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Diffusion problems in fractal media defined on Cantor sets
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In this paper, a fractional approach to describe the diffusion process in fractal media is put forward. After introducing
anomalous diffusion quantities, the continuity and constitutive equations are derived by means of local fractional calculus,
and the problem is formulated both in the steady-state regime and in the transient regime. Eventually, a simple heat
conduction problem in the steady-state regime is solved analytically.
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1 Introduction

The recent growing interest in fractional calculus, i.e. the study of integrals and derivatives of non-integer order, and in
fractal geometry, i.e. the study self-similar sets with non-integer dimension, has been stimulated by the wide range of
applications found in different areas of physics and engineering. In particular, both fractional calculus and fractals are
increasingly used to model problems of diffusion and flux flow. The classical diffusion equation in time t and space x reads

∂u(x, t)
∂t

= D
∂2u(x, t)

∂x2
, (1)

where u is the real field variable (e.g., temperature T in heat conduction) and D is the diffusion parameter. In fractional
diffusion equations either the first-order time derivative [1, 13, 20, 23], or the second-order space derivative [22, 25, 30] (or
both of them, [11, 15, 16, 24, 26]), are replaced by suitable integro-differential operators

∂βu(x, t)
∂tβ

= D
∂2αu(x, t)

∂x2α
(2)

with 0 < α, β < 1. While the former case leads to intermediate and ultraslow processes, the latter leads to superdiffusive
flow models. Notice that some of the approaches mentioned above (see, for instance, [22]) try to soundly derive fractional
diffusion equations, so that they do not represent simple formal generalizations of the classical ones. Moreover, since
fractional operators have a simple definition in terms of their Laplace and Fourier transforms, Eq. (2) is generally set on
an infinite domain, both in time, t ≥ 0, and in space, −∞ < x < +∞. The problem of investigating transport processes
on a finite space domain by means of fractional calculus has been considered only recently and faced, to the authors’
best knowledge, only numerically either by finite difference methods [25] or by means of the Adomian Decomposition
Method [30].

On the other hand, as mentioned above, of particular interest for the Scientific Community are also the applications
in engineering involving fractal media. Diffusion processes in fractal structures have also been objects of several studies
[14, 17, 29, 32, 33, 35]. The most common approach was proposed in [29] and consists of including the effect of fractality
through a position dependent diffusion coefficient. The model was later modified [14, 17, 35] and exploited to investigate a
large variety of diffusion behaviours in fractal porous media (see, for instance, [32, 33] and related references). Diffusion
on a fractal is said to be anomalous, as in the fractional case, since scaling laws for the physical quantities associated with
diffusive propagation deviate from the corresponding laws valid for diffusion in regular Euclidean structures. One of the
most remarkable results showing this anomalous nature is that the effective diffusion coefficient D is scale-dependent. If b
is the characteristic size of the structure, the diffusion coefficient scales with b as

D ∼ b2−d, (3)

where d > 2 is the diffusion exponent. Then, D → 0 for b → ∞.
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Fractional and fractal approaches have been considered separately hitherto. Despite a few attempts [10, 27], the pos-
sibility to link fractal geometry to fractional calculus is still an open problem. Important advances in this context have
recently been made in the framework of continuum mechanics [5–9] to address the problem of fractal media, i.e. solids
where the deformation is localized on a fractal subset, and in fractional probability calculus to study stochastic differen-
tial equations and non-random fractional phenomena [22]. These approaches are based on recent definitions of fractional
derivative [18,19,21], which have been introduced to overcome some drawbacks related to the classical Riemann-Liouville
one [31].

In the present paper, local fractional calculus [18, 19] is exploited to investigate diffusion problems in fractal media.
For the sake of simplicity, we will focus our attention on the heat conduction problem. The paper is structured as follows:
diffusion quantities with anomalous physical dimensions are firstly introduced (Sect. 2). Then, by means of local fractional
operators (Sect. 3), the basic equations are derived and the problem is rigorously formulated (Sect. 4). Eventually, a simple
transport problem in a fractal bar, in the steady state regime, is solved analytically (Sect. 5).

Note that an attempt to analyze anomalous diffusion in fractals through local fractional calculus has recently been
proposed [11]: on the other hand, the definition of local fractional derivative presented in [11] is based on purely heuristic
arguments and differs substantially from that proposed in [18, 19], as it will be discussed in Sect. 3.

