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Abstract

Reinforced concrete (RC) structures are usually designed to provide a ductile
response under bending loadings. To this aim, most codes of practice impose
lower and upper limits to the steel ratio in order to prevent unstable crack
propagation and to avoid brittle failure due to concrete crushing without steel
yielding. Within these limitations, elastic analysis with moment redistribution or
even plastic analysis can be adopted for RC structures. In this context, size-scale
effects are usually disregarded, leading to unsafe design conditions in the case of
large structures. : :

In the present study, the limitations of the prescriptions provided by the European
and American building codes concerning the admissible plastic rotation and
moment redistribution are highlighted. In particular, using a numerical algorithm
based on the finite element method and on nonlinear fracture mechanics con-
cepts recently developed by the present authors, the mechanical behaviour of the
plastic hinge region of RC beams in bending is simulated. The results show that
the effect of the structural dimension should be explicitly introduced in the code
prescriptions for a safe structural design, by considering different design curves
depending on the size-scale of the beams.

Keywords: plastic rotation; moment redistribution; size effects; code prescrip-
tions; nonlinear analysis; nonlinear fracture mechanics.

Introduction

The develo}pinent of considerable duc-

tility in the ultimate limit state is a

key issue in the design of reinforced

concrete (RC) beams in bending.}®"

The interest in ductility was formerly
connected with the diffusion of plas-
tic analysis in the design of RC struc-
tures.>>% In this context, in fact, the
rotational capacity is required to allow
for the bending moment redistribution
in statically indeterminate structures.
Besides, the ductility contributes to
satisfy many other requirements, which
are absolutely necessary in order to
guarantee the structural safety, as, for
example, to give warning of incipient
ccollapse by the development of large
deformation prior to collapse and to
enable major distortions and energy
dissipation during earthquakes.

Due to the complexity of the phenom-
enon, the first contribution to the study
of the rotational capacity came from
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the experimental program coordinated
by the “Indeterminate Structures
Commission” of the Comité Européen
du Béton”® in the early 1960s. Over
350 tests were performed in different
laboratories and countries. A statisti-
cal evaluation of the results, proposed
by Siviero in 1976,° gave the basis for
the following hyperbolic relationship
between plastic rotation %, and rela-
tive neutral axis depth x/d:
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where x is the distance of the neutral
axis from the compressed edge at the
ultimate condition and d is the effec-
tive depth of the beam cross section.
This expression was assumed by the
Model Code 78 to solve the problem
of plastic rotation evaluation for prac-
tical purposes.

A second fundamental contribution
came from the research carried out
in the early 1980s at the University of
Stuttgart®. In that study, an analytical
model was developed to describe the
behaviour of plastic hinges, consider-
ing that the final collapse can result

“either from steel rupture or from con-

crete crushing. The obtained results led
to the formulation of the prescriptions
of Model Code 90 and Eurocode 2.1
The diagram provided by Eurocode 2
for assessing the admissible rotational
capacity of RC beams as a function of
the relative neutral axis position x/d is
shown in Fig. 1. The dashed lines refer
to high-ductility steel, while the solid
ones to normal-ductility steel. In' the
case of a step-by-step plastic structural
analysis, the designer has to verify that
the rotation required for the moment
redistribution is lower than the admis--
sible one. To this aim, for a given value
of x/d obtained from the application
of the ultimate state analysis, Fig. I
can be used to determine the admis-
sible plastic rotation as function of the
concrete grade. It has to be noted that
the size-scale effects on the rotational
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Fig. 1: Plastic rotation versus relative neutral axis position relationships by Eurocode 2
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capacity of RC beams are not consid-
ered, although the dependence on the
structural dimension was recognized in
several experimental tests.H*1413

A different approach is proposed in the
American Concrete Institute (ACI) 318
Building Code' for the linear-elastic
analysis with a moment redistribution
procedure. In this case, the evaluation
of the plastic rotation required by the
plastic hinges is avoided by limiting
the percentage of moment redistribu-
tion. Such a limit can be obtained by
entering into the diagram in Fig. 2 the
coefficient of resistance M,/(f, bd?) for
a given concrete compressive strength.
Such curves have been selected in order
to be the most conservative ones with
respect to the beam slenderness and to
the steel yielding strength.® Therefore,
as-a main difference with respect to the
European approach, the ACI prescrip-
tion introduces a safety factor for the
admissible moment redistribution.

