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a b s t r a c t

In this paper, a mathematical model based on dimensional analysis and incomplete self-similarity is
proposed for the interpretation of the grain size and loading frequency effects on the Paris and Wöhler
regimes in metals. In particular, it is demonstrated that these effects correspond to a violation of the
physical similitude hypothesis underlying the simplest Paris’ and Wöhler power-law fatigue relation-
ships. As a consequence, generalized representations of fatigue have to be invoked. From the physical
point of view, the incomplete similarity behaviour can be regarded as the result of the multiscale
character of the problem, where the crack length and the grain size are the two length scales interacting
together. Moreover, it will be shown that the relationship between strength and grain size (Hall–Petch
relationship) has also to be considered in order to consistently interpret the two opposite effects of
the grain size on the Paris and Wöhler regimes within a unified framework. The incomplete similarity
exponents are suitably quantified according to experimental results for Aluminum, Copper, Titanium
and Nickel. The derived scaling laws are expected to be of paramount importance today, especially after
the advent of ultra fine grained materials that offer unique mechanical properties owing to their fine
microstructure.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

The existing approaches for the prediction of fatigue life can be
distinguished in two main categories: those related to the Cumula-
tive Fatigue Damage (CFD) approach, which is the traditional
framework for fatigue life assessment, and those based on the
Fatigue Crack Propagation (FCP) approach, developed since the
1960s after the advent of fracture mechanics. The CFD analysis is
based on the Wöhler or S–N curves [1]. A schematic representation
of the Wöhler’s curve is shown in Fig. 1a, where the cyclic stress
range, Dr ¼ rmax � rmin, is plotted as a function of the number of
cycles to failure, N. In this diagram, a reasonable power-law rela-
tionship between Dr and N exists [2]. Here, we introduce the range
of stress at static failure, Dru ¼ ð1� RÞru, where ru is the material
tensile strength and R ¼ rmin=rmax is the loading ratio, and we
define the endurance or fatigue limit, Drfl, as the stress range that
a sample will sustain without fracture for N1 ¼ 1� 107 cycles,
which is a conventional value that can be thought of as ‘‘infinite”
life.

In the FCP approach, the crack growth rate, da/dN, is plotted as a
function of the stress-intensity factor range, DK ¼ Kmax � Kmin. Also
ll rights reserved.
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in this case, most of the experimental data can be interpreted in
terms of a power-law relationship, i.e., according to the so-called
Paris’ law [3,4]. A schematic representation of the Paris’ curve is
shown in Fig. 1b. The power-law representation presents some
deviations for very high values of DK approaching DKcr ¼
ð1� RÞK IC [5], where K IC is the material fracture toughness, or for
very low values of DK approaching the threshold stress-intensity
factor range, DKth. Again, in close analogy with the concept of fati-
gue limit, the fatigue threshold is defined in a conventional way as
the value of DK below which the crack grows at a rate of less than
1� 10�9 m/cycle.

For a long time, the CFD and the FCP approaches have been
considered as totally independent. In the last few decades, the
researchers have attempted to extend the field of application of
the FCP approach [6–11]. These advances in understanding the com-
plex phenomenon of fatigue crack growth shed a new light on the
possibility to unify the CFD and the FCP approaches, and to solve
the challenging task of interpreting the Paris and Wöhler power-
law regimes within a unified theoretical framework [12–16].

In the present paper, we propose an interpretation of grain size
and frequency effects on the Paris and Wöhler curves. This will be
achieved treating the problem in the framework of dimensional
analysis, extending the approach proposed in [16], where the
effects of the grain size and of the loading frequency were not
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Fig. 1. Schemes of the (a) Wöhler and (b) Paris’ curves with the related fatigue parameters.
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discussed. The first application of dimensional analysis to fatigue
can be traced back to the pioneering paper by Barenblatt and Bot-
vina [6]. More recent developments on this line of research can be
found in [8,9,17,18]. In these contributions, the drawbacks of the
Paris’ law written in its original form, i.e., da=dN ¼ CDKm, have
been highlighted. In particular, it was observed that the propor-
tionality constant C is not dimensionless and its physical dimen-
sions cannot be known until the exponent m is estimated.
Moreover, the physical dimensions of C are material dependent.
The dimensional analysis approach pursued in this paper permits
to overcome such drawbacks and it will be used to make explicit
the functional dependencies on the grain size and on the load
frequency.