2 Definition of fractal diffusion quantities

When dealing with fractal media, diffusion quantities with anomalous physical dimensions, related to the fractal dimensions
of the domain upon which they are defined, must be taken into account [2, 3].

Let us focus our attention on the heat conduction problem. The singular heat flux through fractal media can be modelled
by means of lacunar fractal sets of dimension Δf = 2 − df ≤ 2 and measure A∗ (Fig. 1a), representing porous cross
sections. The fractal flux q∗, whose dimensions are [F ][t]−1[L]−(1−df ), is a scale-invariant quantity.

Strictly linked to the fractal heat flux q∗ is the fractal gradient of temperature, grad∗ T . The basic assumption is that
temperature discontinuities can be localized on an infinite number of cross-sections, spreading throughout the body.
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Fig. 1 Fractal localization of: flux (a), gradient of temperature (b), energy (c).

Let us consider the simplest uniaxial case of a bar, isolated on the lateral surfaces, whose temperature is kept low at
one end and high at the other by absorbing and transferring, respectively, the same heat quantity Q (Fig. 1a). In the steady
state regime, it can be argued that the projection (over the longitudinal axis z) of the cross sections where the gradient of
temperature localizes, is a lacunar fractal set, with dimension Δg = 1 − dg comprised between zero and one. If the Cantor
set (Δg

∼= 0.631) is considered as an archetype, we may speak of the fractal Cantor thermal bar (Fig. 1b). The gradient of
temperature tends to localize into singular regions, while temperature does not vary in the rest of the body. The temperature
field can be represented by a devil’s staircase graph, that is, by a singular fractal function which is constant everywhere
except at the points corresponding to a lacunar fractal set of zero Lebesgue measure (in (Fig. 1b) it is assumed, for the sake
of simplicity, that the low temperature is zero). Grad∗ T , whose physical dimension [T ][L]dg−1 lies between that of a usual
temperature gradient [T ][L]−1 and that of a temperature [T ]1, reveals to be the scale-independent parameter describing the
continuity equation of the fractal bar (Sect. 4).

Eventually, observe that the lacunar fractal domain Ω∗, with dimension Δω = 3 − dω , where the energy Φ is stored
during a generic diffusion process, is equal to the Cartesian product of the lacunar cross-section with dimension 2 − df

times the cantorian projection set, with dimension 1− dg (Fig. 1c). Thus, a fundamental relationship among the exponents
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is achieved [5]:

dω = df + dg. (4)

3 Local fractional calculus

In order to find mathematical tools suitable to work with functions and variables defined upon fractal domains, researchers
started to examine the possibility of applying fractional operators, i.e. derivatives and integrals of non-integer order. The
application of fractional operators should provide quantities characterized by the requested non-integer physical dimensions
and by peculiar scaling properties. The classical definitions of Fractional Calculus are due to Riemann and Liouville [31].
Their definition of fractional integral can be seen as a straightforward generalization of the Cauchy integral formula (see [5]
for a discussion on the limits of applicability of the classical approach to fractal fields).

Classical fractional calculus is based on nonlocal operators. On the other hand, Kolwankar and Gangal have recently
introduced a new operator called fractal integral [18, 19]. The fractal integral of order α of the function f(x) over the
interval [a, b] is defined as:

Iα
[a,b]f(x) = lim

N→∞

N−1∑

i=0

f(x∗
i )

d−α1dxi(x)
[d(xi+1 − xi)]−α

, (5)

where [xi, xi+1], i = 0, . . . , N − 1, x0 = a, and xN = b, provide a partition of the interval [a, b] and x∗
i is some suitable

point chosen in the subinterval [xi, xi+1], while 1dxi is the unit function defined on the same subinterval. The fractal integral
is a mathematical tool suitable for the computation of fractal measures. In fact, it yields finite values if and only if the order
of integration is equal to the dimension of the fractal support of the function f(x). Otherwise, its value is zero or infinite,
thus showing a behaviour analogous to that of the Hausdorff measure of a fractal set.

