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a b s t r a c t

Among rehabilitation strategies, bonding of Fibre Reinforced Polymers (FRP) plates is becomingmore and
more popular, especially forwhat concerns concrete structures. The performance of the interface between
FRP and concrete is one of the key factors affecting the behaviour of the strengthened structure. Up to
now, closed-form analytical solutions exist only for the local bond–slip lawwith linear softening. The aim
of the present paper is to show that analytical solutions can be achieved also assuming an exponential
decaying softening law. Accordingly, the expressions for the interfacial shear stress distribution and the
load–displacement response are derived for the different loading stages. A full parametric analysis of
the problem has been performed, highlighting the size effect on the structural behaviour as well as the
effects of the bond length, of the FRP stiffness and of the interface cohesive law. A comparison with other
analytical models as well as with experimental data available in the literature concludes the paper.

© 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Bonding of FRP has emerged as a wide-spread method for
retrofitting existing concrete structures. In this technique, the
performance of the FRP-to-concrete interface is of primary im-
portance. The failure mode of FRP-reinforced beams is often
directly related to the debonding of the FRP plate from the sub-
strate. The debonding of the plate may take place either from the
edge of the FRP strip or from an intermediate flexural crack (for a
review, see e.g. [1]). The former failuremode is named edge debond-
ing, whereas the latter is usually referred to as intermediate crack-
induced debonding (IC-debonding, Fig. 1).

In the case of IC-debonding failure [2], the stress state is, up to
some extent, similar to that of a single or double pull–push shear
test (Fig. 2), where one or two FRP plates are bonded to a concrete
block and subjected to a tensile load. Because of its relative
simplicity, several experiments aswell as theoretical analyses have
been concerned with such a test geometry. Experiments [3] show
that the principal failure mode is concrete failure under shear,
leading to a main crack running a few millimetres beneath the
concrete-to-adhesive interface. Thus, the maximum bearable load
strongly depends on concrete mechanical properties.

Several models have been proposed to describe the pull–push
shear test: among the others, we may cite Wu et al. [4], Yuan
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et al. [5], Leung and Yang [6] and references therein. However, an
analytical solution for the complete debonding process is available
in closed-form only for a local bond–slip law with linear softening
(Yuan et al. [5], Leung and Tung [7]). The aim of the present paper
is to provide an analytical solution for an exponentially decaying
softening of the interfacial stress–displacement law. Up to now,
the solution, in the case of a non-linear softening cohesive law,
has been achieved only numerically (see, e.g., [8]). Finally, observe
that, although the attention is focused on FRP-to-concrete bonded
joints, the present analysis is applicable also to other kinds of
reinforcement, e.g. steel plates.

2. Governing equations

In Fig. 2 the double and single pull–push shear test geometries
are drawn. The first geometry (Fig. 2(a)) can be regarded as a kind
of double lap joint. In such a joint, the adhesive layer is mainly
subjected to shear deformations, so thatmode II interfacial fracture
is the expected failure mode. However, note that a rigorous elastic
analysis of the problem shows that a mode I component is also
present [9], but we will neglect such a contribution since it can
be shown [10,11] that peeling stresses at the end of a double lap
joint are negligible if the thickness of the outer adherends is small
enough.

The single shear test is more common in experiments, since
it is more easily feasible. Provided that a positioning frame
preventing the concrete block from up-lifting is present (Fig. 2(b)),
the stress–strain state in the double and single pull–push
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Fig. 1. Intermediate crack-induced (IC) debonding. The thin arrows represent the direction of the debonding crack propagation.
a b

Fig. 2. Double (a) and single (b) pull–push shear test geometries (elevation).
a

b

Fig. 3. Single pull–push shear test geometry: (a) elevation; (b) plan. The relative
displacement between the concrete block and the loaded end of the FRP plate is
denoted by∆.

shear test geometries is approximately the same and the above
considerations about the double shear geometry hold also for the
single shear test. Hence, for the sake of simplicity, in the following
we will always refer to the single pull–push shear test.

Referring now to Fig. 3, we assume that thewidth and thickness
of each of the three components (plate, adhesive layer and concrete
prism) are constant along the length. The width and thickness of
the reinforcement plate are denoted respectively by tr and hr , those
of the concrete prismby tb andhb, and the bonded length is denoted
by l; x is the longitudinal coordinate. The Young’s moduli of plate
and concrete are Er and Eb, respectively.

According to the previous considerations, a simple mechanical
model for the pull–push shear test can be established by treating
the plate and the concrete prism (the two adherents) as being
subject to axial deformations only, while the adhesive layer can
be assumed to be subject to shear deformations only. That is, both
adherents are assumed to be subject to uniformly distributed axial
stresses, with any bending effects neglected, while the adhesive
layer is assumed to be subject to shear stresses which are also
constant across the thickness of the adhesive layer. These kinds
of models are usually referred to as shear lag models, and its first
application, at least in the linear elastic regime, probably dates back
to Volkersen [12].

In the case under examination, it should be noted that the
adhesive layer represents not only the deformation of the actual
adhesive layer, but also that of the materials adjacent to the
adhesive. Based on these assumptions, the equilibrium equations
of the reinforcement and of the overall specimen cross section read
respectively:

hr
dσr
dx

− τ = 0 (1)

σrhr tr + σbhbtb = 0 (2)

where τ is the shear stress in the adhesive layer, σr is the axial
stress in the reinforcement plate and σb is the axial stress in the
concrete prism. The constitutive equations for the adhesive layer
and the two adherents are:

τ = τ(δ) (3)

σr = Er
dur

dx
(4)

σb = Eb
dub

dx
(5)

where ur and ub are the longitudinal displacements of the
reinforcement and of the concrete, respectively. By means of
Eqs. (1)–(5), it is possible to achieve the following second order
differential equation in the interfacial slip δ, defined as the relative
displacement between the two adherents (i.e. δ = ur − ub):

d2δ

dx2
−

1 + ρ

Erhr
τ(δ) = 0 (6)

where ρ is the mechanical fraction of reinforcement (i.e. ρ =

Er trhr/Ebtbhb). Observe that, by Eq. (2) and by the definition of slip,
it is possible to express the stress in the FRP as a function of the
first derivative of the slip:

σr =
Er

1 + ρ

dδ
dx
. (7)
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Fig. 4. Local bond–slip model with exponential softening. The peak stress is
denoted by τp , while δp is the corresponding relative displacement; k is the slope of
the linear elastic branch. The grey area beneath the curve corresponds to the mode
II fracture energy GIIc .