The interest in the study of the grain size effect on fatigue prop-
erties of metals is motivated by the potential application of a new
class of ultra fine grained (ufg) bulk materials. Although it is well-
known that these materials exhibit exceptional mechanical and
physical properties under quasi-static loading, their fatigue prop-
erties require more detailed experimental investigation and the
development of a predictive model is the question of the day. A re-
view of recent publications on this subject is given in [19]. Current
investigations on the fatigue properties of ufg materials focus pri-
marily on the study of single-phase metals (Copper, Nickel, Tita-
nium, Aluminum). One of the main experimental results
concerning ufg materials suggests that, by refining the grain size,
the fatigue life of such specimens is higher than that of their con-
ventional counterparts. These trends were found for Aluminum,
exploring a grain size range from 46 up to 280 lm [20], for the
Al–7Mg alloy, with a grain size range between 0.25 and 100 lm
Fig. 2. The effect of the grain size on (a)
[21], for Ti Grade 2, Ni and Cu, comparing grain sizes less than
100 nm and more than 1 lm [22], as well as for Ti, Ni and
Al–Mg, comparing grain sizes less than 0.1 lm and more than
1 lm [23,24]. A qualitatively sketch showing the shift of the
Wöhler curve due to the grain size effect is depicted in Fig. 2a.
However, more experimental results are indeed required to quan-
tify the variation of the position of the knee point of the curve, as
well as of its slope n (see, e.g. [19]).

The effect of the grain size on the fatigue crack growth rate was
investigated for Al–7Mg alloy in [21], for Nickel and Titanium in
[23], and for Copper, Nickel and Titanium in [25]. As a common
trend, it was found that the value of the fatigue threshold, DKth,
is lower for ufg specimens than for conventional grains. Moreover,
for the same value of stress-intensity factor DK , the fatigue crack
growth rate of ufg is higher than that of conventional grain sizes.
This seems to be in contrast with the shift of the Wöhler curve
and no explanations have been provided so far to reconciliate such
opposite trends. A qualitative evolution of the Paris’ curve due to
the grain size effect is depicted in Fig. 2b.

An additional experimental result related to the subject of this
paper concerns the effect of the loading frequency on the fatigue
properties. This effect is not so pronounced as that due to the grain
size, but, as we will show in the sequel, they are strongly related to
each other and therefore they must be analyzed together. Although
it is well-known that the fatigue limit is an increasing function of
the loading frequency, the coupled effect of grain size and loading
frequency on the fatigue properties is a more recent research field
[24,26,27]. A qualitative evolution of the Wöhler curve due to the
effect of the loading frequency is shown in Fig. 3a according to
the Wöhler and (b) the Paris’ curves.



Fig. 3. The effect of loading frequency on (a) the Wöhler curve (according to the results in [24]) and on (b) the fatigue crack growth rate (according to the results in [26]).

Table 1
Main governing variables of the fatigue crack growth phenomenon in metals.

Variable definition Symbol Dimensions

Yield strength ry FL�2

Fracture toughness K IC FL�3=2

Stress-intensity factor range DK FL�3=2

Stress range Dr FL�2

Grain size d L
Crack length a L
Loading frequency x T�1

Thermal diffusivity coefficient v L2 T�1
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the experimental results in [24]. These results were based on the
set of Ni specimens with a loading ratio R = 0.25. As a general trend,
the effect of the loading frequency is the opposite with respect to
that due to the grain size. The higher loading frequency corre-
sponds to the higher fatigue life for a given applied stress range
(see Fig. 3a). The effect of the loading frequency on the fatigue
crack growth rate is also shown in Fig. 3b according to the exper-
imental results in [26]. This data are computed for a given stress-
intensity factor range (DK = 20 MPa m1/2) from a set of Ti6342 alloy
specimens at temperature 520 �C with as-received microstructure.
Contrary to the grain size effects, these two trends are consistent
with each other, since a specimen subjected to a higher loading
rate experiences a lower crack growth rate and therefore at the
end it has a longer fatigue life.

