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Abstract The problem of evaluating the rotation

capacity of reinforced concrete (RC) beams in

bending has been largely investigated from both the

experimental and the analytical point of view during

the last decades. Since the development of ductility is

influenced by several design parameters, it is difficult

to develop a predictive model that can fully describe

the mechanical behaviour of RC beams. In particular,

the role of the size-scale effect, which has been

evidenced by some experimental tests, is not yet

completely understood. One of the main reasons is the

inadequacy of the traditional models based on ad hoc

stress–strain constitutive laws. In the present paper, a

new model based on the concept of strain localization

is proposed, which is able to describe both crack-

ing and crushing growths in RC beams during the

loading process. In particular, the nonlinear behaviour

of concrete in compression is modelled by the

Overlapping Crack Model, which describes the

strain localization due to crushing by means of a

material interpenetration. With this algorithm in

hand, it is possible to effectively capture the flexural

behaviour of RC beams by varying the reinforcement

percentage and/or the beam depth. An extensive

comparison with experimental results demonstrates

the effectiveness of the proposed approach.
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1 Introduction

The development of considerable ductility in the

ultimate limit state is a key parameter for the design

of reinforced concrete (RC) beams in bending [1–5].

The interest in ductility was formerly connected with

the diffusion of plastic analysis in the design of

reinforced concrete structures [2, 6, 7]. In this

context, in fact, the rotational capacity is required

to allow the bending moment redistribution in

statically indeterminate structures. Besides, the duc-

tility contributes to satisfy many other requirements,

absolutely necessary in order to guarantee the struc-

tural safety, as, e.g., to provide robustness, to give

warning of incipient collapse by the development of

large deformation prior to collapse and to enable

major distortions and energy dissipation during

earthquakes. The ductility can be suitably evaluated

by means of the plastic rotation. With this aim in

view two possible definitions of plastic rotation have

been proposed. In accordance with the Model Code
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90 [8], such a rotation is defined as the difference

between the rotation corresponding to the maximum

resisting moment and the rotation corresponding to

steel yielding, as schematically represented by #
ð1Þ
PL in

Fig. 1. In order to take into account the development

of ductility beyond the maximum resisting moment,

Hillerborg [9] and Pecce and Fabbrocino [10]

proposed an alternative measure of the plastic

rotation, defined as the difference between the

rotation beyond which the moment starts descending

sharply and the rotation corresponding to steel

yielding, see #
ð2Þ
PL in Fig. 1. Both measures increase

by increasing the ductility of RC beams.

Due to its importance to guarantee structural

safety, the rotation capacity of RC beams was largely

studied from an experimental point of view since

1950s. Several experimental programmes permitted

to highlight which are the main parameters influenc-

ing the development of plastic hinges: the steel

ductility [11–14], the presence of the shear action in

the hinge region [15–19], the concrete compression

strength [10, 20, 21], the reinforcement in the

compression zone [22], the confinement of concrete

by means of stirrups [20, 22, 23], as well as the

structural dimension [24–27].

The analytical assessment of the available ductility

is difficult to be achieved due to the simultaneous

presence of different nonlinear contributions: cohe-

sive crack opening in tension, concrete crushing in

compression and steel yielding or slippage. On the

other hand, oversimplifications, based on the hypo-

theses usually assumed for the evaluation of the

structural resistance, as, e.g., to neglect the concrete

contribution in tension and to describe the nonlinear

behaviour of concrete in compression and steel in

tension by means of r - e constitutive laws, does not

permit to model all the experimentally observed

effects on the ductility of RC beams in bending. In

particular, it is impossible to catch the size-scale

effects, because the aforementioned constitutive laws

consider only an energy dissipation within the

volume in the nonlinear regime.

The first fundamental contribution to the analyt-

ical assessment of the available ductility comes from

the research carried out in the early 1980s at the

University of Stuttgart by the Group coordinated by

Eligehausen [11, 17]. The model developed by this

Group, based on the description of the bond-slip

behaviour between concrete and steel, is able to

capture the structural behaviour by varying the

ductility parameters of steel. Further improvement

for the analysis of the behaviour of RC beams in

bending was marked by the pioneering paper by

Hillerborg in 1990 [9], who introduced the concept

of strain localization in concrete in compression.

According to his approach, when the ultimate

compression strength is achieved, a strain localiza-

tion takes place within a characteristic length

proportional to the depth of the compressed zone.