From the modelling point of view, the
assessment of the available ductility
is difficult to achieve because of the
simultaneous presence of different
nonlinear contributions: crack opening
in tension, concrete crushing in com-
pression and steel yielding or slippage.
On the other hand, oversimplifica-
tions, based on the hypotheses usually
assumed for the evaluation of the
structural resistance, as, for example,
to neglect the concrete contribution
in tension and to describe the nonlin-
ear behaviour of concrete in compres-
sion and steel in tension by means of
o—¢ constitutive laws, do not permit
the modelling of all the experimen-
tally observed effects on the ductility
of RC beams in bending. In particular,
it is impossible to catch the size-scale

- effects, because the aforementioned

constitutive laws consider energy dis-

sipation only within the volume in the
nonlinear regime. In this context, sig-
nificant contributions were given by
the original experimental insight by
van Mier'S and by the pioneering con-
stitutive model proposed by Hillerborg
in 1990, who introduced the con-
cept of strain localization in concrete
in compression. According to the
approach by Hillerborg, when the ulti-
mate compressive strength is achieved,
a strain localization takes place within
a characteristic length proportional to
the depth of the compressed zone. This
model permits one to address the issue
of size effects, although the length over
which the strain localization occurs is

a free parameter and its value is not

defined on the basis of theoretical
arguments.

In the present paper, the main fea-
tures of a numerical method recently
developed by the present authors,'$%
which is able to describe the nonlin-
car behaviour of RC members dur-

ing both fracturing and crushing, are

briefly outlined. In particular, it will be

shown that the tensile cracking phe-

nomenon can be described by means
of the well-established Cohesive Crack
Model (CCM), and that the crushing
process can be efficiently analysed
according to the Overlapping Crack
Model (OCM), which considers a fic-
titious material interpenetration in
the post-peak regime.?’ With the pro-
posed algorithm implemented in the
finite element method, it is possible to
completely capture the moment versus
rotation response under monotonic
loadings, taking into account the main
nonlinearities. As a result of a paramet-
ric investigation, plastic rotation versus
neutral axis position curves is deter-
mined, which is found to be dependent

on the structural dimension and on the-

steel percentage. It can also be seen
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“Fig. 2: Admissible moment redistribution versus coefficient of esistarce diagrant by ACT
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that the European prescriptions are not
conservative in the case of large struc-
tural sizes. These results are then used
to compute the percentage of moment

-redistribution versus the coefficient of

resistance, which can be directly com-
pared with the ACI Building Code pre-
scriptions. In this case, it is shown that
the ACI prescriptions are in general

. conservative for standard beam depths

and slenderness values. However, they
become unconservative for very deep
and/or slender beams.

Numerical Approach

-In this section, the numerical algorithm

I 18,1

proposed by Carpinteri et a for the

analysis of the behaviour of RC ele-

ments in bending is briefly described.
This model permits the study of a por-
tion of an RC beam subjected to a con-
stant bending moment M. This element,

" having a span to depth ratio equal to

unity, is representative of the zone of a
beam where a plastic hinge formation
takes place. It is assuméd that fractur-
ing and crushing. processes are fully
localized along the mid-span cross sec-
tion of the element. This assumption,
which is fully consistent with the phys-
ics of the crushing phenomenon, also
implies that only one equivalent main
tensile crack is considered. The load-
ing process is characterized by crack
propagation in tension, steel yielding
and/or slippage, as well as concrete
crushing in compression.