3. Cohesive law of the interface

An analytical solution based on a linear softening bond–slip law
was presented in [5]. However, the linear softening law is often not
realistic; furthermore, as it will be shown later, its use can lead to
overestimating the mechanical properties of the joint. Among the
different interfacial laws available in the literature, we will use the
one (Fig. 4) recently proposed by Neale et al. [13] on the basis of
the analysis presented in [14], characterised by a linear phase, with
slope k, followed by an exponential softening branch. In formulae:

τ = τ(δ) =


kδ, if 0 ≤ δ ≤ δp

τpe−2α2(δ/δp−1), if δ ≥ δp
(8)

where τp is the peak shear stress, δp the related slip, k the slope
of the elastic ascending branch (k = τp/δp) and α2 is a (positive)
coefficient characterising the exponential decay. The area beneath
the curve represents the interface mode II fracture energy GIIc :

GIIc =

∫
∞

0
τ(δ)dδ =

τpδp

2


1 +

1
α2


. (9)

Note that the bond–slip law is univocally defined once three
quantities among k, τp, δp, α2,GIIc are given. Introducing the
dimensionless relative displacement y = δ/δp, the bond–slip can
be set in dimensionless form as:

τ

τp
= f (y) =


y, if 0 ≤ y ≤ 1
e−2α2(y−1), if y ≥ 1.

(10)

As limit cases, observe that, for α → ∞, the cohesive law (8)
represents an elastic-perfectly brittle interface, whereas, for α →

0, it represents an elastic-perfectly plastic interface. Furthermore,
from Eq. (9) it is evident that α2 represents the ratio of the area
beneath the straight line to the area beneath the exponential
branch.

4. Analysis of the debonding process

In order to solve Eq. (6), it is more convenient to use
a dimensionless formulation. The longitudinal coordinate is
normalised with respect to the bond length l, i.e. ξ = x/l. Hence, in
Eq. (6), δ and xmay be replaced by y and ξ respectively, yielding:

d2y
dξ 2

− β2f (y) = 0 (11)

where y(ξ) is the unknown function and:

β = l


1 + ρ

Erhr
k (12)
is a dimensionless parameter depending on geometry and on
elastic constants of the materials and of the interface.

Before starting to analyse the different stages of the debonding
process, it is worth recalling that, for a given set of material
and geometrical parameters, the failure load is a monotonically
increasing function of the bond length l. However, for a bond length
tending to infinity, it can be proved that the failure load tends to the
following asymptotic value:

F∞

c = tr


2GIIcErhr

1 + ρ
. (13)

In other words, F∞
c represents the maximum force that the FRP

plate can transfer and can be directly obtained applying Linear
Elastic Fracture Mechanics (LEFM) to the pull–push geometry
under the assumption of a rigid-perfectly brittle behaviour of
the interface (see Appendix D for details). Here we wish to
emphasise that the maximum transferable force depends only on
the fracture energy, i.e. it does not depend on the shape of the
interfacial cohesive law. Furthermore, observe that the presence
of the limit value F∞

c is peculiar of external reinforcements. In fact,
for internal reinforcing bars, there is always an anchorage length
above which the full tensile strength of the reinforcement can be
exploited.

The pull–push shear test is characterised by the load vs.
displacement curve. The displacement of the bonded joint is
defined as the slip at the loaded end (i.e. the value of δ at x = l)
and is denoted by∆. Hence:

∆

δp
= y(1). (14)

The force F at the loaded end of the reinforcement may be
evaluated by means of Eq. (7) as F = trhrσr(x = l). By normalising
the force with respect to the maximum transferable force (13) and
through analytical manipulations, we get:

F
F∞
c

=
α

β
√
1 + α2

y′(1). (15)

Eqs. (14) and (15) define the parametric plot of the load vs.
displacement curve.

4.1. Elastic stage

During the elastic stage, all the interface is in the elastic regime,
i.e. y < 1 for any ξ . We may prescribe that, at the loaded end, the
dimensionless displacement y(1) is equal to u, with 0 < u < 1.
According to linear elasticity, this setting is equivalent to imposing
that the shear stress at the loaded end divided by the peak stress,
i.e. τ(l)/τp, is equal to u. The second boundary condition states that
the other edge of the reinforcement is unloaded, i.e. y′(0) = 0
because of Eq. (7). In formulae:y′′

− β2y = 0, 0 ≤ ξ ≤ 1
y′(0) = 0
y(1) = u, 0 ≤ u ≤ 1.

(16)

The general solution of the (linear) differential equation reads:

y(ξ) = c1eβξ + c2e−βξ . (17)

The two arbitrary constants have to be determined bymeans of the
boundary conditions. Hence:

y(ξ) =
cosh(βξ)
cosh(β)

u =
τ(ξ)

τp
(18)

y′(ξ) = β
sinh(βξ)
cosh(β)

u. (19)
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Because of the elastic regime, the relative displacement (18) also
represents the shear stress. For u = 0.5 (and β = 3), the shear
stress in the adhesive layer and the axial stress in the FRP are
represented by curves A in Fig. 5(a) and (b), respectively.

By means of Eqs. (14)–(15) and (18)–(19), the parametric plot
of the load vs. displacement curve in the elastic regime is therefore
given by:
∆

δp
= u

F
F∞
c

=
α

√
1 + α2

tanh(β)u
(20)

where the parameter u ranges from 0 to 1.

4.2. Elastic-softening stage

At the end of the elastic stage, the shear stress reaches its peak
at the loaded end of the joint. Although the structural behaviour
of the joint depends on the test control, we assume as the control
parameter the position of the stress peak in order to obtain all
the possible solutions satisfying the governing Eq. (11). In other
words, we make the assumption that the stress peak travels from
the loaded end to theunloaded extreme. Let us denote that position
with ξ̄ . It divides the bonded length into two regions: the former
(0 < ξ < ξ̄) is in the elastic regime, the latter is in the softening
regime (ξ̄ < ξ < 1). Since, at the peak, y is equal to unity, the
differential problem governing the solution of the elastic zone is:y′′

− β2y = 0, 0 ≤ ξ ≤ ξ̄ < 1
y′(0) = 0
y(ξ̄ ) = 1.

(21)

The general solution is still given by Eq. (17). However, because of
the different boundary conditions, the solution now reads:

y(ξ) =
cosh(βξ)
cosh(βξ̄ )

=
τ(ξ)

τp
(22)

y′(ξ) = β
sinh(βξ)
cosh(βξ̄ )

. (23)

Between the point (ξ = ξ̄ ) where the shear stress reaches its
peak and the loaded end (ξ = 1), the interface is in the softening
regime: the differential equation changes accordingly and it is not
linear any more. On the other hand, the boundary conditions are
given by the continuity conditions (respectively for the relative
displacement and the tensile force in the reinforcement) with
the zone in the elastic regime and can therefore be obtained by
evaluating Eqs. (22)–(23) at ξ = ξ̄ :y′′

− β2e−2α2(y−1)
= 0, 0 < ξ̄ ≤ ξ ≤ 1

y(ξ̄ ) = 1
y′(ξ̄ ) = β tanh(βξ̄ ).