This model permits to address the issue of size

effects, although the definition of the length over

which the strain localization occurs is a free

parameter and its value is not defined on the basis

of theoretical arguments. Afterwards, several models

have been developed on the basis of the Stuttgart

and the Hillerborg proposals, emphasizing some

more specific aspects [28–31]. In spite of several

studies carried out in the second half of the last

century, the issue of size-scale effects is not yet

completely understood. The prescriptions provided

by international design codes about the evaluation of

the rotational capacity of RC elements (see e.g.

Eurocode 2 [4] and the Model Code 90 [8]), in fact,

do not take into account this effect.

In the case of concrete and rock specimens

subjected to uniaxial compression, several experi-

ments [32–37] reveal that the size-scale effects are

due to two interconnected phenomena: the strain

localization after the peak load and the subsequent

energy dissipation over an internal surface, the

value of which referred to a unitary surface can be

considered as a material parameter. Based on these

evidences, Carpinteri et al. [38, 39] have recently

proposed to model the process of concrete crushingFig. 1 Definitions of plastic rotation
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using an approach analogous to the Cohesive Crack

Model, which is routinely adopted for modelling

the tensile behaviour of concrete. This new

approach is referred to as Overlapping Crack

Model [38, 39] and assumes a stress-displacement

law for the post-peak behaviour in compression

(see Fig. 2).

On the other hand, the application of Fracture

Mechanics concepts has been proved to be very

effective for the analysis of size-scale effects in

RC elements. Most of the applications concern

the assessment of the shear resistance [40–43] and

the evaluation of the minimum reinforcement

[44–48].

In the present paper we propose a new numerical

method able to describe the nonlinear behaviour of a

RC members during both fracturing and crushing.

Firstly, the Cohesive Crack Model for concrete in

tension and the Overlapping Crack Model for

concrete in compression are introduced, as well as

a suitable stress-displacement relationship for steel

in tension. Then, a numerical algorithm based on the

finite element method is presented for the analysis

of intermediate situations ranging from pure con-

crete members to over-reinforced beams. It is

assumed that fracturing and crushing processes are

fully localized along the mid-span cross-section of

the representative concrete segment in bending. This

assumption, fully consistent with the crushing phe-

nomenon, also implies that only one equivalent

main tensile crack is considered. Finally, a compar-

ison between the numerical predictions and the

results of several experimental tests carried out on

RC beams in bending by Bosco and Debernardi

[26], Bigaj and Walraven [27] and Pecce and

Fabbrocino [10] is proposed in order to validate

the new model.

2 Description of the proposed model

Let us consider a portion of a RC beam subjected to a

bending moment M. This element, having a span to

depth ratio equal to unity, is representative of the

zone where a plastic hinge formation takes place.

Note that the analysis of this structural element is

consistent with the prescriptions reported in the

Eurocode 2 [4] for the evaluation of the plastic

rotation capacity of RC beams in bending. We also

assume that the mid-span cross-section of this

element is fully representative of its mechanical

behaviour.

The stress distribution in the mid-span cross-

section is linear-elastic until the tensile stress at the

intrados reaches the concrete tensile strength. When

this threshold is reached, a cohesive crack propa-

gates from the beam intrados towards its extrados.

Correspondingly, the applied moment increases.

Outside the crack, the material is assumed to

behave elastically. According to the well-known

cohesive model, the stresses in the cohesive zone

are assumed to be a function of the crack opening

displacement and become equal to zero when the

crack opening displacement is larger than a critical

value. On the other hand, concrete crushing takes

place when the maximum stress in compression

reaches the concrete compression strength. After

that, damage is described as an interpenetration of

the two half-beams representing the localization of

the dissipated energy (Fig. 3). Larger is the inter-

penetration, also referred to as overlapping in the

sequel, lower are the transferred forces along the

damaged zone.