Kolwankar and Gangal also introduced the local fractional derivative (LFD) of order 0 < α < 1, whose definition is:

Dαf(x) = lim
t→x

dα[f(t) − f(x)]
[d(t − x)]α

, (6)

dα[f(x)]
[d(x−a)]α being the classical Riemann-Liouville fractional derivative (RLFD) of order α of function f(x), choosing a as
the lower integration limit. Differently from the RLFD, the LFD is a function only of the f(t) values in the neighborhood
of the point x where it is calculated. The RLFD of a fractal function exists as long as its order is lower than the Hölder
exponent characterizing the singularity (critical order). Instead, in the singular points, the LFD (Eq. (6)) is generally zero
or infinite. It assumes a finite value if and only if the order a of derivation is exactly equal to the Hölder exponent of the
graph. For instance, in the case of the well-known devils staircase graph (Fig. 1b) the LFD of order α = log 2/ log 3 (i.e.
equal to the dimension of the underlying middle-third Cantor set) is zero everywhere except in the singular points where it
is finite.

Although the approach is different, the Modified RLFD, introduced by Jumarie as the limit of fractional differences [21],
leads to similar results. On the other hand, the same arguments do not keep true for the local fractional derivative introduced
in [11]:

Dαf(x) = lim
t→x

f(t) − f(x)
tα − xα

, (7)

which differs substantially from the definition presented above (Eq. (6)). Eq. (7) has been derived in somewhat heuristic
way for the investigation of anomalous diffusion process [11] on an infinite domain, and it has been named Hausdorff
derivative. In our opinion this definition is misleading, since the denominator in the right-hand side of Eq. (7) does not
provide any reasonable Hausdorff measure of a fractal set: moreover, for α = 0, the fractional derivative of a function does
not coincide with the function itself, since the right-hand side diverges.

Based on Eq. (6), Kolwankar defined, for functions of several variables, the directional LFD [19]. As a particular case,
in the following we will use the partial LFD. The partial LFD of function f(x, y, z) with respect to x reads:

Dα
x f(x, y, z) = lim

t→x

dα[f(t, y, z)− f(x, y, z)]
[d(t − x)]α

. (8)

4 Formulation of the fractal diffusion problem

The phenomenon of heat conduction in fractal bodies can be described by a set of quantities and of equations which
correspond exactly to those introduced in [6] for fractal elastic bodies.
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4.1 Steady state regime

Diffusion processes are governed by two equations: the continuity equation and the constitutive equation. Before introduc-
ing them, let us take as principal unknown the temperature T . When a fractal body is considered, T maintains its classical
dimension, while the non-integer dimensions of its gradient components become: [T ][L]dg−1. Therefore, they can be ob-
tained by fractional differentiation of the temperature T , according to the definition of LFD outlined in the previous section.
The fractional differential operator [∂α] can thus be introduced, where the order of differentiation is α = 1 − dg:

{grad∗T } = [∂α] T, (9)

and [∂α] explicitly reads:

[∂α] =

⎡

⎢⎢⎢⎣

Dα
x

Dα
y

Dα
z

⎤

⎥⎥⎥⎦ . (10)

Eq. (9) represents a local definition of the fractal gradient: the classical gradient is recovered when α = 1 (dg = 0), while,
when α = 0, the gradient is no longer diffused and reduces to localized temperature discontinuities. Intermediate situations
are described by values of α comprised between 0 and 1.

The continuity equation links the divergence of the vector of the fractal heat flux q∗ = (q∗x, q∗y , q∗z)T to the power

generation per unit volume Q̇∗. Q̇∗ is the amount of heat transferred to the fractal media per unit volume and time: it assumes
non-integer dimensions [F ][t]−1[L]−(2−dw). On the other hand, the dimensions of the fractal flux are [F ][t]−1[L]−(1−df).
The energy balance, for the infinitesimal element in the steady state regime, yields the following scalar equation:

div{q∗} = Q̇∗, (11)

where the divergence operator con be represented in matrix form

div = [∂α]T (12)

and [∂α]T is the transpose of the fractional operator defined in Eq. (10). Thus the Duality Principle, which represents the
basis of Solids Mechanics, still holds true for diffusion problems on fractal media [4].