(24)

Analytical details about how to achieve the solution of the
differential problem (24) are provided in Appendix A. The final
solution reads:

y(ξ) = 1 +
1
α2

ln
cosh{αβγ (ξ − ξ̄ )+ ln[γ + α tanh(βξ̄ )]}

cosh{ln[γ + α tanh(βξ̄ )]}
(25)

y′(ξ) =
βγ

α
tanh


αβγ (ξ − ξ̄ )+ ln


γ + α tanh(βξ̄ )


(26)

with γ = [α2 tanh2(βξ̄ ) + 1]1/2. From Eq. (25), it is evident that
y = 1 for ξ = ξ̄ and larger than unity otherwise.
a

b

Fig. 5. Shear stress (a) at the interface and axial stress (b) in the FRP (α = 0.7, β =

3): elastic (A), elastic-softening (B) and softening (C) stage; ξ = 0 corresponds to
the unloaded end and ξ = 1 corresponds to the loaded end.

The stress field is obtained upon substitution of Eq. (25) into the
constitutive law (10):

τ(ξ)

τp
=


cosh[ln(γ + α tanh(βξ̄ ))]

cosh[αβγ (ξ − ξ̄ )+ ln(γ + α tanh(βξ̄ ))]

2

. (27)

For ξ̄ = 0.5 (and α = 0.7, β = 3), the shear stress in the adhesive
layer and the axial stress in the FRP are represented by curves B in
Fig. 5(a) and (b), respectively.

By means of Eqs. (14)–(15) and (25)–(26), the parametric plot
of the load vs. displacement curve in the elastic-softening regime
is therefore given by:
∆

δp
= 1 +

1
α2

ln
cosh{αβγ (1 − ξ̄ )+ ln[γ + α tanh(βξ̄ )]}

cosh{ln[γ + α tanh(βξ̄ )]}
F
F∞
c

=
γ

√
1 + α2

tanh

αβγ (1 − ξ̄ )+ ln


γ + α tanh(βξ̄ )

 (28)

where the parameter ξ̄ ranges from 1 to 0.

4.3. Softening stage

When the peak of the shear stress reaches the unloaded edge
of the FRP strip, all the interface is in the softening regime. The
maximum shear stress is now fixed at ξ = 0; its value is assumed
to decrease from τp to 0, the latter value corresponding to the
complete detachment of the FRP from the concrete substrate.
Therefore, the stress field in the softening regime can be obtained
by imposing that the normalised shear stress, τ/τp, at the unloaded
end is equal to the parameter v, with 0 < v < 1. The boundary
condition on the stress may be converted into a displacement
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condition by means of the constitutive law (10). Thus, the related
differential problem reads:

y′′
− β2e−2α2(y−1)

= 0, 0 ≤ ξ ≤ 1

y(0) = 1 −
ln v
2α2

, 0 < v ≤ 1

y′(0) = 0

(29)

whose solution is (see Appendix A for details):

y(ξ) = 1 +
1
α2

ln
cosh(αβξ

√
v)

√
v

(30)

y′(ξ) =
β
√
v

α
tanh[αβξ

√
v]. (31)

The stress field is then obtained upon substitution of Eq. (30) into
the constitutive law (10):

τ(ξ)

τp
=

v

cosh2(αβξ
√
v)
. (32)

For v = 0.5 (and α = 0.7, β = 3), the shear stress in the adhesive
layer and the axial stress in the FRP are represented by curves C in
Fig. 5(a) and (b), respectively.

Bymeans of Eqs. (14)–(15) and (30)–(31), the parametric plot of
the load vs. displacement curve in the softening regime is therefore
given by:
∆

δp
= 1 +

1
α2

ln
cosh(αβ

√
v)

√
v

F
F∞
c

=


v

1 + α2
tanh[αβ

√
v]

(33)

where the parameter v ranges from 1 to 0.

4.4. Load vs. displacement curve

Eqs. (20), (28) and (33) all together define the parametric plot
of the load vs. displacement curve characterising the pull–push
shear test. It is interesting to point out that the shape of the
dimensionless plot, i.e. F/F∞

c vs. ∆/δp, depends uniquely on the
two dimensionless parameter α and β . The former is related to
the parameters of the interfacial cohesive law by the following
relationship:

α =


2GIIc

τpδp
− 1

−1/2

(34)

which derives directly from Eq. (9). As already observed, the
parameter α is an index of the brittleness of the interface, α = 0
corresponding to an elastic-perfectly plastic interfacial behaviour
and α → ∞ to an elastic-perfectly brittle interface.

The latter parameter β is provided by Eq. (12) and depends
uniquely on the geometrical dimensions and the elastic properties
of the constituent materials. It can be seen as the ratio of the bond
length l to a characteristic length lch of the joint, i.e. β = l/lch. The
characteristic length is given by:

lch =


Erhr

k(1 + ρ)
(35)

i.e. lch is proportional to the square root of the ratio of the FRP axial
stiffness to the shearing stiffness of the interface (up to the factor
1+ρ, usually very close to unity). Hence, highβ values characterise
specimens with relatively large bond lengths and/or relatively stiff
interfaces.

A typical load vs. displacement curve is plotted in Fig. 6 (α = 0.7
and β = 3). The 01 line corresponds to the elastic regime; the 12
arc to the elastic-softening phase, withinwhich themaximum load
Fig. 6. Typical full-range load–displacement curve (α = 0.7, β = 3): the line 01
corresponds to the elastic stage, the arc 12 to the elastic-softening stage and the
branch 23 to the softening phase. The stress field corresponding to point A,B,C are
represented by the curves A,B,C in Fig. 5, respectively. The dashed line PQ represents
the snap-back occurring if the test is displacement-controlled.

is reached; the 23 branch is attained when all of the interface is in
the softening condition. Note that the stress fields corresponding
to points A,B,C in Fig. 6 are the ones marked by the same letter in
Fig. 5.

It is interesting to observe that, in the example considered in
Fig. 6, the application of the simple stress criterion τ = τp would
have provided a failure load (point 1) approximately equal to 2/3 of
the actual one (point B). Thismeans that themaximum shear stress
may be attained under service loading. On the other hand, the
maximum load is achievedwhen about one half of the bond length
is in the softening regime (curve B in Fig. 5). These considerations
fully justify the nonlinear analysis herein proposed.

Finally, it is worth observing that, if the test is displacement-
controlled, the displacement∆ is monotonically increasing during
the test. It means that a snap-back instability [15,16] occurs, i.e. a
sudden load drop at fixed displacement from point P to Q (dashed
line in Fig. 6). On the other hand, if the test is load-controlled, after
the peak load the interfacial crack propagates always unstably up
to global failure, i.e. no snap-through may occur.

The presence of the snap-back implies the existence of a region
close to the loaded end where the relative displacement (in the
softening regime, see Fig. 4) is not monotonically increasing.
According to the present analysis it means that, in this region,
the shearing stress does not decrease monotonically after its peak
has been reached. In other words, the present model assumes the
interfacial cohesive law to be reversible. Of course this feature
is not realistic, and it may be regarded as a shortcoming of the
model. However, it is worth observing that this drawback can be
overcome only by defining an unloading law and, consequently,
abandoning the analyticity of the solution, which is one of the
merits of the present approach. Furthermore, the hypothesis of the
reversibility of the interfacial cohesive law affects only the shape
of the load–displacement curve between point P and point Q (see
Fig. 6), which is considered of minor relevance since it cannot be
caught by experimental tests even if they are under displacement
control.