In Section 2, a generalized mathematical representation of fati-
gue behaviour in metals based on dimensional analysis and on the
concept of incomplete similarity is proposed. The procedure is
based on the method proposed in [16], suitably extended by
including the grain size and the loading frequency in the formula-
tion. As a result, generalized Wöhler and Paris laws describing the
effects of grain size and loading frequency will be derived. Then, in
Section 3, we propose an experimental assessment of the predic-
tive capabilities of these new models. To capture the experimental
trends and to solve the apparent inconsistencies related to the
grain size effect on the Paris and Wöhler regimes, we show that
it is necessary to take into account the relationship between
strength and grain size, viz. the so-called Hall–Petch relationship,
in the mathematical formulation.

2. Generalized mathematical representations of fatigue based
on dimensional analysis

According to the work by Barenblatt and Botvina [6] and its
more recent generalization by Carpinteri and Paggi [16], the fol-
lowing functional dependence can be considered for the phenom-
enon of fatigue crack growth:

da
dN
¼ Fðry;DK; K IC; d; a;xÞ; ð1Þ

where the governing variables are summarized in Table 1, along
with their physical dimensions expressed in the Length–Force–Time
class (LFT). The applied stress range, Dr, is not considered in Eq. (1).
As demonstrated in the Appendix A, including Dr in addition to
DK in the functional dependency (1) does not add any information
to the present analysis.

Considering the Paris law as a manifestation of a self-similar
stage of the crack propagation process, we can try to analyze
the intermediate asymptotic of the process. Hence, we apply the
Buckingham’s P Theorem [26] to reduce the number of parameters
involved in the problem (see also [8,13,16,29]). As a result, we
have:

da
dN
¼ DK

ry

� �2

U
K IC

DK
;
r2

y

K2
IC

d;
r2

y

K2
IC

a;
xd2

v

 !

¼ K IC

ry

� �2

UðP1;P2;P3;P4Þ; ð2Þ

where Pi ði ¼ 1; . . . ;4Þ are dimensionless numbers and v ¼ k=ðqcÞ is
the thermal diffusivity coefficient, which is equal to the thermal
conductivity, k (J/(m s K)), divided by the product between the
material density, q (kg/m3), and the heat capacity, c (J/(kg K)).
According to physical idea by Chan [30], we assume that fatigue
crack growth is the result of sequence of low-cycle fatigue failure
process of a material volumes located near the crack-tip. The size
of the volumes correspond to the characteristic length of the mate-
rial heterogeneity. In our particular case, the characteristic size of
the volume corresponds to dislocation barriers spacing. To take into
account the frequency effect on the crack growth rate, we consider
the thermal diffusion process in the crack-tip zone. The higher the
frequencies, the higher the temperatures in that zone, with a direct
influence on the crack growth rate. In this context, the ratio d2

=v
has the physical dimensions of time and corresponds to the charac-
teristic heat conductivity time governing the heat conduction pro-
cess in the crack-tip zone.

In the derivation of Eq. (2), the material fracture toughness, K IC,
is used to make dimensionless the grain size and the crack length.
Alternatively, the stress-intensity factor range, DK , could be used.
However, this choice has no effect on the final scaling law, see
the demonstration in the Appendix A.

At this point, we want to see if the number of quantities in-
volved in relationship (2) can be reduced further from four. This can
occur either in the case of complete or incomplete self-similarities
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in the corresponding dimensionless variables. In the former sit-
uation, the dependence of the mechanical response on a given
dimensionless number, say Pi, disappears and we can say that Pi

is non essential for the representation of the physical phenomenon.
In the latter situation, a power-law dependence on Pi can be pos-
tulated, which usually characterizes a physical situation interme-
diate between two asymptotic behaviours.

