
Analysis of Snap-Back Instability due to End-Plate
Debonding in Strengthened Beams

A. Carpinteri, F.ASCE1; and M. Paggi2

Abstract: The problem of end-plate debonding of the external reinforcement in strengthened concrete beams is analyzed in this paper.
As experimentally observed, this mode of failure is highly brittle and poses severe limitations to the efficacy of the strengthening
technique. A numerical analysis of the full-range behavior of strengthened beams in bending is herein proposed to study the stages of
nucleation and propagation of interfacial cracks between the external reinforcement and the concrete substrate. This is achieved by
modeling the nonlinear interface behavior according to a cohesive law accounting for Mode Mixity. The numerically obtained load versus
midspan deflection curves for three- or four-point bending beams show that the process of end-plate debonding is the result of a snap-back
instability, which is fully interpreted in the framework of the Catastrophe Theory. To capture the softening branch with positive slope, the
interface crack-length control scheme is proposed in the numerical simulations. The results of a wide parametric study exploring the effect
of the relative reinforcement length, the mechanical percentage of fiber-reinforced polymer sheets, the beam slenderness, and the ratio
between Mode II and Mode I fracture energies are collected in useful diagrams. Finally, an experimental assessment of the proposed
model completes the paper.
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Introduction

The issue of upgrading the existing civil engineering infrastruc-
tures has a strong economic and social impact. Deterioration of
bridge decks, beams, girders and columns, buildings, parking
structures, and others may be attributed to aging, environmentally
induced degradation, poor initial design and/or construction, lack
of maintenance, and to accidental events such as earthquakes. At
the same time, seismic retrofit has become at least equally impor-
tant, especially in areas of high seismic risk.

Recent developments related to materials, methods and tech-
niques for structural strengthening have been enormous. One of
today’s state-of-the-art techniques is the use of fiber-reinforced
polymer �FRP� composites, which are currently viewed by struc-
tural engineers as “new” and highly promising materials in the
construction industry �Hollaway and Leeming 1999; Oehlers and
Seracino 2004�.

Strengthening of concrete structures by means of externally
bonded reinforcement is an efficient technique that relies on the
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composite action between a reinforced or prestressed concrete
element and the externally bonded reinforcement. To guarantee
the overall structural safety of the strengthened member, it is
important that a proper bonding of the FRP to the concrete sub-
strate is correctly designed, detailed and executed. The ability of
transferring forces by means of the bond interface is considered
as a crucial point by almost all the advanced design codes
throughout the World �American Concrete Institute 1996; fib Bul-
letin 2001; JCI 2003; CNR 2004�.

In spite of the increase in global stiffness of the retrofitted
beam, the ductility of a strengthened tensile or flexural member is
usually lower than that of the unstrengthened one. This is espe-
cially the case for premature debonding failures and high
strengthening ratios. So far, to guarantee adequate ductility of
strengthened flexural members, the EC2, Section 2.5.3.4.2 �5�
�CEN 1991� gives a limitation on the depth of the compressive
zone at the ultimate condition. The extension of this design pre-
scription to FRP or plated strengthened flexural members is
highly questionable, since it completely neglects the effect of the
failure modes typical of FRP systems, namely the end-plate deb-
onding �Smith and Teng 2002a,b� and the intermediate crack in-
duced debonding �Teng et al. 2003�.

The focus of the proposed contribution is the analysis of the
stability of the mechanical response of FRP-retrofitted beams
tested according to the standard test methods used in the labora-
tories �three- or four-point bending tests� and failed due to end-
plate debonding. This is motivated by the fact that most of the
existing studies are concerned with the analysis of the interfacial
stresses �Taljsten 1997; Malek et al. 1998; Ascione and Feo 2000;
Smith and Teng 2001�, with the prediction of the critical loads
according to limit-states-design principles �Smith and Teng

2002a,b� or with the evaluation of the bond-slip law �De Lorenzis
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et al. 2001; Ferracuti et al. 2007�. Comparatively, little attention
has been given to the analysis of the full-range behavior of retro-
fitted beams in bending, from the onset of delamination up to
their final failure �Carpinteri et al. 2007b�.