Constitutive Models ’
In the proposed algorithm, the behav-
iour of concrete under tension is
described by means of the cCM A
which was largely used in the past to
study the ductile-to-brittle transition
in plain concrete beams in bending,??
According to this model, the adopted
constitutive law is a stress—strain
linear-elastic relationship up to the
achievement of the tensile strength
Oy, for the undamaged zone, and a
stress—displacement relationship
describing the material behaviour in
the process zone. In particular, the
cohesive stresses are considered to be
linear decreasing functions of the crack
opening w'. The critical crack opening
displacement beyond which the trans-
ferred stresses vanish is equal to w';
= 0,1 mm, and the fracture energy Gg

. is assumed to vary from 0,05 to 0,15

N/mm depending on concrete strength
and maximum aggregate diameter,
according to the prescriptions given in
the Model Code 90.1°
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As far as modelling of concrete crush-
ing failure is concerned, the OCM
introduced by Carpinteri et al? is
adopted. According to this approach,
which has been strongly confirmed
by experimental results’®** and was
related to the pioneering work by
Hillerborg,'” the inelastic deformation
in the post-peak regime is described
by a fictitious interpenetration of the
material, while the remaining part
of the specimen undergoes an elastic
unloading. As a result, a pair of consti-
tutive laws for concrete in compression
is introduced, in close analogy with the
CCM: a stress-strain relationship for
the undamaged material (Fig. 3a), and
a stress—displacement (overlapping)
relationship for the post-peak con-
crete crushing (Fig. 3b). The latter law,
which is approximated by a linear soft-
ening relationship for modelling pur-
poses,?® describes how the stress in the
damaged material decreases from its
maximum value as the fictitious inter-
penetration increases. It is worth noting
that the crushing energy G¢, which is a
dissipated surface energy, is defined as
the area under the post-peak softening
_curve in Fig. 3b. It can be considered
as a true material property, since it is
not affected by the structural size, as
shown in Ref. [20] in case ‘of plain or
fibre-reinforced concretes. In case of
. lateral confinement exerted by stirrups,
an empirical equation to calculate the
crushing energy has been recently pro-

posed by Suzuki et al.® By varying the

concrete compressive strength from 20
to 90 MPa, the crushing energy ranges
from 30 to 58 N/mm. The critical value
for the crushing interpenetration is
experimentally found to be approxi-
mately equal to 1 mm (see also Jansen
and Shah?%). This value is a decreasing
function of the compressive strength,
and an increasing function of concrete
confinement.

As far as the behaviour of steel rein-
forcement is concerned, it is impos-
sible to adopt the classical o—¢ laws,
since the kinematics of the mid-span
cross section of the reinforced con-

®)

Fig. 3: Overlapping Crack Model for con-
crete in compression: (a) linear-elastic 0—&

crete member is described by means
of displacements, instead of strains.
To this aim, constitutive relationships
between the reinforcement reaction
and the crack opening displacement
are obtained by means of preliminary
studies carried out on the interaction
between the reinforcing bar and the
surrounding concrete. In particular, the
integration of the differential slips over
the transfer length Z; is equal to half
the crack opening at the reinforcement

level, whereas the integration of the

bond stresses gives the reinforcement
reaction. A simplified procedure of
such an approach have been proposed
by Ruiz et al.?® Typically, the obtained
relationships are characterized by an
ascending branch up to steel yield-
ing, to which corresponds the critical
value of the crack opening for steel wy.
After that, the steel reaction is nearly
constant.

Numerical Algorithm

A discrete form of the elastic equations
governing the mechanical response of
the two half-beams is herein intro-
duced. The reinforced concrete mem-
ber is considered as constituted by two
symmetrical elements characterized
by an elastic behaviour and connected
by means of n pairs of nodes (Fig. 4a).
In this approach, all the mechanical
nonlinearities are localized in the mid-
span cross section, where cohesive and
overlapping stresses are replaced by
equivalent nodal forces F; by integrat-
ing the corresponding stresses over
the nodal spacing. Such nodal forces
depend on the nodal opening or clos-
ing displacements according to the
cohesive or overlapping softening laws
previously introduced.

