases, the numerical simulations are terminated when the two fictitious tips con-
verge to the same node, and the asymptotic tails of the load vs. deflection curves are obtained from the limit analysis ap-
proach. The resulting power-law exponent, dG, is 0.50, according to which the values GF ¼ 4100 and 6400 N/mm
correspond to specimens 2T and 4T CT, respectively (Fig. 14b). The parameter wcr is determined from ry and GF once the
shape of the cohesive law and the ratio wr/wcr are fixed. From the size-dependent cohesive laws used for the simulations,
and shown in Fig. 16a, the corresponding fractal cohesive laws can be derived by applying the inverse of Eq. (28) (see
Fig. 16b). Such curves are coincident in the hardening portion, confirming the validity of the fractal approach in determining
size-independent constitutive laws. The average values for the fractal parameters are: r�y ¼ 848:50 N=mm1:85,
r�u ¼ 1112:00 N=mm1:85, e�y ¼ 0:48 mm=mm0:65, and G�F ¼ 438:00 N=mm1:50.

6.3. Compact tension test of JLF-1LN steel

The selected material was the JLF-1LN steel, and the fracture tests were carried out according to the ASTM E1820-99a
[52]. Here the tensile properties were obtained from cylindrical specimens with a diameter of 6.25 mm and an initial gauge
length of 40 mm. The yield strength is 450 MPa, the ultimate tensile strength is 620 MPa. Two specimens with dimensions
scaled as 1:2 were considered (see Table 2).



Fig. 14. Yielding strength (a) and cohesive/overlapping energy (b) vs. specimen size, in bi-logarithmic diagrams.

Fig. 15. Comparison between experimental results [50], numerical simulations and limit analysis predictions for 1T, 2T and 4T CT specimens.

A. Carpinteri et al. / Engineering Fracture Mechanics 82 (2012) 29–45 41
A symmetric cohesive/overlapping law is used in the numerical simulations. The cohesive/overlapping parameters
ry = 450 MPa, ru = 620 MPa and GF ¼ 1600 N=mm, to which corresponds wcr = 2.04 mm, are assigned for 1T CT specimen.
Then, analogously to the previous section, a scaling law with slope �0.15 is assumed for the yielding strength, determining
ry = 500 MPa for specimen 1/2T (see Fig. 17a). A good continuity between experiments and limit analysis results is obtained



Fig. 16. Hardening cohesive laws for different specimen sizes (a); fractal hardening cohesive laws r� vs. e� (b).

Table 2
Geometry of the CT specimens of JLF-1LN steel [52].

Specimen Width, W (mm) Thickness, B (mm) Initial crack length, a0 (mm)

CT 1/2T 25.4 12.7 14.8
CT 1T 50.8 24.0 32.1
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if the cohesive/overlapping energies 1100 and 1600 N/mm are assumed for the CT specimens 1/2T and 1T, respectively
(Fig. 18). Again, the cohesive/overlapping energy varies linearly with the extreme slope 0.50 in the bi-logarithmic diagram,
according to the fractal interpretation (see Fig. 17b).
7. Ductile-to-brittle transition

Dimensionless load–deflection diagrams for metallic beams subjected to TPB test are numerically obtained and plotted in
Fig. 19, for L = 4W and 16W, different values of the energy brittleness number sE, and a ratio ru/ry equal to 1.17. The initial
crack depth, a0/W, is constant and equal to 0.25.

A transition from ductile to brittle response occurs by decreasing the energy brittleness number and/or increasing the
specimen slenderness. In particular, it has to be emphasized that a snap-back branch appears for low cohesive/overlapping
energy, high tensile strength, large specimen size and slenderness (see Fig. 19), even if a very ductile constitutive law with
extended hardening branch is assumed. The P–d curves tend to present steeper negative or even positive slope in the post-
peak branch leading to catastrophic events if the loading process is deflection-controlled. Such indenting branch is not
virtual only if the loading process is controlled by a monotonically increasing function of time, such as the crack and
Fig. 17. Yielding strength (a) and cohesive/overlapping energy (b) vs. specimen size, in bi-logarithmic diagrams.



Fig. 18. Comparison between experimental results [52], numerical simulations and limit analysis predictions for 1/2T and 1T CT specimens.

Fig. 19. Dimensionless load vs. deflection diagrams (TPBs) for the beam slenderness k = 4 (a) and 16 (b) by varying the brittleness number sE.
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overlapping extensions, or the crack mouth opening displacement. When the post-peak behavior is kept under control up to
the complete specimen separation, the area beneath the load–deflection curve represents the product of cohesive/overlap-
ping energy by the initial cross-section ligament area. The areas under the P–d curves are thus proportional to the respective
sE numbers. This simple result is due to the assumption that energy dissipation occurs only on the fracture surface numbers.
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8. Discussion and conclusions

It is widely accepted that J-integral, R-resistance curve and even KIC can be applied as crack initiation criteria for metallic
materials, and those approaches indeed enjoy a great success in some sense. However, as regards the crack propagation
phase or the post-peak behavior, their predictions are far insufficient, although these aspects are crucial in structural integ-
rity assessment. In addition, those classical fracture parameters usually appear as size-dependent.

In this paper, a hardening cohesive/overlapping zone model is proposed for the analysis of complex mechanical phenom-
ena in fracture of metallic materials. The plastic dissipation in the bulk and the crack formation and propagation are taken
into account by assuming a hardening cohesive/overlapping constitutive law, whereas a linear elastic behavior is considered
beyond the process zone. Subsequently, the numerical algorithm [41] is developed with the hardening cohesive/overlapping
constitutive law for both the TPB test and the CT test. A limit analysis using the same proposed constitutive model is adopted
to capture the post-peak branches of the load vs. deflection curve. The comparison between experiments, numerical simu-
lations, and limit analysis confirm the capacity of the approach to describe the effects of the size-scale and of the initial crack
length. Finally, the present model is used to obtain a transition from ductile to brittle response by decreasing the energy brit-
tleness number and/or increasing the specimen slenderness. In particular, a snap-back branch appears for low cohesive/over-
lapping energy, high tensile strength and large specimen size, even if a very ductile constitutive law with extended
hardening branch is assumed. It is demonstrated how the energy brittleness number sE could be a characteristic parameter
to evaluate the fracture instability not only in quasi-brittle materials [15,53] but also in metallic materials under certain con-
ditions. Future developments of the present research will regard experimental investigations over a broad scale range of sin-
gle edge notched beams subjected to TPB test, in order to further validate the proposed model.
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