To this aim, a coupled interface cohesive model is proposed,
which differs from other modeling strategies by the fact that the
effect of Mode Mixity can be properly modeled, with the possi-
bility to specify different cohesive properties for Mode I and
Mode II deformations. The need for developing such a method in
the framework of the cohesive zone model is motivated by the
fact that analytical approaches based on linear elastic fracture
mechanics failure criteria require the evaluation of the energy
release rate, with a considerable analytical effort �Rabinovitch
and Frostig 2001; Rabinovitch 2004; Au and Büyüköztürk 2006;
Bruno et al. 2007�. Hence, the main drawback of such approaches
is a lack of applicability in daily engineering practice, as recently
pointed out by Rabinovitch �2004�. The use of the finite-element
method with an interface cohesive zone model is therefore very
appealing for the analysis of real problems with complex bound-
ary conditions. This approach was employed by Wang �2006� for
the analysis of intermediate crack induced debonding, although he
considered only Mode II deformations. Very recently, De Loren-
zis and Zavarise �2008� have proposed a cohesive zone model for
Mixed Mode debonding in the peel test applied to superficial
reinforcements. With respect to the present approach, they con-
sidered an uncoupled formulation between the Modes of defor-
mation.

In this respect, the analysis of the existing literature shows that
the peel test problem and the pull-pull testing setup have received
a major attention in the literature as compared to the behavior of
retrofitted beams in bending. More specifically, the issue of sta-
bility of the debonding process in these systems has recently been
addressed by Ferracuti et al. �2006� and by Ali-Ahmad �2007�,
who showed the occurrence of snap-back instabilities in the shear
load-tangential slip response. The analysis of the unstable behav-
ior of the beams in bending is therefore a natural prosecution of
this research, although the problem is much more complex. In the
present paper, the snap-back instability due to edge-debonding is
captured by introducing a novel nonlinear control method, re-
ferred to as interface crack-length control scheme. The resulting
interpretation of the end-plate debonding failure mode within the
Catastrophe Theory is also an unprecedented contribution to the
research in this field.

Background

Bond is necessary to transfer forces from concrete to the FRP
sheet, hence bond failure modes have to be properly taken into
account in structural design. Bond failure in the case of externally
bonded reinforcement implies the complete loss of composite ac-
tion between the concrete member and the FRP reinforcement,
and occurs at the interface between the reinforcement and the
concrete substrate. Very often, debonding starts growing from the
FRP cutoff point due to the high stress-concentration and then
propagates toward the midspan position: in this case we deal with
end-plate debonding �Triantafillou and Pelvris 1992; Arduini et
al. 1997; Leung 2001,2004; Smith and Teng 2002a,b; Leung and
Yang 2006; Carpinteri et al. 2007a,b,c�.

On the other hand, localized debonding, also referred to as
intermediate crack induced debonding �Alaee and Karihaloo
2003; Teng et al. 2003; Leung 2004; Wang 2006�, can also occur

and it corresponds to a local failure in the bond zone between
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concrete and FRP. In this case, the reduction in bond capacity
between concrete and FRP is limited to a small area, e.g., a loss in
bond length of 2 mm next to a crack in a flexural member. There-
fore, according e.g., to the fib Bulletin �2001�, localized debond-
ing is not a failure mode which will definitely cause the loss of
load carrying capacity of a retrofitted member. When localized
debonding propagates, and composite action is lost in such a way
that the FRP reinforcement is not able to carry loads anymore,
this failure is called peeling-off. If no stress redistribution from
the externally bonded FRP reinforcement to the embedded rein-
forcement is possible, peeling-off will result into a sudden and
brittle failure, as for the end-plate debonding failure mode.

Bond failures may occur at different interfaces between the
concrete and the FRP reinforcement. According to the fib Bulletin
�2001�, the following classification can be proposed
1. Concrete cover separation: an interface crack propagates in

concrete near the FRP-concrete interface or along a weak-
ened layer, e.g., along the line of the embedded steel rein-
forcement.

2. Cohesion failure: debonding in the adhesive. As the tensile
and shear strengths of the adhesive �epoxy resin� are usually
higher than those of concrete, failure will normally occur in
concrete. In this case, a thin layer of concrete �a few milli-
meters thick� will remain attached to the FRP sheet. Debond-
ing may occur through the adhesive only in special cases,
e.g., at high temperatures or when the concrete strength is
unusually high.