5. Comparison with linear softening and LEFMmodels

In the present section we analyse the effect of the parameters
α and β on the load vs. displacement curve and compare the
response provided by the present approachwith the ones obtained
by simpler models, namely the linear softening interface model,
the LEFMmodelwith compliant interface and the LEFMmodelwith
rigid interface. The corresponding interfacial constitutive laws are
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Fig. 7. Local bond–slip models: elastic-perfectly brittle, linear softening, exponen-
tial softening laws. The models are compared with the same elastic slope k and the
samemode II fracture energy GIIc (i.e. the same area beneath each curve). It follows
that the (negative) slope of the linear softening is equal to kα2 and that maximum
shearing stress of the elastic-purely brittle law is equal to

√
2GIIck.

plotted in Fig. 7, whereas the load–displacement curves are given
in Figs. 8–9.

In the case of the linear softening interfacemodel the interfacial
constitutive law is a piecewise linear function (see Fig. 7) defined
as:

τ = τ(δ) =

kδ, if 0 ≤ δ ≤ δp
k[δp − α2(δ − δp)], if δp ≤ δ ≤ δf
0, if δ ≥ δf

(36)

where δf is equal to (1 + 1/α2) × δp. It means that k is the
(positive) slope of the elastic branch while α2k is the (negative)
slope of the softening branch; that is, α2 is the ratio between the
angular coefficients of the two segments. By defining the slope
of the softening branch as α2k, we have that the area beneath
the bond–slip law (36) is still given by Eq. (9). It follows that,
provided that k, α2 and δp are the same in Eqs. (8) and (36), both the
exponential softening and the linear softening interfacial cohesive
law show the same peak stress τp and mode II fracture energy GIIc .

As we did for Eq. (8), Eq. (36) can also be cast in dimensionless
form as:

τ

τp
= f (y) =


y, if 0 ≤ y ≤ 1
1 − α2(y − 1), if 1 ≤ y ≤ 1 + 1/α2

0, if y ≥ 1 + 1/α2.

(37)

The solution related to the linear softening model is already
available in the literature (see, e.g., [5,17]). For the sake of
completeness, it is reported in Appendix B with the same notation
used in the present paper. From an analytical and numerical point
of view it is worth observing that, although linear functions are
handled more easily with respect to exponential functions, the
solution corresponding to Eq. (37) is more troublesome, since
the interface law is defined by three pieces instead of two.
In particular, it means that the solution is generally made up
of four stages: the elastic one, the elastic-softening one, the
elastic-softening–debonding one and the softening–debonding
one. Moreover, in the third stage, the relation between the lengths
of the three coexisting phases has to be determined numerically.
Hence, and differently from the exponential softening model
proposed in the present paper, the solution of the linear softening
model cannot be claimed to be completely analytical. The reader is
referred to Appendix B for further details.

A simpler model is achieved by directly applying LEFM to
the pull–push geometry. According to LEFM, the interface is
considered to be linear elastic up to failure, i.e. we assume that
it has an elastic-perfectly brittle behaviour (see Fig. 7). Therefore
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Fig. 8. Dimensionless load–displacement curves according to the different interfacial models: exponential softening (thick line); linear softening (thin line), LEFM model
(dashed line), LEFM–EB model (dotted line). Plots from (a) to (d) refer to different values of the dimensionless parameters α and β (see legend).
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Fig. 9. Dimensionless load–displacement curves according to the different
interfacial models: exponential softening (thick line); linear softening (thin line),
LEFMmodel (dashed line), LEFM–EBmodel (dotted line). For relatively highα values
(α = 3), the softeningmodelsmergewith the LEFMmodel (a). If bothα andβ attain
relatively large values (β = 50), all the models tend to the LEFM–EB model (b).

LEFM predictions can be achieved by letting α tending to infinity
either in the exponential softeningmodel or in the linear softening
one. However, the solution provided by LEFM can be more easily
achieved by observing that, when the interface is described by a
set of linear elastic springs of stiffness k (as in the present case),
the strain energy release rate G is given by [6,18–21]:

G =
τ 2max

2k
. (38)

Then, according to LEFM, debonding takes place whenever:

G = GIIc (39)

i.e. when τmax =
√
2GIIck. The failure load can hence be obtained

by means of the linear elastic solution (18) and Eqs. (38)–(39).
The expressions of the load and displacement values during the
delamination process are reported in Appendix C. Note that,
according to LEFM, the load vs. displacement plots are represented
(dashed lines in Fig. 8) by a straight line up to the debonding onset,
corresponding to themaximum load and to a slip equal to

√
2GIIc/k

(see Fig. 7), followed by a curve describing how load decreases as
the debonding crack propagates. During debonding, the relative
displacement ∆ firstly increases and then decreases back to the
same value

√
2GIIc/k (Fig. 8).

With respect to the previous models, the LEFM one is poorer, in
the sense that it needs only two parameters to be defined instead
of the three necessary to define either the exponential or the linear
softening model. In Fig. 8 we decided to compare the LEFM model
with the softening models keeping fixed the slope k of the elastic
branch and GIIc (see Fig. 7), since they are the two parameters that
mostly affect the results.
Finally, we considered the predictions obtained by applying
LEFM and by assuming, at the same time, a rigid interfacial
behaviour (k → ∞). This hypothesis corresponds to assuming a
planar cross-section for the whole specimen (concrete and FRP);
hence we named the corresponding model the LEFM-equivalent
beam (LEFM–EB) model. Since β ∝

√
k (Eq. (12)), the LEFM–EB

model can be seen as a particular case of the softening models
assuming both α → ∞ (brittle interfacial behaviour) and β → ∞

(rigid interface). However, the analytical results provided by the
LEFM–EB model can be obtained much more easily by directly
applying Eq. (39). We simply need to evaluate the strain energy
release rate. To this aim, note that Eq. (38) is useless in the
present case, since both the maximum shear stress τmax and the
shear stiffness k diverge and Eq. (38) becomes an undetermined
expression. On the other hand, the strain energy release rate can be
straightforwardly obtained by a simple energy balance, as reported
in Appendix D.

According to the LEFM–EBmodel, the load vs. displacement plot
is represented (see Fig. 8) by a triangle,made of: (i) a vertical (rigid)
line up to the debonding onset, corresponding to the maximum
transferable load; (ii) a flat line, i.e. at constant load, up to final
debonding; (iii) a linear unloading back to the origin. With respect
to the previous models, the LEFM–EB one is the simplest, being
characterised only by the mode II fracture energy GIIc .