Considering incomplete self-similarity in the dimensionless
variables P1, P2, P3 and P4, we obtain the following generalized
representation of fatigue crack growth:

da
dN
¼ DK

ry

� �2 K IC

DK

� �a1 r2
y

K2
IC

d

 !a2 r2
y

K2
IC

a

 !a3
xd2

v

 !a4

U1

¼ DK2�a1 da2þ2a4 aa3
x
v

� �a4 U1

K�a1þ2a2þ2a3
IC r2ð1�a2�a3Þ

y

: ð3Þ

Eq. (3) can be considered as a generalized Paris’ law (see the
classical expression in Fig. 1b), in which the functional dependen-
cies on the grain size, the crack size and loading frequency have
been suitably explicated. An experimental assessment showing
the predictive capabilities of this model is proposed in the next
section. It is interesting to note that the yield strength entering
Eq. (3) is usually dependent on the grain size in its turn. For nano-
and micro-crystalline materials, a power-law function of the grain
size, ry / dc, is usually found from experiments, where c is a coef-
ficient dependent on the grain size range being considered. Hence,
Eq. (3) can be further simplified as follows:

da
dN
¼ DK2�a1 da2þ2a4�2cð1�a2�a3Þaa3

x
v

� �a4 U1

K�a1þ2a2þ2a3
IC

: ð4Þ

For conventional grain metals, we usually have c ¼ �1=2
according to the classical Hall–Petch [21,31,32] relationship and
therefore we expect a power-law exponent for the grain size equal
to 2a4 � a3 þ 1. Setting a3 ¼ 0 (as occurs in the case of long cracks)
and noting that a4 is negative and ja4j > 1=2, then the power-law
exponent of the grain size should be negative valued in its turn.
This result agrees well with the experimental results presented
in [26].

From the theoretical point of view, the negative power-law
exponent of d could also be observed if we reduce the grain size
to the nanoscale. In fact, if we allow the possibility to have an in-
verse Hall–Petch relationship ðc > 0Þ, then the exponent for the
grain size may become negative valued for c < a2þ2a4

2ð1�a2�a3Þ
.

So far, the crack growth rate has been chosen as the main out-
put parameter characterizing the phenomenon of fatigue crack
growth. Alternatively, we can consider the fatigue life, N, as the
parameter representative of fatigue. Following this route, we pos-
tulate the following functional dependence:

N ¼ Fðry;K IC;d; Dr; a;xÞ; ð5Þ

where the definition of the governing variables is provided again in
Table 1. As in the previous case, it is possible to apply the Bucking-
ham’s P theorem [28] to reduce the number of parameters involved
in the problem:

N ¼ ry

K IC

� �2

d W
Dr
ry

;
r2

y

K2
IC

a;
xd2

v

 !
¼ ry

K IC

� �2

d WðC1;C2;C3Þ; ð6Þ
where W is a dimensionless function, C1 ¼ Dr=ry, C2 ¼ P2, and
C3 ¼ P3. At this point, we want to see if the number of quantities
involved in relationship (6) can be reduced further from three. In
close analogy with the procedure discussed for the Paris’ law, we
assume incomplete self-similarity in C1, C2, and C3, obtaining:

N ¼ ry

K IC

� �2

d
Dr
ry

� �b1 r2
y

K2
IC

a

 !b2 xd2

v

 !b3

W1

¼ Drb1 ab2 d1þ2b3r2�b1þ2b2
y K�2ð1þb2Þ

IC
x
v

� �b3

W1: ð7Þ

Eq. (7) provides a generalized Wöhler relationship for fatigue
and encompasses the empirical S–N curves approximated by the
Basquin power-law and by the Coffin–Manson criterion as limit
cases, as shown in [16]. However, since b3 > 0 from experiments,
Eq. (7) would suggest a positive scaling with the grain size, which
is not found in reality. Therefore, to solve such an inconsistency,
let us introduce the grain size dependence of the yield strength
in Eq. (7). Considering ry / dc, we have:

N ¼ Drb1 ab2 d1þ2b3þcð2�b1þ2b2ÞK�2ð1þb2Þ
IC

x
v

� �b3

W1: ð8Þ

For conventional grain materials, the Hall–Petch law applies
and we have a power-law exponent for the grain size equal to
b1=2� b2 þ 2b3. Assuming b2 ¼ 0 (non-pronounced initial defect
size), the negative value of the grain size exponent depends now
on the values of b1 and b3 and no longer on b3 only. Since usually
b1 < 0 and b3 > 0 from experiments [24], this gives the relation-
ship b3 < jb1j=4, that also confirms the small effect of frequency
on the fatigue limit.