3. Adhesion failure: debonding at the interfaces between con-
crete and adhesive or adhesive and FRP. These failure modes
will only occur if there is insufficient surface preparation
during the FRP application process, because the cohesion
strength of epoxy resins is lower than the adhesion strength.

Among them, the first failure mode is far more frequently
observed in the experiments and is schematically shown in Fig. 1.
Hence, as far as end-plate debonding is concerned, this failure
mode usually involves the weakest link between the adhesive, the
substrate and the bondline, or even a combination of them. The
use of interface elements with a cohesive model is appropriate for
the study of both cohesive/adhesive failures and for modeling
concrete cover separation, provided that the mechanical param-
eters are those of the interface intended in a broad sense �Wang
2006�.

Numerical Approach

Finite-Element Model

A two-dimensional model of the retrofitted beam, taking advan-

Fig. 1. Edge debonding of the FRP for a three-point-bending
strengthened concrete beam
tage of the symmetry of the problem, can be considered in the
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finite element �FE� discretization. Plane stress eight-noded finite
elements are used for the discretization of the continuum. As a
first approximation, since we are mainly interested in the analysis
of the growth and stability of the delamination process, concrete
and FRP are assumed to behave linear elastically and only the
nonlinear behavior of the interface is retained in the model. This
is consistent with the majority of the models published in the
Literature �see e.g., Carpinteri et al. �2008�, Bruno et al. �2007�,
De Lorenzis et al. �2006�, Au and Büyüköztürk �2006�, Wang
�2006�, Rabinovitch �2004�, and Smith and Teng �2001��, al-
though a nonlinear constitutive model for concrete could also be
considered in the FE framework. Such an approach is a simplifi-
cation of the behavior of a real FRP-plated RC beam, in which
concrete is not strictly linear-elastic. However, this simplified as-
sumption allows to make the problem numerically treatable and is
usually considered as acceptable for the analysis of the brittle and
unstable character of end-plate debonding �Rabinovitch 2004�.
Moreover, if on the one hand this approach allows studying one
failure mode independently from the others, on the other hand a
complete scenario on the interaction between the different failure
modes can be obtained a posteriori, by comparing the correspond-
ing failure maps �see Carpinteri et al. 2007c, 2009�. In any case,
the reliability of the proposed assumption will be checked by
direct comparison with experimental results �see the section on
Comparison with Experimental Results�.

Hence, retaining only the nonlinear behavior of the interface in
the model, the effect of the interface constitutive law on the re-
sponse of the mechanical system can be deeply investigated. This
subject is considered to be worth investigating by the Scientific
Community and deserves deeper analyses �Nanni 2003�.

As regards the FRP-concrete bimaterial interface, zero-
thickness interface elements are used. The mechanical behavior of
such elements is usually described by a suitable interface consti-
tutive law, where the equivalent nodal forces transmitted along
the interface are related to the displacements discontinuity, i.e.,
the slip between the two materials, according to nonlinear springs
�see also Paggi et al. �2006� for a detailed overview of mathemati-
cal methods for interface constitutive laws�. Recent design codes
�JSCE-E 543 2000; fib Bulletin 2001; CNR 2004� suggest the use
of bond-slip relationships obtained from the simplified bond test,
also referred to as direct shear test. This test consists in a classical
pull-push configuration, where an axial force is applied to the
FRP sheet bonded to a concrete block which is constrained from
movement �see also Ali-Ahmad et al. �2007� for more details�.
The properties of the FRP-concrete interface are derived from the
experimentally measured surface strains in the FRP and the con-
crete evaluated in correspondence of difference loading levels.
The obtained tangential traction versus relative tangential dis-
placement curves can show a highly nonlinear behavior of the
interface �Ferracuti et al. 2007�, which is often simplified into a
bilinear diagram for design purposes �see Fig. 2�. In this frame-
work, the bond-slip curve is characterized by few parameters: the
peak shear traction, �max, the relative slip at the peak traction, gT,0,
and the maximum tangential slip, gT,c. The area below this dia-
gram represents the Mode II fracture energy, GII,C, and is an im-
portant design parameter.