In Figs. 8–9, we plotted the load–displacement curves provided
by the four bond–slip models according to different values of the
parameters α and β . First of all, it is worth noting that the area
beneath the different curves in each plot as well as the slope at
the origin are the same, since all the models are characterised by
the same fracture energy GIIc and elastic stiffness k (except the
LEFM–EB model, for which k → ∞). Then note that the expo-
nential softening model is the one providing the lowest load pre-
dictions, at least in the first part of the plot. From the most to the
least conservative,we can list the fourmodels as follows: exponen-
tial softening, linear softening, LEFM, LEFM–EB. If the exponential
softening is the one describing more realistically the behaviour of
the interface, we can conclude that the linear softeningmodel (and
the LEFMmodels even more) tends to overestimate the maximum
transferable force by the FRP.

From Fig. 8 it is also evident that softening interfaces generally
predict the occurrence of snap-back instabilities, which disappear
(see Fig. 8(a)) only for relatively low α and β values (i.e. relatively
ductile interfaces and/or relatively short bond lengths). Note that,
in the case of a linear softening interface, the threshold for the
rising of snap-back instabilities can be set analytically: snap-back
occurs whenever the product α × β is larger than π/2 (see
Appendix B for details).

Finally, forwhat concerns the differences between the softening
models, it is seen that the exponential one differs from the linear
one because of a stronger deviation from the initial slope of the
ascending branch. Furthermore, a residual – although small –
transferable force is present also for large displacements because
of the exponentially decaying shear stress.

As expected, the strongest differences between softening
models and LEFM models are achieved for small α and β values.
From Fig. 9(a) it is clear that the softening models merge with the
LEFM model for sufficiently large α values (for any β), whereas
they all collapse onto the LEFM–EB model if β is sufficiently large
as well.

6. Parametric analysis

In the present section we perform a parametric analysis of the
pull–push shear test based on the interface cohesive law with an
exponential softening presented in Section 3 and on the analytical
solution obtained in Section 4.
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Fig. 10. Effect of the bond length on load vs. displacement curve. Dimensionless
ratios equal to hb/hr = 100; tr/hr = 25; tb/hr = 100; Er/τp = 62, 500; Eb/τp =

7500;α = 0.5; sE = 0.125.

Taking as fundamental quantities the peak stress τp and the
thickness of the FRP plate hr , dimensional analysis shows that,
during the debonding process, the dimensionless load and edge
displacement depend on the following dimensionless ratios:

F
τph2

r
∆

hr

 = f


tb
hr

;
tr
hr

;
hb

hr
;

l
hr

;
Er
τp

;
Eb
τp

;α;
GIIc

τphr


. (40)

We define the last ratio, ruling the size effect, as the interface
energetic brittleness number sE :

sE =
GIIc

τphr
. (41)

This represents the extension to mode II debonding failure
of the energetic brittleness number GF/(σuh) introduced by
Carpinteri [15,22] for homogeneous quasi-brittle materials (GF
being the mode I fracture energy and σu the tensile strength).

6.1. Effect of the bond length

In Fig. 10 we fixed all the parameters in Eq. (40) except the ratio
of the bond length l to the thickness of the FRP plate hr . For the
sake of clarity, the load is normalised with respect to F∞

c instead
of τph2

r . It is evident that, increasing the bond length, the elastic
stiffness as well as the maximum load tend to a constant value.
More in detail, the maximum transmissible force is F∞

c , while
the structural behaviour changes from quasi-brittle (curve A) to
ductile–brittle (curve E). Note that, for relatively large bond lengths
(curves C–D–E), a snap-back instability occurs. Finally, it is worth
observing that, based on Fig. 10, it is possible to define an effective
bond length, i.e. a threshold length, beyond which the maximum
load is practically equal to F∞

c .

6.2. Effect of FRP stiffness

In Fig. 11 we fixed all the parameters in Eq. (40) except the ratio
between the Young’s moduli of the FRP and of the concrete, i.e.
Er/Eb. Note that the same effect is obtained by varying hr/hb. It
is seen that, increasing the reinforcement stiffness, the maximum
load increases as well as the brittleness of the structural response.
In more detail, the structural behaviour changes from quasi-brittle
(curve A) to ductile–brittle (curve E). Note that, for relatively low
FRP stiffnesses (curves C–D–E), the structural response is ductile
up to a final snap-back instability. Eventually, it is worth observing
that the area beneath each curve, which is proportional to the
0
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Fig. 11. Effect of the FRP stiffness on load vs. displacement curve. Dimensionless
ratios equal to hb/hr = 100; tr/hr = 25; tb/hr = 100; l/hr = 200; Eb/τp =

7500;α = 0.5; sE = 0.125.

energy spent to have complete delamination, is constant and that,
for high FRP stiffnesses, the effective bond length increases.

6.3. Effect of the interfacial cohesive law

We wish now to analyse the effect of the shape of the cohesive
law, within the assumption of a linear ascending branch followed
by an exponential tail (Eq. (8)). We consider two cases. In the
former one, we keep τp and δp constant and let α vary (and sE
accordingly), see Fig. 12(a). All the other dimensionless ratios (Eq.
(40)) are kept constant. Although τp is the same for all the curves,
from Fig. 12(b) it is evident that the presence of a softening branch
gives rise to a strength supply beyond the elastic regime. In fact,
the load at which the stress reaches τp at the loaded end is also the
maximum load only for an elastic-perfectly brittle interface (curve
A). On the other hand, the softening of the interface cohesive law
makes the maximum load higher (curves B–C–D) and a horizontal
plateau is reached for an elastic-perfectly plastic interface (curve
E). Eventually, observe that a snap-back instability occurs only
for strongly decaying softening branches, i.e. for relatively high α
values (curves A–B–C).

In the latter case, we keep GIIc and k constant and let α vary
(and sE accordingly), see Fig. 13(a). All the other dimensionless
ratios (Eq. (40)) are kept constant. Since now τp is varying, it
is more convenient to normalise the load with respect to F∞

c
instead of τph2

r . Fig. 13(b) shows that, for a given bond length, the
maximum transmissible force F∞

c is attained only by the curves
corresponding to rapidly decreasing softening branches. Note that,
k being constant, the initial (elastic) slope of the F–∆ curves is the
same for all the curves; analogously, the area beneath each curve is
constant since the energy required to have complete delamination
is the same (GIIc × tr × l). The snap-back instability disappears for
very slowly decreasing softening branches (curve E),when the F–∆
curve early departs from the initial (elastic) straight line.

6.4. Size-scale effect

In Fig. 14 we fixed all the parameters in Eq. (40) except the
interface energetic brittleness number sE . Varying sE means, for in-
stance, that the overall structural size changes while keeping con-
stant all the geometrical ratios and material properties. Therefore,
Fig. 14 describes the size-scale effect for the pull–push shear test.
It shows that, increasing the interface energetic brittleness num-
ber, the structural behaviour changes fromductile–brittle to quasi-
brittle and that the snap-back instability occurs for relatively low
sE values. It is important to highlight that brittleness is not a purely
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Fig. 12. Effect of the interface law (a) on the load vs. displacement curve (b) by
varying α and keeping τp and δp constant. Dimensionless ratios equal to hb/hr =

100; tr/hr = 25; tb/hr = 100; l/hr = 200; Er/τp = 62, 500; Eb/τp = 7500; sE =

(1 + α2)/(2α2)× 5 × 10−2 , i.e. δp/hr = 0.05.