A relationship between the CFD (Eq. (7)) and FCP (Eq. (3)) ap-
proaches can be determined by integrating the generalized Paris’
law in Eq. (3) between an initial defect size, a, and a generic critical
(final) crack length, af , corresponding to a given fatigue life N [11].
Recalling that DK ¼ Dr

ffiffiffiffiffiffi
pa
p

for a Griffith crack, then the integra-
tion gives the following result:

N ¼ Dra1�2d�a2�2a4x�a4

a1
2 þ a3
� �

pð2�a1Þ=2v�a4 U2

K
�a1þ2a2þ2a3
IC

r2ð1�a2�a3 Þ
y

a
ða1

2 �a3Þ
f � a

ða1
2 �a3Þ

0

� �
;

ð9Þ

which can be simplified noting that a
ða1

2 �a3Þ
f � a

ða1
2 �a3Þ

0 , since the
exponent of the crack length is negative valued and af � a0. Under
such conditions, the fatigue life can be approximated as follows:

N ffi Dra1�2d�a2�2a4x�a4 a
ða1

2 �a3
0 Þ

a3 � a1
2

� �
pð2�a1Þ=2v�a4 U2

K
�a1þ2a2þ2a3
IC

r2ð1�a2�a3 Þ
y

: ð10Þ

A comparison between Eq. (7), obtained according to dimen-
sional analysis arguments, and Eq. (10), obtained through the inte-
gration of the generalized Paris’ law in Eq. (3), leads to the
following relationships between the powers entering the two
representations:

b1 ¼ a1 � 2
b2 ¼ a1

2 � a3

1þ 2b3 ¼ �a2 � 2a4

b3 ¼ �a4

8>>><
>>>:

or

b1 ¼ a1 � 2;
b2 ¼ a1

2 � a3;

a2 ¼ �1;
b3 ¼ �a4:

8>>><
>>>:

ð11Þ

Relationships (11) permits to relate the effects of stress ampli-
tude, loading frequency and grain size in the two mathematical
formulations. According to the experimental data in [24], we can
also consider the inequality b3 > 0. Hence, according to the rela-
tionship b3 ¼ �a4, we expect a4 < 0. Therefore, in perfect agree-
ment with the experimental observation in [26], the effect of
loading frequency on fatigue crack growth is opposite with respect
to that on the fatigue life. Moreover, due to the concave shape of
Wöhler curve, we also have b1 < 0. Taking also into account the



O. Plekhov et al. / International Journal of Fatigue 33 (2011) 477–483 481
obvious inequality b2 < 0 for the effect of the initial defect size on
the fatigue life, we obtain the following restrictions to the values of
the exponent a1:

b1 < 0) a1 � 2 < 0) a1 < 2; ð13aÞ

b2 < 0) a1

2
� a3 < 0) a1 < 2a3: ð13bÞ

Eq. (13a) implies that the Paris’ law exponent m ¼ 2� a1 must
be positive valued, as always found in experiments. Moreover, Eq.
(13b) implies that the Paris’ law exponent must be greater than
2þ 2a3. In the long cracks regime (Region II where the Paris’
power-law applies), we have a3 ¼ 0, leading to m P 2, which is
the classical lower bound to m considered in the literature.