However, as also stated in the fib Bulletin �2001�, the exact
interfacial stress distribution in case of a strengthened flexural
member is not only influenced by the relative tangential displace-
ments, but also by relative normal displacements which lead to
normal tractions perpendicular to the bond area, which are caused
by bending effects. The effect of Mode Mixity is still under de-

bate by the Scientific Community and it is not completely under-
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stood when it has to be accounted for and how much is the error
when this effect is neglected. To this aim, in the present paper we
adopt a more sophisticated bilinear cohesive law accounting for
Mode Mixity. This is achieved by using the mathematical formu-
lation by Geubelle and Baylor �1998�, which was originally ap-
plied to composite materials, and represents a natural extension of
the bilinear cohesive model to Mixed Mode interface crack prob-
lems. Following their approach, an additional cohesive law for
Mode I is introduced, which, for the sake of simplicity, has the
same bilinear shape as that for Mode II. The corresponding pa-
rameters will be the peak normal traction, �max, the relative nor-
mal displacement at peak traction, gN,0, the maximum normal
displacement, gN,c, and the area below this diagram representing
the Mode I fracture energy, GI,C. A measure of interface opening
and sliding, �, is then introduced

� =�� gN

gNc
�2

+ � gT

gTc
�2

�1�

which is one of the possible criteria accounting for Mixed Mode
crack propagation. The normal and tangential tractions, FN and
FT, are computed as functions of the normal and tangential dis-
placements

FN = �
�max

�max

gN

gNc

for 0 � � � �max,

�max

�

1 − �

1 − �max

gN

gNc

for �max � � � 1;�
FT = �

�max

�max

gNc

gTc

gT

gTc

for 0 � � � �max

�max

�

1 − �

1 − �max

gNc

gTc

gT

gTc

for �max � � � 1� �2�

The effect of coupling between normal and tangential displace-
ments upon normal and tangential tractions is shown in Fig. 3 for
�max=0.2. For either pure normal separation �Mode I�, i.e., for
gT=0, or for pure tangential separation �Mode II�, i.e., for gN=0,
the classical bilinear cohesive laws are obtained as limit cases.
The parameter �max has not any specific influence on the numeri-
cal results, provided that it is chosen sufficiently small as com-
pared to the unity to obtain a very stiff behavior of the ascending
branch of the cohesive law.

In the finite-element formulation, the contributions of the nor-

Fig. 2. Bond-slip interface constitutive law, according to the fib Bul-
letin �2001� and CNR �2004�
mal and tangential nodal cohesive forces, evaluated by integrating
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the corresponding tractions over the area of influence of each
node, d, are added to the global virtual work equation

�W = A�FN�gN + FT�gT�d �3�

where the symbol A=assembly operator for all the interface
nodes.

A main difficulty with the analysis, stemming from the non-
linearity of the cohesive law, is that the distribution of the inter-
facial tractions is unknown, a priori, and the corresponding
boundary value problem must be solved with an iterative method.
The Newton-Raphson solution procedures, commonly used for
solving nonlinear problems, require the determination of the tan-
gent stiffness matrix. Consistent linearization of the Eq. �3� leads
to

��W = � �FN

�gN
�gN +

�FN

�gT
�gT�d�gN + � �FT

�gT
�gN +

�FT

�gT
�gT�d�gT

�4�

where symbols � and � denote, respectively, variations and lin-
earizations. The various contributions can be determined by a
suitable differentiation of Eq. �2�.

Proposed Method for the Analysis of the Equilibrium
Path

From the Continuum Mechanics’ viewpoint, strain softening rep-
resents a violation of the Drucker’s Postulate �Drucker 1950�, as
was pointed out by Maier �1966,1971� and Maier et al. �1973�.
They showed that, even in the absence of geometrical instability
effects, the following phenomena may occur
1. Loss of stability in the controlled load condition �snap-

through�;
2. Loss of stability in the controlled displacement condition

�snap-back�;
3. Bifurcation of the equilibrium path;
4. Loss of uniqueness of the solution in the incremental elasto-

plastic response; and
5. Dependence of the results on the type of mesh used in the

numerical analysis.
From the mechanical point of view, Cases 1 and 2 correspond,

respectively, to branches with either negative or positive slopes in
the load versus displacement diagrams. In the former case, a hori-
zontal jump from an equilibrium point of the load versus dis-
placement curve to another takes place under force control. In this
case, the problem could be in principle solved under displacement