0
0.1 0.2 0.3 0.4 0.5

0.2

0.4

0.6

0.8

1

a

b

Fig. 13. Effect of the interface law (a) on the load vs. displacement curve (b) by
varying α and keeping k and GIIc fixed. Dimensionless ratios equal to hb/hr =

100; tr/hr = 25; tb/hr = 100; l/hr = 200; Erhr/GIIc = 5 × 105
; Ebhr/GIIc =

6 × 104
; sE = [5(1 + α2)]1/2/(40α), i.e. kh2

r /GIIc = 160.

material property, but a structural one: in fact, low interface ener-
getic brittleness numbers correspond to brittle interfaces and/or
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Fig. 14. Size effect on load vs. displacement curve. Dimensionless ratios equal to
hb/hr = 100; tr/hr = 25; tb/hr = 100; l/hr = 200; Er/τp = 62, 500; Eb/τp =

7500;α = 0.5.

large sizes, while high sE values correspond to ductile interfaces
and/or relatively small sizes.

7. Comparison with experimental results

In the experimental tests, usually the load is not applied at the
beginning of the bonded region of the FRP plate, but at a certain
distance from the concrete block (see Fig. 15), hereafter denoted
by l0. In such a case, the recorded displacement ∆ is given by the
increment of the distance between the contrast point (i.e. the edge
of the concrete block) and the loaded point of the FRP plate. Hence
the formulae for the construction of the load–displacement curve
provided in Section 4 have to be updated by adding the elastic
elongation of the free portion of FRP plate:

∆0 =
Fl0

Erhr tr
(42)

which, in dimensionless form, reads:

∆0

δp
=

F
F∞
c

β

α

λ0
√
1 + α2

1 + ρ
(43)

where the dimensionless quantity λ0 = l0/l has been introduced.
The contribution (43) has to be added in the first equations of
the systems (20), (28) and (33), the ratio F/F∞

c in Eq. (43) being
provided by the second equations of the same systems. Since the
additive term is proportional to the load F and to the free length l0,
it is evident that the application of the load at a distance l0 increases
the possibility to have a snap-back instability under displacement
control and that the occurrence of the snap-back is higher for larger
free lengths l0.

In order to prove the soundness of the present model, we pro-
vide a comparison with some experimental data obtained by Yao
et al. [23]. They performed an extensive experimental program, re-
garding carbon FRP strips bonded to concrete blocks. In total, they
prepared 72 specimens to perform single pull–push shear tests.
Herein we consider the results obtained from the specimens of the
Series VII, for which the failure mode is homogeneous, being rep-
resented by cracking of concrete few millimetres from the adhe-
sive–concrete separation surface. Inmore detail we considered the
tests on specimens 2, 3, 6, 7 of the Series VII, corresponding to bond
lengths l equal to 95, 145, 190 and 240mm respectively; l0 is equal
to 50 mm.

The concrete block has cross section of dimensions hb =

150 mm and tb = 150 mm. The Young’s modulus of concrete,
slightly affecting the results, is supposed to be equal to 30 GPa. The
geometrical and elastic properties of the carbon FRP plates are the
following: hr = 0.165 mm, tr = 25 mm, Er = 256 GPa.
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Fig. 15. Experimental setup for the single pull–push shear test geometry: unloaded
(a) and loaded (b) schemes. The load is applied to the FRP plate at a distance l0 from
the concrete block.

Cottone and Giambanco [17] fitted the same tests by the linear
softening model. By means of an original identification procedure,
they obtained the following values for the interface parameters:
peak stress τp equal to 4.20 MPa; slope of the softening branch
(kα2) equal to 9.50 N/mm3; slope of the elastic branch (k) equal
to 48, 36, 160, 40 N/mm3 for specimen 2, 3, 6, 7 of the Series VII,
respectively. The high k value for the specimen VII-6 is probably
related to a different procedure adopted for the hand lay-up.

In Fig. 16 the load–displacement curves for the different values
of the bond length, obtained by the exponential and the linear
softening models as well as by the LEFMmodel, are illustrated and
compared with the experimental data. A satisfactory agreement
between the experimental response and exponential softening
model predictions can be noticed in terms of elastic behaviour,
departure from linearity and maximum transferable force. As
expected, LEFM provides quite rough predictions. For what
concerns softeningmodels, it is seen that, despite the identification
procedure being based on the linear softeningmodel, in three cases
out of four (Fig. 16(a), (b) and (d)) the exponential softeningmodel
is the one providing the best fit. Particularly, the exponentialmodel
proposed in the present paper seems to catch better the (stronger)
deviation from linearity of the experimental data after the elastic
stage.

8. Conclusions

In the present paper a closed-form solution describing the full-
range behaviour of FRP-to-concrete bonded joints is presented.
Restricting the analysis to the pull–push geometry, a dimensional
and parametrical analysis of the problem has been performed,
highlighting the effects on the solution of the bond length, the
FRP stiffness, and the interface law. Moreover, the size effect for
the problem under examination has been addressed. A comparison
with some experimental data available in literature concludes the
paper.

Concerning the comparison with different models available in
the literature, it is worth observing that: (i) models neglecting
the interface nonlinearity (i.e. models accounting for an elastic-
perfectly brittle interface law) usually provide very rough predic-
tions; (ii) with respect to the linear softening model, the present
model is believed to be more realistic and, at the same time, eas-
ier to be implemented (only 3 stages out of 4); (iii) since the ex-
ponential softening model provides the most conservative failure
load predictions, application of linear softening or LEFM models
is potentially dangerous; (iv) with respect to more sophisticated
local bond–slip models (such as the one proposed by Ferracuti
et al. [24]), the present approach provides similar results without
needing a proper numerical analysis. Of course, the present anal-
ysis is restricted to a specific geometry (i.e. the pull–push shear
test), but the approach is general: the solution procedure outlined
can be easily extended to deal with similar test setups, such as the
pull–pull shear test. These extensions, as well as the comparison
with other analytical models for FRP debonding such as the three-
parameter model by Leung and Tung [7], will be the matter of fu-
ture developments.
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Appendix A

In this appendix we provide the analytical details leading to the
solutions represented by Eqs. (25) and (30).