With reference to Fig. 4a, the hori-
zontal forces F; acting at the ith node
along the mid-span cross section can
be computed as follows: '

H A
— “Noden’
Node i 3 Iy n
F——H—F,
F, H_F
Node r Node 1
i L
@ | =

“law; (b) post-peak softening O—w
relationship
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{F}=[K,[{w}+{K\ }M ©)

where {F} is the vector of nodal forces,
[K,] is the matrix of the coefficients of
influence for the nodal displacements,
{w} is the vector of nodal displace-
ments and {&j/ is the vector of the
coefficients of influence for the applied
moment M.

Equation (2) constitutes a linear
algebraic system of n equations and
(2n + 1) unknowns, {F}, {w} and M.
With reference to the generic situa-
tion reported in Fig. 4b, n additional
equations can be introduced by con-
sidering the constitutive laws for con-
crete in tension and compression and
for the reinforcement in the node r
(see Refs. [19, 27] for more details).
The last additional equation derives
from the Strength criterion adopted
to govern the propagation processes.
At each step of the loading process,
in fact, either the force in the ficti-
tious crack tip m is set as equal to the

ultimate tensile force Fy, or the force

in the fictitious crushing tip p is set

as equal to the ultimate compressive

force F.. It is important to note that -
the condition for crack propagation

(corresponding to the achievement

of the tensile strength at the fictitious

crack tip m) does not imply that the

compressive strength is reached at

the corresponding overlapping crack

tip p and vice versa. Hence, the driv-

ing parameter of the process is the

tip, which in the considered step has

reached the limit resistance. Only

this tip is moved when passing to the

next step. This criterion will ensure

the uniqueness of the solution on the .
basis of physical arguments. Finally, at

each step of the algorithm, it is pos-

sible to calculate the beam rotation 2

as follows:

9={D,} {wh+D,M 3)

Overlapping

Node m —

Cohesive
crack

Fig 4~ Finite element nodes—(a) and force distribution with cohesive crack in tension and

crushing in compression (b) along the mid-span cross-section
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where {D,,} is the vector of the coef-
ficients of influence for the nodal dis-
placements and Dy, is the coefficient
of influence for the applied moment.
It is worth noting that Egs. (2) and
(3) permit the analysis of the fractur-
ing and crushing processes of the mid-
span cross section, taking into account

the elastic behaviour of the reinforced.

concrete member. To this aim, all the
coefficients are computed a priori
using a finite element analysis.

Limits of the Prescriptions of
the Eurocode 2 Part 1-1 and

~ the New Proposal

In this section, the results of a detailed
parametric study carried out to anal-
yse the effect of each parameter to
the overall response, with particular
regard to the plastic rotational capac-
ity, are presented. With reference to the
typical moment versus rotation curve
obtained by the application of the pro-
posed algorithm shown in Fig 5, the
plastic component of the total rota-
tion can be obtained as the difference
between the ultimate rotation and the
rotation corresponding to the rein-
forcement yielding. According to the
definition proposed by Hillerborg!’
and Pecce,?® the ultimate rotation is
the rotation beyond which the moment
starts descending rapidly.

It is important to note that, since the
mechanical nonlinearities are localized
along the mid-span cross section, the
length of the RC element L influences
only the elastic part of the moment
versus rotation response. Such an
effect is linearly proportional to the
applied bending moment. Therefore,
its contribution decreases by reduc-
ing the tensile reinforcement ratio. On
the contrary, it does not influence the
nonlinear contribution to the overall
beam behaviour; that is, the plastic
rotation and the moment redistribu-
tion capabilities are not affected by L.
This hypothesis has been confirmed by
the numerical/experimental compari-

M (kNm)

% (rad)

sons proposed by Carpinteri et al?'?

in case of beams with different sizes
and slenderness.