Fig. 3. Proposed coupled
control and computing the equilibrium force as a reaction. How-
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ever, it is not always easy to find out which is the right driving
parameter to control when multiple degrees-of-freedom systems
are analyzed. In the latter case, a vertical jump from an equilib-
rium point to another takes place under displacement control. In
this more complex scenario, the classical displacement control
fails and special control criteria have to be invoked. One of them
is the very general arc-length criterion �Crisfield 1986�, which can
be applied to any general form of material and geometric nonlin-
earity. However, this criterion, which introduces an additional
constraint relationship to the classical set of nonlinear equations
governing the finite-element problem, requires a full modification
of the solution strategy.

For a more limited class of problems related to fracture me-
chanics, Carpinteri �1985, 1989a,b,c� found that the crack-length
can be considered as the driving parameter for the analysis of the
unstable mechanical response of quasi-brittle materials. This nu-
merical approach, referred to as crack-length control scheme
�Carpinteri 1985, 1986a,b,c�, was successfully applied to the
analysis of cohesive crack growth in concrete with emphasis to
size-scale effects on the mechanical response. After that, similar
algorithms were proposed, which are formally analogous to the
crack-length control scheme, as the indirect displacement control
scheme by Rots and de Borst �1987�, where the crack mouth
opening displacement was considered as the driving parameter.

An early application of the crack-length control scheme to
bimaterial interface crack propagation problems has recently been
pursued by Carpinteri et al. �2005�, where the problem of insta-
bility due to fiber-matrix debonding in composite materials has
been addressed. As compared to the arc-length criterion, this ap-
proach presents the great advantage that the classical Newton-
Raphson numerical scheme for the solution of the set of nonlinear
governing equations has not to be modified. The effectiveness of
this approach for the analysis of the full mechanical response of
retrofitted beams in bending will be shown in the next section.

Results of the Parametric Analysis

In this section, we propose a parametric investigation on the sta-
bility of the process of end-plate debonding in retrofitted concrete
beams. Concerning the tested geometry, we refer to the three-
point bending loading scheme �see Fig. 4�. Plane stress eight-
noded finite elements are used for the discretization of the
continuum. Considering a straight beam with rectangular cross
section and characterized by a span length l, a depth h and a width

ive law for mode-mixity
cohes
t, the parametric study focuses on the following design param-
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eters: �1� the relative reinforcement length, �r= lr / l, which corre-
sponds to the ratio of the length of the bonded external
reinforcement to the total beam span; �2� the mechanical percent-
age of FRP, 	=Erhr / �Eh�, where the parameters Er, E, and hr

denote, respectively, the Young’s moduli of FRP, of concrete and
the thickness of the FRP sheet; �3� the beam slenderness, �= l /h;
and �4� the degree of Mode Mixity, GII,C /GI,C. The effect of the
structural dimension can be included in the parameter 	.

Effect of the Relative Reinforcement Length

Let us consider a beam characterized by l=1 m, h=0.12 m, t
=0.10 m, and hr=3
10−3 m. The mechanical parameters of
concrete are E=30 GPa and �=0.2. The external reinforcement
has a Young’s modulus equal to Er=210 GPa and a Poisson’s
coefficient equal to �r=0.2. The Mode I and Mode II fracture
energies are kept equal to 65 N/m, whereas the maximum shear
and normal tractions are equal to �max=�max=6 MPa. These in-
terface parameters can be determined either from experiments, or
estimated according to the prescriptions reported in design codes
and standards �fib Bulletin 2001; JCI 2003�. The relative rein-
forced length, �r, has been varied in the range from 0.90 to zero,
the latter being the limit case representing the reference behavior
of the unstrengthened beam.