The differential problems set in Eqs. (24) and (29) are particular
cases of the following initial value problem:

d2y
dx2

= f (y)
y(x0) = y0
y′(x0) = y1

(A.1)

where y(x) is the unknown function. By multiplying both sides of
the differential equation in (A.1) times the first derivative dy/dx
and by introducing the primitive F(y) of f (y) (i.e. dF/dy = f (y)),
we get:

d
dx


1
2


dy
dx

2


=
dF
dx

(A.2)

yielding:

dy
dx

= ±


2F(y)+ const. (A.3)

Assuming the positivity of the first derivative and exploiting the
initial conditions in (A.1), we can determine the constant so that
Eq. (A.3) becomes:

dy
dx

=


y21 + 2 [F(y)− F(y0)]. (A.4)

Separating the variables and integrating yields:

x − x0 =

∫ y

y0

dy
y21 + 2 [F(y)− F(y0)]

(A.5)

which provides in implicit form the desired function y(x).
In the considered cases (Eqs. (24) and (29)), the function f (y) is

given by the second function in Eq. (10). Its primitive reads:

F(y) = −
β2

2α2
e−2α2(y−1). (A.6)

Firstly, let us consider the initial value problem set in Eq. (24), that
is, in the elastic-softening stage. In such a case Eq. (A.5) becomes:

ξ − ξ̄ =

∫ y

1

α

β


γ 2 − e−2α2(y−1)

dy (A.7)
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Fig. 16. Comparison between experimental data (black dots) and theoretical predictions: exponential softening (thick line), linear softening (thin line), LEFM (dashed line).
Plots from (a) to (d) refer to specimens with different bond lengths (see legend).
where γ = [α2 tanh2(βξ̄ )+ 1]1/2. The integral in Eq. (A.7) can be
achieved in closed form. Thus:

ξ − ξ̄ =
1
αβγ

ln
γ eα

2(y−1)
+


γ 2e2α2(y−1) − 1

γ + α tanh(βξ̄ )
. (A.8)

By some analytical manipulations it is then possible to explicitly
define y as a function of ξ :

y(ξ) = 1 +
1
α2

ln
α2

2
tanh(βξ̄ )eαβγ (ξ−ξ̄ ) + e−αβγ (ξ−ξ̄ )

2γα tanh(βξ̄ )
. (A.9)

By exploiting the properties of the hyperbolic cosine, Eq. (25) is
finally recovered fromEq. (A.9). ThenEq. (26) followsbyderivation.

We can proceed analogously to solve the differential problem
in the fully softening stage represented by Eq. (29). In such a case
Eq. (A.5) becomes:

ξ =

∫ y

1− ln v
2α2

α

β

v − e−2α2(y−1)

dy. (A.10)
Integrating:

αβξ
√
v = ln

√
veα

2(y−1)
+


ve2α2(y−1) − 1


. (A.11)

By making explicit the dependence of y on ξ :

y(ξ) = 1 +
1
α2

ln
eαβξ

√
v
+ e−αβξ

√
v

2
√
v

. (A.12)

Eventually, Eq. (30) is recovered by properly introducing the
hyperbolic cosine into Eq. (A.12).

Appendix B

In this appendix the formulae providing the load vs. displace-
ment curve for a pull–push shear test assuming a linear soften-
ing interface law are given according to the symbols used in the
present paper. They are introduced for the sake of completeness
and to highlight the differences with the exponential softening
model dealt in the present paper. Formulae within this appendix
have been exploited to plot the corresponding curves in Figs. 8–9
and 16.
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According to the linear softening law, two different solutions
may take place depending whether the dimensionless parameter
ψ is larger or lower than unity, ψ being equal to:

ψ =
π

2αβ
. (B.1)

Let us consider firstly the (more usual) case ψ < 1 (Fig. 8(b),
(c) and (d)), occurring for relatively large bond lengths (high β)
and/or brittle interface (high α). Of course the elastic stage (first
stage) coincides with the one considered in the present paper
(Eq. (20)). For what concerns the elastic-softening (second) stage,
we have:

∆

δp
= 1 +

1
α2

×

1 − cos[αβ(1 − ξ̄ )] + α tanh(βξ̄ ) sin[αβ(1 − ξ̄ )]


F
F∞
c

=
1

√
1 + α2

×

sin[αβ(1 − ξ̄ )] + α tanh(βξ̄ ) cos[αβ(1 − ξ̄ )]


.

(B.2)

In Eq. (B.2) the parameter ξ̄ defines, as in Eq. (28), the relative
position of the peak stress. It ranges from 1 to ξ23, i.e. ξ23 < ξ̄ < 1.
ξ23 is the position of the peak stress at the debonding onset, i.e.
when the second stage ends and the third one begins. ξ23 must
be achieved by numerically solving the following transcendental
equation:

α tanh(βξ23) tan[αβ(1 − ξ23)] = 1 (B.3)

where the root closer to unity must be chosen if multiple solutions
are available. When ξ̄ reaches ξ23, the interface enters the elastic-
softening–debonding (third) stage, when all the phases coexist
along the joint length. In this case the load–displacement curve is
provided by:
∆

δp
=


1 +

1
α2


+
β

α

1 − ξd

sin[αβ(ξd − ξ̄ )]
F
F∞
c

=
1

√
1 + α2 sin[αβ(ξd − ξ̄ )]

(B.4)

where the relative position ξ̄ of the peak stress travels from ξ23
to 0: 0 < ξ̄ < ξ23. ξd is the active fraction of the bond length, i.e.
the relative distance between the debonded zone and the unloaded
end. Its value is:

ξd = ξ̄ +
1
αβ

arctan
1

α tanh(βξ̄ )
. (B.5)

When the peak stress reaches the unloaded extreme (ξ̄ = 0), the
interface enters the softening–debonding (fourth) stage. During
this stage the relative active length ξd remains constant and equal
to ψ up to complete debonding; the load–displacement curve is
provided by:
∆

δp
=


1 +

1
α2


+
β

α


1 −

π

2αβ


v

F
F∞
c

=
v

√
1 + α2

(B.6)

where, as in Eq. (33), v is the ratio of the shearing stress to the peak
stress at theunloaded end.Whenv = 0, the FRPplate is completely
detached from the concrete substrate.

Now, let us consider the latter case, i.e. ψ > 1 (Fig. 8(a)), cor-
responding to very short bond lengths (low β) and/or relatively
ductile interfaces (low α). In such a case the coexistence of the
three phases (elastic, softening and debonded) never occurs, i.e.
the third stage is skipped. In other words, the elastic-softening
(second) stage described by Eq. (B.2) holds for the entire interval
0 < ξ̄ < 1. When the peak stress reaches the unloaded extreme
(ξ̄ = 0), the interface enters directly the softening stage, described
now by the following relationships:
∆

δp
=


1 +

1
α2


− v

cos(αβ)
α2

F
F∞
c

= v
sin(αβ)
√
1 + α2

(B.7)

replacing the previous (B.6). As above, v ranges from 1 to 0. Note
that in this case debonding is achieved simultaneously upon the
whole bond length when v → 0.