3. Experimental assessment of the proposed fatigue laws

3.1. The effect of the grain size

Experimental investigation on the effect of the grain size on the
fatigue crack growth rate was proposed by Pao et al. [21], Hanlon
et al. [23,24], Cavaliere et al. [25], and Sansoz et al. [26]. Pao
et al. [21] determined the fatigue crack growth rate for Al–7Mg
alloys in correspondence to three different grain sizes. The average
grain size of the ufg state was 0.25 lm, the average grain size of
P/M (powder metallurgy) Al–7Mg is about 2 lm, and the average
grain size of I/M (ingot-metallurgy) Al–7Mg is about 100 lm. The
experiments were carried out on air with a loading ratio R = 0.25.
For fatigue crack growth studies, 5.08-mm-thick compact-tension
fracture mechanics specimens with a width of 38.1 mm and ori-
ented in the L–C direction (the crack plane is perpendicular to
the extrusion direction and the crack growth direction is parallel
to the circumferential direction) were machined from as-extruded
UFG Al–7.5Mg rod. For P/M and I/M Al–7Mg, fatigue specimens
were oriented in the T–L direction (the crack plane and the crack
growth direction are parallel to the longitudinal direction). Side
grooves with depths equal to 5% of the thickness were introduced
on both sides of each fatigue specimen to enhance constraint. Plot-
ting the experimentally determined crack growth rates vs. grain
size in a bilogarithmic diagram, it is possible to evaluate the
incomplete similarity exponent n ¼ a2 þ 2a4 of the grain size
(see Eq. (3)) as the slope of the corresponding best-fitting curve.
More specifically, we find n ¼ �0:3 from Fig. 4a. The value of the
incomplete similarity exponent was determined for the stress-
intensity factor range which leads to the Paris regime of crack
propagation (linear response in the bilogarifmic diagram) both in
coarse grain and submicrocrystalline grain states. In the paper by
Cavaliere et al. [25], Ti grade 2, Ni and Cu specimens with two dif-
ferent characteristic grain sizes were analyzed: the ufg state
Fig. 4. Fatigue crack growth rate vs. average grain size for (a) Al–
(d < 1 lm) and the nanocrystalline state (d < 100 nm). Pure Ti
grade 2 were produced by equal-channel-angular pressing with
eight passes route Bc by employing a 90� corner channel at the
temperature of 425 �C. The extruded billets measured 45 mm in
diameter and 100 mm in length. For the fatigue crack propagation
tests, different disks of 2 mm thickness were cut in a direction per-
pendicular to the extrusion one. Different specimens for the com-
pact-tension test were obtained by EDM: from the 2 mm disks,
squares of 31.25 mm side were cut, holes measuring 4 mm in
diameter were obtained for the grips and finally a 12 � 1 mm
notch was cut in the center of the specimen. The fatigue crack
propagation tests were performed with a loading ratio R = 0.25 at
10 Hz. For Ti grade 2 and for high fatigue crack growth rates, an
approximate value of the incomplete similarity exponent is
n ¼ �0:9 (see Fig. 4b).

Similarly, Hanlon [24] considered Ti, Ni and Al–Mg specimens.
Three states of materials were introduced: nanocrystalline (d <
0.1 lm), ufg (0.1 lm < d < 1 lm), and micro-crystalline (grain size
d > 1 lm) states. For Titanium, an approximate value of the incom-
plete similarity exponent is n ¼ �0:57, which is again negative
valued and not too different from that found by Cavaliere et al.
[25].

According to Eq. (7), we also expect an effect of the grain size on
the Wöhler curve. In particular, we should have N / Drb1