The mechanical response that can be obtained from the nu-
merical simulations characterized by �r=0.90 is schematically
shown in Fig. 5 in terms of applied load versus midspan deflec-
tion. When the peak load is achieved, point �A� in Fig. 5, delami-
nation starts growing and, using the crack length as the driving
parameter, we are able to follow the softening branch with posi-
tive slope. Hence, in this stage, both the external load and the
midspan deflection of the beam are progressively reduced down

Fig. 4. Scheme of the three-point-bending retrofitted beam analyzed
in this study

Fig. 5. Effect of the relative reinforcement length on the structural
response
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to point �B�. After that, the progress of delamination requires an
increase in the external load, tending asymptotically to the me-
chanical response of the unreinforced beam. From the engineering
point of view, this brittle mechanical response is particularly dan-
gerous, since it corresponds to a severe snap-back instability char-
acterized by a vertical jump from point �A� to �C� under
displacement control. A deformed mesh of half-beam, showing
the progress of delamination is also reported in Fig. 6.

It is important to note that the load-deflection curves corre-
sponding to lower relative reinforcement lengths can easily be
deduced from the reference curve obtained for the case of �r

=0.90. In fact, the postpeak branch is common to all the cases and
only the elastic regime before the peak load is different. In fact,
the longer the interface crack is considered, the shorter is the FRP
sheet bonded to the beam. As a consequence, the lower is the
reinforcement length, the lower is the beam rigidity �see the
dashed arrows in Fig. 5�.

The use of the interface crack length as the driving parameter
emerges as an efficient control scheme which has the advantage to
be physically based. Using the interface crack-length, or equiva-
lently, the relative reinforcement length as the driving parameter,
it is therefore possible to follow the whole mechanical response
of the beam, including the virtual softening branch with positive
slope �see Fig. 7�. From this diagram, the minimum of the applied
load is reached in correspondence of �r�0.85.

From the mechanical point of view, it is also interesting to
reinterpret the numerical results according to the Catastrophe
Theory �Thom 1975�, in close analogy with the previous studies
by Carpinteri �1985, 1989a,b,c� on the snap-back instability of
Mode I cohesive crack propagation in concrete members. Accord-
ing to differential topology, a catastrophic behavior of a mechani-
cal system can be described by the properties of surfaces in many

Fig. 6. Deformed FE mesh with displacement magnification factor
equal to 50 during the FRP debonding process

Fig. 7. Critical load for interface crack propagation as a function of
the nondimensional crack length �or, equivalently, as a function of the
relative reinforcement length�
L OF ENGINEERING MECHANICS © ASCE / FEBRUARY 2010 / 203
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dimensions �manifolds�. By definition, an elementary catastrophe
is defined by its control parameter and by one or more governing
variables. A catastrophe occurs when a discontinuity develops in
the smooth surfaces of equilibrium. One of the elementary catas-
trophes is the cusp catastrophe. In the present problem, the catas-
trophe manifold is a three-dimensional configuration with two
governing variables �the midspan deflection and the relative rein-
forcement length� as the axes on a horizontal plane. The mechani-
cal response, i.e., the load, is represented as the vertical axis
perpendicular to the first two, producing together a three-
dimensional behavior surface �see Fig. 8�. In the present case
study, this manifold has a pleated shape and the edges of the pleat
define the fold curve. The projection of the fold curve on the load
versus midspan deflection plane produces the spiky curve referred
to as bifurcation curve. Whenever a combination of the governing
variables crosses the bifurcation curve, a catastrophic change oc-
curs and the control point jumps on the behavior surface from the
upper part of the pleat to the lower one. In this jump, the me-
chanical system completely changes its configuration, i.e., in the
present case, the relative length of the bonded FRP is suddenly
reduced by a finite amount �from the actual value of �r down to
approximately 0.15�.

Effect of the Mechanical Percentage of FRP

Let us consider the practical situation consisting of a given beam,
characterized by a certain depth, h, and Young’s modulus, E, ret-
rofitted with a different amount of reinforcement. The different
mechanical configurations can be synthetically characterized by
the parameter 	, defined by the product of the thickness of the
FRP sheet, hr, and its Young’s modulus, Er, divided by the prod-
uct of the corresponding values for the reference concrete beam.
Keeping constant the geometrical and mechanical parameters of
the reference concrete beam, i.e., h and E, the mechanical re-
sponse in terms of applied load versus midspan deflection is
shown in Fig. 9 for three different values of 	=0.09, 0.18 and
0.26.