Likewise, for what concerns the constitutive equation, components of the fractal temperature gradient are proportional,
according to the corresponding coefficients of thermal conductivity, to the respective components of the fractal heat flux
q∗:

⎡

⎢⎢⎢⎣

q∗x
q∗y
q∗z

⎤

⎥⎥⎥⎦ = −

⎡

⎢⎢⎢⎣

k∗
x 0 0

0 k∗
y 0

0 0 k∗
z

⎤

⎥⎥⎥⎦

⎡

⎢⎢⎣

Dx
αT

Dy
αT

Dz
αT

⎤

⎥⎥⎦ , (13)

or in compact form:

{q∗} = −[k∗] {grad∗T }. (14)

Eq. (14) is the Fourier’s law applied to fractal media, and it is called fractal Fourier’s law. Simple dimensional arguments
show that the non-integer physical dimensions of [k]∗ are:

dim[k∗] = [F ][t]−1[T ]−1[L]df−dg . (15)

By denoting with b the characteristic size of the structure, from Eq. (15) it can be deduced that

[k] ∼ [k∗] bdg−df , (16)

which represents the scaling law of the nominal thermal constants. In the logarithmic form:

log[k] = log[k∗] + (dg − df )log b. (17)
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Therefore, the nominal thermal conductivities can be subjected to positive or negative size effects depending on the dif-
ference dg − df . Provided that dg is larger than df , the slope is positive, that is, the coefficients of thermal conductivity
increase as the size increases [12, 34].

Finally, combining Eq. (14) with Eqs. (9) and (11), we obtain the operator equation:
(
[∂α]T[k∗][∂α]

)
T = −Q̇∗, (18)

which has the same form as the fractional Lamé equation for fractal elastic problems [6]. At this point it is clear how,
whereas the fractal gradient and divergence correspond respectively to the fractal kinematic and static operators, the coeffi-
cients of thermal conductivity correspond to the stiffness, the fractal power generation to the fractal external force, and the
temperature to the displacement.

4.2 Transient regime

Since the energy balance in the transient regime yields, instead of Eq. (11), the following equation:

div{q∗} + c∗
∂T

∂t
= Q̇∗, (19)

c∗ being the fractal thermal capacity of the material per unit volume, [c∗] ∼ [L]−(2−dω), Eq. (18) can be generalized as
follows:

(
[∂α]T[k∗][∂α]

)
T = c∗

∂T

∂t
− Q̇∗. (20)

As regards the boundary conditions, they may be of two kinds, as in the elastic problems. In fact on the boundary it is
possible to assign the temperature or the normal fractal heat flux:

T = T0, ∀P ∈ ST (21)
(
[N ]T[k∗][∂α]

)
T = −q∗n, ∀P ∈ Sq (22)

where [N ]T is the cosine matrix on the boundary, corresponding to the fractional derivatives in [∂α]T , in the spirit of
the fractal Gauss-Green Theorem. Let us remind that Gauss-Green Theorem for 3D fractal domains has been proved by
demonstrating the local fractional integration by parts [5]:

{I(β−α)[gf ]}Γ∗ = {Iβ[gDαf ]}Ω∗ + {Iβ[fDαg]}Ω∗ . (23)

where Γ∗ is the boundary of the 3D domain Ω∗.
Fractal interpolation by devil staircase splines [6] can hence be exploited to apply the Finite Element method in the

discretization of heat conduction problems on fractal media, and, more generally, all fractional diffusion problems, which
are governed by equations altogether analogous to those introduced hitherto. Examples of diffusion problems of applica-
tionable importance are, for instance: infiltration of fluids on porous media, for which the scalar is the fluid pressure whilst
k∗ is the matrix of fractal permeabilities of the medium (Eq. (14) represents the generalization of Darcy’s law); electrical
conduction, for which the scalar is the potential, whilst k∗ represents the matrix of the fractal electrical conductivities
(Eq. (14) generalizes the classical Ohm’s law).