The results of the parametric analysis
can be summarized in a plastic rotation
versus relative neutral axis position,
x/d, diagram. This is also consistent
with the practical prescriptions of the
Eurocode 2.!! The numerical results
referred to different beam depths are
compared in Fig. 6 with the curve pro-
vided by Eurocode 2 for high-ductil-
ity steel and concrete compressive
strength less than or equal to 50 MPa.
Beams with a depth equal to 0,2 m have
a rotational capacity greater than that
suggested by the code. On the other
hand, by increasing the beam depth
up to 0,8 m, the rotations provided by
the code appear to be unconservative.
It is worth noting that the numerical
results for z = 0,4 m are, however, in

. good agreement with the curve pro-

vided by the code, which represents
the 5% fractile of the plastic rotations

of beams or slabs with depth of about

0,3 m (see Eligehausen et al.* for more
details). In order to improve the code
provisions, the effect of the structural
dimension should be explicitly taken
into account by considering different
design curves such as, for instance,
those proposed in Fig. 6.

The effect of shear cracks on the ductil-
ity of plastic hinges (see the conclusive
studies by Bachmann® and Dilger®?)
is not explicitly considered in the pres-
ent method since the maximum plastic
rotation is not limited by the behaviour
of the tensile side. In the existing con-
ventional approaches, where the rota-
tion is obtained by the integration of
the axial deformations over a length
corresponding to the extension of the
region where steel yielding takes place,

¢

the shear effect is taken into account
by increasing such a plastic length. In
the proposed model, where all the non-
linearities are localized in a single cross
section, such an effect can be accounted
for by increasing the maximum crack
opening displacement corresponding
to the achievement of a limit value
imposed on the steel tensile strain or
to the steel bar rupture. In this manner,
the equivalence between the single ten-
sile crack that propagates at the mid-
span of the RC element and the several
cracks developing in the plastic hinge
zone will be guaranteed. However, in
this respect, it is important to remark
that no upper limits have been imposed
to the value of the crack opening in the
present computations, except for very
low steel percentages where, on the
other hand, flexural failure takes place
without a significant development of
shear cracks. It has been found that the
rotational capacity is fully limited by
concrete crushing, which determines a
decrease in the resistant moment at the
end of the plastic plateau, and not by
the constitutive behaviour in tension.
Therefore, the obtained plasticrotations
have to be considered as the maximum
rotations allowed by the behaviour
of the compression side, which is not
influenced by shear cracks.

Limits of the Prescriptions of
the ACI Building Code and the
New Proposal

In this section, the existence of lim-
its to the prescriptions of the ACI
Building Code due to size-scale effects
is investigated. To this aim, the allow-
able degree of moment redistribution
is determined from the available rota-
tion capacity of plastic hinges necessary

Ppp, (mrad)
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Fig. 5: Definition of plastic rotation
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Fig-6: Predicted plasticrotation for different beam depths (solid lines) compared to the

Eurocode 2 prescription (dashed line)
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to develop a collapse mechanism in a
statically indeterminate RC member.
Two limit conditions from the point
of view of the structural system are
considered: a continuous beam over
three supports, and a fixed-end two-
span continuous beam. In both cases, a
uniformly distributed load g is applied.
. When the top reinforcement amount
is equal to the bottom reinforcement
amount, for example, the stiffness for
negative moments (EI)” equals that
for positive moments (EI)", and the
elastic bending moment acting at the
central support is given by:
" M=kql? (4)
where kis equal to 0,125 for the continu-
ous beam over three supports and 0,083
for the fixed-end two-span continuous
beam. It is worth noting that, strictly
speaking, such values for the parameter
k are no longer valid when (EI)~ dif-
fers from (EI)*. In these cases, in fact,
the indeterminate bending moment
is influenced by the variation of the
flexural stiffness along the beam span.
When the ultimate resistant moment
Mpy is reached, a plastic hinge starts to
-develop by the central support. At this
point, each span is able to bear a load
increment Aq, according to the scheme
of simply supported beam (M = AgL?*/8).
From the kinematic point of view, and
dgnoring the resistant moment capac-

ity of the mid-span cross section, Ag is -

limited by the rotational capacity of the
plastic hinge according to the following
expression: :
Ag AEL O