fl dk, where
k ¼ 1þ 2b3. In this case, the exponent b3 can be determined using
the experimental data in [30], where the effect of the grain size on
the fatigue limit of AISI 304 stainless steel specimens was investi-
gated. Samples of AISI 304 stainless steel in a cold rolled state were
annealed at 850 oC for 30 s (state 1), 1100 oC for 3 min (state 2) and
10 min (state 3), in order to obtain the three different austenitic
microstructures. The mean grain sizes were 1, 17, 47 lm, corre-
spondently. Fatigue tests were carried out under uniaxial sinusoi-
dal loading at a frequency of 10 Hz up to 2 � 106 cycles. In
particular, the fatigue limit Drfl can be obtained from Eq. (8) in cor-
respondence to a conventional number of cycles, N1. Hence, we
theoretically expect Drfl / d�k=b1 and from the slope of Fig. 5 we
find k=b1 ¼ 1:2. Due to a lack of experimental data in [33], only a
poor approximation for b1 can be made, i.e. b1 ¼ �0:35� 0:3,
which gives k ¼ �0:45. The significant scatter of b1 values is caused
by small numbers of experimental points used for the calculation
of Wöhler curve (5–6 point for each grain size) in [34]. However,
our estimation allows us to confirm that b1 is in any case negative
valued. The direct estimation of b3 based on the determination of
k ¼ �0:45 ðb3 ¼ ðk� 1Þ=2Þ leads to b3 ¼ �0:73, which contradicts
the fact that b3 must be positive valued (see [26]). The same prob-
lem arises if we use the negative value of n (for instance, n ¼ �0:3)
for the estimation of a4 ða4 ¼ ðn� a2Þ=2Þ, which must be negative
valued according to experiments.
7Mg alloys (data from [21]) and for (b) Ti (data from [25]).



Fig. 5. Fatigue limit vs. average grain size of AISI 304 stainless steel (based on the
data [33]).
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These inconsistencies can be resolved if the grain size depen-
dence of the material strength is suitably taken into account, viz.
ry / dc. Hence, using Eq. (4) instead of (3) and Eq. (8) instead of
(7), we can redefine the exponents n and k as follows:

n ¼ a2 þ 2a4 � 2cð1� a2 � a3Þ; ð14aÞ
k ¼ 1þ 2b3 þ cð2� b1 þ 2b2Þ: ð14bÞ

Using Eqs. (14a) and (14b), the values n ¼ �0:3 and k ¼ �0:45
we have found earlier, as well as a small positive value of b3

according to experiments, we get a4 ¼ �0:7, b2 ¼ �0:51. The value
of a4 ¼ �0:7 leads to the inverse loading frequency effect on fati-
gue crack growth rate (see Eq. (3)) that qualitatively corresponds
to the experimental data presented in [26]. The value of
b2 ¼ �0:51 allows us to describe the natural inverse initial defect
size effect on fatigue life. These exponent values prove the self-
consistency of the developed model.

3.2. The effect of the loading frequency

The experimental data in [24] permit also to estimate the
dependence of the fatigue limit on the loading frequency. The
author used ‘‘dog-bone” specimens with length 53 mm, gage
length 20 mm, gage width 5 mm, and thickness 100 lm. The tests
were carried out with a loading ratio R = 0.25 at 0.2 Hz and 10 Hz.
In this case, we theoretically expect from Eq. (8) a scaling of the
type N / Drb1xb3 . Hence, the fatigue limit should scale with the
frequency according to the power-law relationship Drfl / x�b3=b1 .
Fig. 6. Fatigues limit of Nickel vs. loading frequency for different grain sizes (based
on the data [24]).
For pure Nickel we can determine the exponent b3=b1 as the slope
of the best-fitting regression curve in the bilogarithmic diagram
(see Fig. 6). For grain sizes less than 1 lm and bigger than
100 nm we find b3=b1 ¼ �0:03, whereas for grain sizes bigger than
1 lm, we find b3=b1 ¼ �0:12. These values were determined using
stress amplitude values reported for maximum number of cycles.
Negative values of b1 lead to the common observation that b3 is
a small positive number and that frequency has a small or even
negligible effect on the fatigue life (see also [34], where no fre-
quency effects were found for Aluminum 2618).

4. Conclusions

Based on the dimensional analysis approach proposed in
[11,16], a self-consistent model describing the effects of grain size
and loading frequency on the fatigue properties of metals has been
proposed. This model can be useful for comparison and/or predic-
tion of the fatigue properties of ufg metals as compared to their
traditional counterparts. As a main outcome, the model describes
the effect of the grain size on the Paris’ law and on the Wöhler
curve. Besides, it establishes important relationships between the
coefficients entering the Paris’ law and those defining the Wöhler
curve.