Fig. 2 Tensile fracture with cohesive zone (a); and analogous

compression crushing with overlapping (b)

Fig. 3 Cohesive stress distribution in tension and fictitious

overlapping in compression
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2.1 Cohesive Crack Model for the description of

concrete fracturing

A pioneering model for the analysis of nonlinear crack

propagation in concrete was proposed by Hillerborg

et al. [49] and Petersson [50] with the name of

Fictitious Crack Model. Subsequently, an updated

algorithm was implemented by Carpinteri [51, 52],

with the terminology of Cohesive Crack Model, in

order to study the ductile to brittle transition in plain

concrete beams in bending. According to this model,

the constitutive law used for the non-damaged zone is

a r - e linear-elastic relationship up to the achieve-

ment of the tensile strength, ru. In the process zone,

the damaged material is still able to transfer a tensile

stress across the crack surfaces. The cohesive stresses

are considered to be decreasing functions of the crack

opening, wt, as follows:

r ¼ ru 1� wt

wt
cr

� �
; ð1Þ

where wt is the crack opening, wt
cr is the critical value

of the crack opening corresponding to r = 0 and ru

is the ultimate tensile strength of concrete. The area

under the stress versus displacement curve represents

the fracture energy, GF.

2.2 Overlapping Crack Model for the description

of concrete crushing

The most frequently adopted constitutive laws for

concrete in compression describe the material behav-

iour in terms of stress and strain (elastic-perfectly

plastic, parabolic-perfectly plastic, Sargin’s parabola,

etc.). Such approaches imply that the energy is

dissipated within a volume, whereas experimental

results reveal that the energy is substantially dissi-

pated over an internal surface as a result of strain

localization [32–36]. Hillerborg [9] firstly proposed

to model the crushing phenomenon as a strain

localization over a specimen length proportional to

the depth of the compressed zone. The Hillerborg’s

model is based on the definition of two different

parameters: the critical value of the post-peak local-

ized displacement in compression, wc, that is a true

material parameter, and the length over which the

localization occurs. Such a length was not determined

according to theoretical arguments and it was

obtained through a best-fitting of experimental data.

Moreover, this length is supposed to be proportional

to the structural size. As a result, the obtained stress–

strain curve is not a material property.

In the present formulation, we adopt the stress–

displacement relationship proposed by Carpinteri

et al. [38], and then considered also in Corrado

[39], between the compression stress and the inter-

penetration, in close analogy with the cohesive

model. The main hypotheses are:

(1) The constitutive law used for the undamaged

material is a linear-elastic stress–strain relation-

ship, see Fig. 4a.

(2) The crushing zone develops when the maximum

compression stress reaches the concrete com-

pression strength.

(3) The process zone is perpendicular to the main

compression stress.

(4) The damaged material in the process zone is

assumed to be able to transfer compression

stresses between the overlapping surfaces. They

are assumed to be decreasing functions of the

interpenetration, wc (see Fig. 4b):

r ¼ rc 1� wc

wc
cr

� �
; ð2Þ

where wc is the interpenetration, wc
cr is the critical

value of the interpenetration corresponding to r = 0

and rc is the ultimate compression strength. This

zone is then represented by a fictitious overlapping,

which is mathematically analogous to the fictitious

crack in tension, as shown in Fig. 2.

It is worth noting that, in the Overlapping Crack

Model, only one parameter has to be defined: the

critical value of overlapping, wc
cr. This value can be

directly obtained from experimental tests, see, e.g.,

Fig. 4 Concrete constitutive laws in compression: r - e
linear-elastic law (a); r - w post-peak softening law (b)
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the fundamental paper by Jansen and Shah [35]. The

stress versus overlapping displacement curves of

specimens characterized by different slenderness or

size, in fact, tend to collapse onto a single curve,

whereas they are totally different in a classical stress–

strain diagram. From such data, the critical value of

overlapping, wc
cr, can be univocally defined as the

interpenetration corresponding to r = 0. Similarly,

the crushing energy, GC, is defined as the area below

the post-peak softening curve (see Fig. 4b), and it is a

true material parameter, since it is not affected by the

structural dimension. Dahl and Brincker [33] carried

out a series of uniaxial compression tests with the aim of

measuring the dissipated energy per unit cross sec-

tional area. They obtained values of about 50 N/mm

and claimed that this dissipated energy becomes

independent of the specimen size if the specimen is

large enough. An empirical formulation for calculating

the crushing energy has recently been proposed by

Suzuki et al. [53], based on the results of compression

tests carried out on plain and transversal reinforced

concrete specimens. In the present study, the crush-

ing energy is computed according to the following

empirical equation, which considers the confined

concrete compression strength by means of the stir-

rups yield strength and the stirrups volumetric content:

GC

rc

¼ GC;0

rc

þ 10; 000
k2

ape

r2
c

; ð3aÞ

where rc is the average concrete compression

strength, ka is a parameter depending on the stirrups

strength and volumetric percentage and pe is a

coefficient related to the effective lateral pressure

(see Suzuki et al. [53]). The crushing energy for

unconfined concrete, GC;0, can be calculated using the

following expression:

GC;0 ¼ 80� 50kb; ð3bÞ

where the parameter kb depends on the concrete

compression strength [53].