L2 )
where L is the beam span, E is the
concrete elastic modulus, and I is a
moment of inertia which takes into
account the variation of the flexural
stiffness along the beam span accord-
ing to the study performed by Cosenza
et al®® The admissible rotation pr,
obtained from the diagrams in Fig. 6
as a function of x/d and of the beam
depth is divided by 2 because of the
symmetry of the problem. In this way,
it is possible to evaluate the moment
redistribution factor as follows:

Mmi%;[1——?é£)1oo

= 6)
where Mg; isthe elasticbending moment
at the central support due to the effect
of the ultimate load carried out by the
beam after redistribution, (¢ + Ag). It

The admissible redistribution is shown

in Fig. 7 as a function of the coefficient
of resistance defined by ACI Building
Code for a concrete compressive
strength f, = 40 MPa, a slenderness L/d
=30 (dis the effective beam depth) and
different beam depths. In this diagram,
only the fixed-end two-span continu-
ous beam is analysed. Consistently
with the size-scale effects on the rota-
tion capacity evidenced in Fig. 6, the

allowable moment redistribution is
now a decreasing function of the beam
depth. It is worth noting that the curve
provided by the ACI Building Code for
f. = 41 MPa (6000 psi) becomes uncon-
servative for beam depths higher than
approximately 1m. - :

The effect of slenderness is analysed
in Fig. 8 for f, = 40 MPa, h = 2 m and’
fixed-end two-span continuous beam.
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£.=40 MPa
Lid=30
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Fig. 7: Predicted admissible redistribution versus coefficient of resistance for different
beam depths (solid lines) compared to the ACI prescription (. dashed line)
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Fig. 8: Predicted admissible redistribution versus coefficient of resistance for different
beam slendernesses (solid lines) compared to the ACI prescription (dashed line)
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structural systems (solid lines) compared to the ACI prescription (dashed line)

hypothesis of uncracked cross sections.
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The higher the slenderness, the lower
the moment redistribution, as already
pointed out in Ref. [6]. For L/d = 20
and L/d = 30, the ACI prescription is
unconservative. Finally, the effect of
the constraints is investigated in. Fig. 9
for f, =40 MPa, h = 2 m and L/d =
30. The redistribution capacity of a
fixed-end two-span continuous beam
is slightly lower than that of a continu-
ous beam over three supports, as was
also found in Ref. [6].

Conclusions

In the present paper, a numerical
method able to describe the nonlinear
behaviour of RC members during both
fracturing and crushing has been pre-
sented. With the proposed algorithm,
which is based on nonlinear fracture
mechanics concepts, it is possible to
completely capture the moment ver-
sus rotation response under mono-
tonic loadings, taking into account the
main nonlinearities. In particular, the
behaviour of plastic hinges has been
analysed to highlight the limits of the
prescriptions of the Eurocode 2 and
the ACI-Building Code and to provide
new easy-to-use design diagrams.

As regards Furocode 2, the numeri-
cal results summarized in Fig. 6 show
that the plastic rotation of RC beams is
not dependent only on the neutral axis
position. This assumption, in fact, leads
to unconservative predictions for deep
beams. In order to improve the code
provisions, the effect of the structural
dimension should be explicitly intro-
duced by considering different design
curves as, for instance, those proposed
in Fig. 6.

The allowable moment redistribution
versus coefficient of resistance has also
been computed and compared with
the ACI Building Code prescriptions.
Such prescriptions are, in general,
conservative for standard beam depth
and slenderness, because of the fact
that they involve a safety factor with
respect to the effects of slenderness
and steel yielding strength.”> However,
the results in Figs. 7 and 8 show that
they become unconservative for very
deep and/or slender beams. Also in this
case, the effect of the structural dimen-

- sion should be taken into account by
considering different design curves, as
those proposed in Figs. 7-9.
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