The theoretical predictions based on dimensional analysis con-
firm again that the Paris’ power-law coefficient m must be larger
than two, even in the case of ultra fine grained materials. We have
also shown that the grain size and the loading frequency have an
opposite effect upon the Wöhler curve: the fatigue life can be in-
creased either by increasing the loading frequency or by reducing
the grain size. Although the effect of loading frequency on the
Wöhler curve is consistent with the corresponding effect on the
Paris curve (the higher fatigue life is the result of a lower crack
growth rate), this is not the case for the grain size. In fact, the smal-
ler the grain size, the longer the fatigue life but the higher is the
crack growth rate. This apparent inconsistency can be explained
by incorporating the Hall–Petch relationship into the mathemati-
cal formulation, suggesting that, in fine grained materials, energy
dissipation takes place primarily into the volume, rather than over
a surface. Finally, the incomplete similarity exponents coming
from the theory have been determined for some experimental data
available in the literature.
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Appendix A

In this appendix, some comments upon the choice of the vari-
ables entering the dimensional analysis representation are made.

In the functional dependency (1), the applied stress range Dr
was not considered. However, this variable does not add any infor-
mation and the use of the stress-intensity factor range as a loading
parameter is sufficient. To show that, let us consider the following
functional dependence instead of Eq. (1):

da
dN
¼ Fðry;DK; K IC;d; a;x;DrÞ; ðA1Þ

where the stress range has been now suitably included. The result-
ing dimensionless representation would be:
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da
dN
¼ DK

ry

� �2

U
K IC

DK
;
r2

y

K2
IC

d;
r2

y

K2
IC

a;
xd2

v ;
Dr
ry

 !

¼ DK
ry

� �2

UðP1;P2;P3;P4;P5Þ; ðA2Þ

where a new dimensionless number P5 appears. However, intro-
ducing the relationship between DK and Dr (DK ¼ fDr

ffiffiffiffiffiffi
pa
p

, where
a is the crack length and f is a shape factor depending on the spec-
imen geometry), we note that this new number is not independent
of the other dimensionless numbers, but it is a function of P1 and
P3:

P5 ¼
Dr
ry
¼ DK

f
ffiffiffiffiffiffi
pa
p

ry
¼ 1

f
ffiffiffiffi
p
p P�1

1 P�1=2
3 : ðA3Þ

Therefore, P5 is not essential for the subsequent analysis and it
can be omitted. The same reasoning applies to Eq. (5), where Dr is
used instead of DK .

Regarding the derivation of the dimensionless representation of
the Paris’ law (2), the use of DK instead of K IC to made dimension-
less the variables with dimension of length, such as the crack
length and the grain size, is possible. However, this alternative
choice does not change the final result. If we choose DK instead
of K IC, Eq. (2) would read:

da
dN
¼ DK

ry

� �2

U
K IC

DK
;
r2

y

DK2 d;
r2

y

DK2 a;
xd2

v

 !
; ðA4Þ

and, after the assumption of incomplete similarities in the four
dimensionless numbers, we would obtain the following expression:

da
dN
¼ DK2�c1�2c2�2c3 dc2þ2c4 ac3

x
v

� �c4 U1

K�c1
IC r2ð1�c2�c3Þ

y

; ðA5Þ

where the new incomplete similarity exponents, ci, can be in prin-
ciple different from the exponents ai in Eq. (3). However, since the
physical phenomenon is the same, regardless of the choice of DK or
K IC, the exponents of DK , d and a must be the same in both repre-
sentations. A comparison between Eq. (A5) and (3) leads to
c1 ¼ a1 � 2c2 � 2c3, c2 ¼ a2, c3 ¼ a3, and c4 ¼ a4. The choice of K IC

instead of DK is in any case preferable, since in this way the dimen-
sionless numbers P2 and P3 solely depend on material properties
and not on a parameter related to the applied loading. The introduc-
tion of parameters related to the loading conditions in the definition
of the numbers P2 and P3 could in fact lead to difficulties in the
assessment of incomplete similarity assumptions.
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