The slope of the ascending branch of these curves, and there-
fore the initial stiffness of the system, is an increasing function of
	. However, the higher is the amount of external reinforcement,

Fig. 8. Representation of the cusp-catastrophe manifold due to FRP
delamination; applied load as a function of the midspan deflection
and the relative reinforcement length
the lower is the critical load corresponding to the onset of delami-
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nation. As a result, the load carrying capacity is decreased, as well
as the deflection corresponding to the peak load, in full agreement
with the experimental observation �see e.g., Triantafillou and Pel-
vris 1992�. This result gives an important quantification of the
qualitative warning reported in the fib Bulletin �2001� �Section 3.3
on Ductility�: “Generally, the ductility of a strengthened tensile or
flexural member decreases with respect to the unstrengthened
member. This will be the case especially for premature debonding
failures and high strengthening ratios, as small FRP strains and
hence small deformations or curvatures are obtained at ultimate.”
The curves for different values of 	 eventually converge together
to one single curve. The physical reason for this behavior is due
to the fact that, in the final configuration corresponding to com-
plete debonding of the FRP sheet, the stiffness of the mechanical
system is that of the reference unreinforced concrete beam, which
is the same for all the considered configurations.

Finally, it is important to note that also the size-scale effects
are taken into account by the parameter 	, without the need of
introducing another independent nondimensional number. In fact,
if we simply vary the beam length and the beam depth propor-
tionally, keeping constant the slenderness of the beam and the
width of the FRP sheet, then the value assumed by the parameter
	 is changed due to the variation of the hr /h ratio. However, this
scaling does not affect the rigidity of the unstrengthened beam, so
that the mechanical behavior of the unreinforced beam in the load
versus midspan deflection plane does not vary. The mechanical
response is therefore identified by load versus midspan deflection
curves as those in Fig. 9, each one corresponding to a given value
of 	. In general, the larger is the beam, the lower is the value of
the parameter 	 and, consequently, the sharper is the snap-back
instability.

Effect of the Beam Slenderness

The effect of the beam slenderness, �, is addressed in this section.
In particular, starting from a reference beam characterized by t
=0.10 m, hr=3
10−3 m, and �r=0.75, three different values of
the span to depth ratio are considered: �= l /h=8.3, 14.3 and 20.0.
The mechanical response is shown in Fig. 10 for these three con-
figurations. In this case, the deflection at peak load turns out to be
an increasing function of the beam slenderness.

Effect of Mode Mixity

End-plate debonding failure of FRP-retrofitted beams usually in-

Fig. 9. Effect of the mechanical percentage of FRP
volves the weakest link between the adhesive, the substrate and
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the bond-line, or even a combination of them. Hence, the result-
ing fracture energy to be considered in the simulations should be
that of the interface intended in a broad sense. The value of 65
N/m adopted so far is representative for Mode I fracture energy of
concrete and therefore is suitable for modeling the phenomenon
of concrete cover separation.

However, the fracture energy experimentally determined using
the peel test can be very often larger in Mode II than in Mode I
�see Högberg 2006�. Hence, a parametric analysis on the effect of
the ratio GII,C /GI,C has to be performed. The load versus midspan
deflection curves for retrofitted concrete beams with a slenderness
�=8.3, width t=0.10 m, FRP thickness hr=3
10−3 m, relative
reinforcement length �r=0.75 and three different values of
GII,C /GI,C=1, 2 and 4 have been shown in Fig. 11. The higher is
the ratio between the interface fracture energies, GII,C /GI,C, the
larger is the critical load for crack propagation. More specifically,
plotting the critical load for the onset of debonding versus
GII,C /GI,C, a power-law relationship has been found with an ex-
ponent equal to 1/2 �see Fig. 12�.