Eventually, note that the thermal conductivity in isotropic and homogeneous materials does not vary with orientation
(k∗

x = k∗
y = k∗

z = k∗) and spatial location (k∗ = const), and Eq. (20) simplifies into the well-known form:

k∗∇2αT + Q̇∗ = c∗
∂T

∂t
. (24)

Since the fractal diffusion parameter D∗ can be obtained as the ratio between k∗ and c∗, we get:

dim[D∗] ∼ [L]2−dω−df+dg = [L]2−2df . (25)

Thus:

D ∼ D∗b−2df , (26)

and in logarithmic form:

logD = logD∗ − 2df log b. (27)

The diffusion parameter hence undergoes negative size effects, since it decreases as the size increases. The true scale-
invariant parameter of the diffusion process is the fractal diffusion parameter D∗. Note that Eq. (26) recovers the same
asymptotic behaviour for the parameter D expressed by Eq. (3), provided that df = d/2 − 1.
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5 Fractal thermal bar

In this section, we intend to solve a simple heat conduction problem in the steady state regime, using the mathematical tools
presented above.

Thus, let us consider the uniaxial model of a fractal Cantor thermal bar (Sect. 2) of length b. The longitudinal axis is
z. The bar is isolated on the lateral surfaces and is in contact with two heat reservoirs (Fig. 2), which absorb and transfer
the same heat quantity Q, such that T (0) = 0 and T (b) > 0. A temperature gradient field will arise that is zero almost
everywhere except in an infinite number of points where it is singular. The temperature singularities can be characterized
by the LFD of order equal to the fractal dimension α = 1 − dg of the domain of the singularities, the unique value for
which the LFD is finite and different from zero (Sect. 3).

Without losing generality, let us assume the subset onto which the gradient concentrates to be the triadic Cantor set
C

[0,b]
α built on [0, b], α = ln2/ln3. In order to compute the temperature function T (z), we need the proper constitutive law.

Let us assume, for the sake of simplicity, df = dg: in this case the coefficient of proportionality between heat fractal flux
and fractal gradient of temperature coincides with the one between the nominal quantities, i.e. k (Eq. (16)).
For energetic reasons, the fractal heat flux q∗ is constant and equal to −Q/A∗ throughout the bar. Eq. (14) hence becomes:

DαT (z) =
Q

kA∗ 1
C

[0,b]
α

(z), (28)

where 1
C

[0,b]
α

(z) is the function whose value is one in the points belonging to the Cantor set upon [0, b]. Introducing the

dimensionless quantities T̃ = T/Tb, z̃ = z/b (z̃ ∈ [0, 1]), we can apply the scaling property expressed by (a = 0, [28]):

Dq
0+f(bx) =

dqf(bx)
[dx]q

= bq dqf(bx)
[d(bx)]q

, (29)

which is valid also for the LFD, to get DαT (z) = b−αTbD
αT̃ (z̃). Eq. (28) can therefore be expressed in dimensionless

form as follows:

DαT̃ (z̃) =
Qbα

EA∗Tb
1C(z̃), (30)

where C is the triadic Cantor set built on [0, 1]. In this form, the solution of the differential equation (30) can be obtained
directly [8]:

T̃ (z̃) =
Qbα

kA∗Tb

SC(z̃)
Γ(1 + α)

, (31)

Q

z

b

T(z)0
Q b*

k A*

Q

T=0

T>0

Fig. 2 Temperature field in a fractal thermal bar subjected to an axial heat flux.
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where SC(x) is the Cantor staircase built on the interval [0, 1] and rising from 0 to 1. Recovering the physical quantities
yields:

T (z) =
Qb∗

kA∗ SC

( z

b

)
, (32)

where b∗ = bα

Γ(1+α) is the fractal measure of the subset onto which gradient concentrates. Eq. (32) is plotted in Fig. 2.
Let us emphasize that the Cantor staircase, introduced geometrically in Sect. 2, is now obtained analytically. Notice that,
according to Eq. (32), we find that the temperature T (b) is equal to Qb∗

kA∗ , i.e. T (b) ∼ bα. This means that the temperature
increases less than linearly with the bar length, as occurs in the classical case. From the point of view of the overall gradient
of temperature gradT = T (b)/b, we get gradT ∼ b−(1−α): it decreases with the size as a consequence of the gradient
localization on a lacunar fractal subset.

6 Conclusions

In the present work, diffusion processes in fractal media, i.e. solids where the gradient of the real field variable is local-
ized on a fractal subset, are investigated. The proposed approach is based on local fractional calculus, which deals with
nowhere differentiable functions. By taking the order of the fractional derivative equal to the fractal dimension of the do-
main where the function is defined, the heat conduction problem is rigorously formulated and the analytical solution of a
simple diffusion process in the steady state regime is provided.
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