It is worth observing that, whatever is the ψ-value, the
load–displacement plot during the softening stage (described
either by Eq. (B.6) or by Eq. (B.7)) corresponds to a straight line, i.e.
a linear unloading is always predicted by the model. However, its
slope is positive ifψ < 1 (as in Fig. 8(b), (c) and (d)) and negative if
ψ > 1 (as in Fig. 8(a)). It means that a snap-back instability occurs
only for ψ < 1. In the limit case ψ = 1, a vertical drop of the
load at constant displacement is predicted by the linear softening
interface model.

In case the load is applied at a distance l0 from the concrete
block (Fig. 15), analogously to that done for the exponential
softening model, the quantity (43) has to be added to the first
equations in the systems (B.2), (B.4), (B.6) and (B.7). In such a case,
snap-back instability is more likely to occur and the condition for
the presence of the snap-back reads now ψ < ψ̄ , where ψ̄ > 1 is
the solution of the transcendental equation:

π

2ψ̄
tan


π

2ψ̄


=

1 + ρ

λ0
. (B.8)

For what concerns the comparison with the experimental data
performed in the paper, it isworth observing that only the testwith
the shortest bond length (i.e. specimen VII-2) was characterised by
aψ-value larger than unity and Eqs. (B.2) and (B.7) have been used
accordingly to plot the corresponding curve in Fig. 16(a). In all the
other cases (Fig. 16(b), (c) and (d)), Eqs. (B.2), (B.4) and (B.6) has
been used instead.

As a final comment, we wish to emphasise that, beyond being
more realistic, the solution based on the exponential softening is
achieved more easily with respect to the one based on a linear
softening branch. In fact, in the linear softening case: (i) the
solution is generally made of four stages instead of three (ii) the
solution is not fully analytical since Eq. (B.3) has to be solved
numerically (iii) a distinction has to be made between the case
ψ < 1 and ψ > 1, whereas the exponential model is insensitive
to the ψ value.

Appendix C

In this appendix we provide the formulae describing the load
vs. displacement curve for a pull–push shear test assuming a linear
elastic-perfectly brittle interface (LEFM model). Formulae within
this appendix have been exploited to plot the corresponding curves
in Figs. 8–9 and 16.

According to the LEFM model (i.e. Eqs. (38)–(39)), the failure
load is achieved when the maximum shearing stress at the loaded
end reaches its peak, which, as can be evinced from Fig. 7, is equal
to

√
2GIIck. The failure load can hence been obtained from the

linear elastic solution, namely from the second equation in the
system (20), by setting u =

√
2GIIck/τp and replacing β with

βξ̄ to take into account the decrease in the bonded length during
delamination. Hence, by some analytical manipulation, we simply
get:

F
F∞
c

= tanh(βξ̄ ). (C.1)
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Fig. D.1. Equivalent beam (EB) model scheme for the evaluation of the strain energy release before (a) and after (b) an infinitesimal crack advancement (da).
Note that, in this case, the parameter ξ̄ , varying from 1 to 0,
represents not only the position of the peak stress but also the
fraction of the active portion of the interface (i.e. the ratio of the
bond length during delamination to the initial bond length).

The corresponding displacement ∆ is given by the sum of the
relative displacement at the crack tip, always equal to

√
2GIIc/k,

plus the elastic deformation of the FRP and concrete block:

∆ =

2GIIc/k +

Fl(1 − ξ̄ )

Erhr tr
+

Fl(1 − ξ̄ )

Ebhbtb

=

2GIIc/k +

Fl(1 − ξ̄ )

Erhr tr
(1 + ρ). (C.2)

Substituting Eq. (C.1) into (C.2), in dimensionless form we get:

∆
√
2GIIc/k

= 1 + β(1 − ξ̄ ) tanh(βξ̄ ) (C.3)

where it is evident that ∆ is equal to
√
2GIIc/k at the beginning

and at the end of the delamination process (ξ̄ = 1 and ξ̄ =

0, respectively). In order to compare the LEFM model with the
softening models, it is necessary to normalise the displacement
at the loaded end ∆ with respect to δp. The load–displacement
curve is therefore represented by a straight line from the origin
up to the maximum load followed by a softening branch described
parametrically as follows:
∆

δp
=

√
1 + α2

α


1 + β(1 − ξ̄ ) tanh(βξ̄ )


F
F∞
c

= tanh(βξ̄ ).
(C.4)

As above, if the load is applied at a distance l0 from the concrete
block (Fig. 15), the quantity (43) has to be added to the first
equations in the systems (C.4).

Appendix D

In this appendix we provide the formulae describing the load
vs. displacement curve for a pull–push shear test assuming a
perfectly brittle as well as infinitely rigid interface (LEFM–EB
model). Formulaewithin this appendix have been exploited to plot
the corresponding curves in Figs. 8–9.

It is worth noting that the solution for the rigid-perfectly brittle
interface can be seen as a particular case of the compliant interface
solution. It is sufficient to let δp vanish and, at the same time, to
let the stiffness k tend to infinity according to the relationship k =

2GIIc/δ
2
p (so that the mode II fracture energy is kept constant and

equal to GIIc). However, it is also possible to obtain the failure load
for the LEFM–EBmodel directly. In fact, a simple energy balance as
the delamination crack increases by an infinitesimal step da yields:

dφ = GIIc trda (D.1)
where dφ is the difference in the elastic energy (at fixed load) after
and before crack propagation in the da-wide strip (see Fig. D.1),
since, outside the strip, the stress–strain state remains unchanged.
In fact, because of the assumption of infinitely rigid interface, just
beyond the delamination crack tip the specimen behaves as an
equivalent beam. It means that, since the resultant axial force
acting on the overall cross section is zero, beyond the tip also the
stress and strain fields are zero. It follows that the strain energy in
the strip before crack propagation is null and, therefore, the energy
balance Eq. (D.1) yields:

F 2
c

2Erhr tr
da +

F 2
c

2Ebhbtb
da = GIIc trda. (D.2)

From Eq. (D.2) the critical load can be obtained as:

Fc = tr


2GIIcErhr

1 + ρ
(D.3)

which coincides with the value reported in Eq. (13). Note that,
while for highly compliant and/or ductile interfaces, this load
may be reached only for sufficiently long bond lengths, for
rigid interfaces the load (D.3) does not depend on the bond
length. Therefore, according to the LEFM–EB model, the load–
displacement is made of a vertical (rigid) branch up to delamina-
tion onset, followed by a horizontal line up to complete debonding
when the displacement at the loaded end is:

∆ =
Fc l

Erhr tr
(1 + ρ). (D.4)

Finally a linear unloading up to the origin concludes the diagram.
In order to compare the LEFM–EB predictions with the ones

provided by the previous models, we have to normalise Eq. (D.4)
with respect to δp. Hence, by means of Eq. (D.3), we get:

∆

δp
=
β

α


1 + α2. (D.5)

In other words, the dimensionless load vs. displacement curve
according to the LEFM–EBmodel is representedby a trianglewhose
vertices are (0, 0), (0, 1) and (β

√
1 + α2/α, 1) and thatwas plotted

in Figs. 8–9.
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