Comparison with Experimental Results

A typical failure due to end-plate debonding was experimentally
found by David et al. �1998, 2003� on FRP-retrofitted reinforced
concrete �RC� beams tested under four-point bending. Mechanical
and geometrical parameters for this case study are reported in
David et al. �2003�. In order to numerically simulate this failure

Fig. 10. Effect of the beam slenderness

Fig. 11. Effect of Mode Mixity
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mode, we consider �max=�max=3 MPa, a Mode I fracture energy
GI,C=50 N /m, since concrete cover separation took place, and
GII,C /GI,C=1. The results of the numerical simulation are shown
in Fig. 13 with superimposed experimental data. Both the external
load and the midspan deflection of the beam have to be reduced
during interface crack propagation in order to have a monotonic
increase of the interface crack length. This result is in agreement
with the experimental tests performed under displacement control
in David et al. �1998�, which clearly show the occurrence of a
catastrophic failure as soon as the interface crack propagates and
separates the concrete cover bonded to the FRP sheet from the
remainder of the beam. After complete debonding, the stiffness of
the structure equals that of the unrepaired material, whose pre-
dicted response is shown with dashed line in the same diagram. A
good agreement with the experimental behavior has to be noticed.

Although the brittleness of retrofitted beams in bending is a
generally well-known property, the analysis of the postpeak me-
chanical response has received a minor attention. This is true
from the analytical and the numerical point of views, since special
control schemes have to be invoked to follow the unstable branch,
as discussed in the previous sections. However, from the experi-
mental point of view, a way to capture the whole nonlinear re-
sponse of a retrofitted beam in bending is to proceed by testing
different beam replicas retrofitted with shorter and shorter FRP
sheets. In fact, as previously demonstrated, this approach is per-
fectly equivalent to the interface crack-length control scheme.

Fig. 12. Critical load versus fracture energies ratio

Fig. 13. Numerical simulation of concrete cover separation; experi-
mental data adapted from David et al. �1998�
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Following this new approach, the experimental results by
Büyüköztürk et al. �1998� can be reinterpreted and provide an
experimental assessment of the existence of the snap-back insta-
bility in the load versus midspan deflection diagram. More spe-
cifically, they tested six identical RC beams with �r=0.89, 0.78,
0.67, 0.56, 0.44, and 0.33 under four point bending �see the
sketch in Fig. 14�. All the tested beams failed due to end-plate
debonding and the experimentally measured load versus midspan
deflection curves are reported in Fig. 15. Such a diagram shows
the classical unstable responses due to end-plate debonding.
Moreover, the dashed line passing through the points correspond-
ing to the peak loads �obtained by considering E=26 GPa, Er

=155 GPa, �max=�max=6 MPa, and GI,C=GII,C=65 N /m� is su-
perimposed to the same diagram and clearly shows the shape of
the softening branch with positive slope, as numerically predicted
using the proposed approach.

Conclusions

In the present paper we have analyzed the problem of end-plate
debonding of the external reinforcement in strengthened concrete
beams. Special emphasis has been given to the issue of stability
of the delamination process, which has received a minor attention
in the Literature as compared to the analysis of the interfacial
stresses. To this aim, a bilinear cohesive law accounting for Mode
Mixity has been adopted and implemented in the finite-element
method. Moreover, the interface crack-length control scheme,
originally proposed by Carpinteri �1985� for Mode I crack growth
in concrete members, has profitably been extended to interface
crack propagation problems. This approach has the important ad-
vantage that the numerical scheme for the solution of the set of
nonlinear equations governing the problem has not to be modi-
fied.

The numerically obtained load versus midspan deflection
curves for three- or four-point bending beams show that the pro-
cess of end-plate debonding is the result of a snap-back instabil-
ity. This unstable mechanical response has been interpreted as a
cusp-catastrophe manifold in the framework of the Catastrophe
Theory. The results of a wide parametric study regarding the ef-
fect of the relative reinforcement length, the mechanical percent-
age of FRP, the beam slenderness and the degree of Mode Mixity
have been collected in useful diagrams. They provide a quantita-
tive assessment of the effect of end-plate debonding on the loss in
strength and ductility experimentally observed in strengthened

Fig. 14. Scheme of the tested beams considered in Büyüköztürk et
al. �1998�; the relative reinforcement length is the variable in the
experimental program
flexural members. Finally, the effectiveness of the proposed ap-
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proach is fully demonstrated by comparison with experimental
data taken from the Literature.
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