By varying the concrete compression strength

from 20 to 90 MPa, Eq. 3b gives a crushing energy

ranging from 30 to 58 N/mm. It is worth noting that

GC is between two and three orders of magnitude

higher than GF, and that the critical values for

crushing interpenetration and crack opening are

approximately equal to wc
cr � 1 mm (see also the

experimental results in [35]) and wt
cr � 0:1 mm,

respectively. Finally, we remark that, in the case of

concrete confinement, the crushing energy, computed

using Eq. 3a, and the corresponding critical value for

crushing interpenetration, considerably increase.

2.3 Steel-concrete interaction

In order to model the steel contribution to the load

carrying capacity of the beam, it is necessary to

introduce a suitable bond-slip law for the character-

ization of steel-concrete interaction. Typical bond-

slip relationships are defined in terms of a tangential

stress along the steel-concrete interface as a function

of the relative tangential displacement between the

two materials [8, 54–57]. The integration of the

differential slip over the transfer length, ltr, is equal to

one half of the opening crack at the reinforcement

level. On the other hand, the integration of the bond

stresses gives the reinforcement reaction. In order to

simplify the calculation, the stress-displacement law

is herein assumed to be linear until the yield stress—

or until the critical crack opening for steel, wy—is

achieved. After that, the reinforcement reaction is

considered to be constant, until the crack opening

displacement at the reinforcement level reaches a

limit value corresponding to steel failure.

3 Numerical algorithm

A discrete form of the elastic equations governing the

mechanical response of the two half-beams is herein

introduced in order to develop a suitable algorithm

for the analysis of intermediate situations where both

fracturing and crushing phenomena take place. The

mid-span cross-section of the beam can be subdivided

into finite elements by n nodes (Fig. 5). In this

scheme, cohesive and overlapping stresses are

replaced by equivalent nodal forces, Fi, by integrating

the corresponding tractions over each element size.

Such nodal forces depend on the nodal opening or

closing displacements according to the cohesive or

overlapping softening laws previously introduced.

The horizontal forces, F, acting along the mid-

span cross-section can be computed as follows:

fFg ¼ ½Kw�fwg þ fKMgM ð4Þ

where {F} is the vector of nodal forces, [Kw] is the

matrix of the coefficients of influence for the nodal
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displacements, {w} is the vector of nodal displace-

ments, {KM} is the vector of the coefficients of

influence for the applied moment, and M is the

applied moment. Equation 4 permits to analyse the

fracturing and crushing processes of the mid-span

cross-section taking into account the elastic behav-

iour of the RC member. To this aim, all the

coefficients are computed a priori using a finite

element analysis. Due to the symmetry of the

problem, a homogeneous concrete rectangular region,

corresponding to half the tested specimen, is discret-

ized by means of quadrilateral plane stress elements

with uniform nodal spacing. Horizontal constraints

are then applied to the nodes along the vertical

symmetry edge. Each coefficient K i;j
w entering Eq. 4,

which relates the nodal force Fj to the nodal

displacement wi, have the physical dimensions of a

stiffness and are computed by imposing a unitary

horizontal displacement to each of the constrained

nodes. On the other hand, by applying a unitary

external bending moment, it is possible to compute

the coefficients K i
M . They have the physical dimen-

sions of [L]-1.

The reinforcement contribution is also included in

the nodal force corresponding to the r-th node.

In the generic situation shown in Fig. 6, the

following equations can be considered:

Fi ¼ 0; for i ¼ 1; 2; . . .; ðj� 1Þ; i 6¼ r ð5aÞ

Fi ¼ Fu 1� wt
i

wt
cr

� �
; for i ¼ j; . . .; ðm� 1Þ; i 6¼ r

ð5bÞ
wi ¼ 0; for i ¼ m; . . .; p ð5cÞ

Fi ¼ Fc 1� wc
i

wc
cr

� �
; for i ¼ ðpþ 1Þ; . . .; n ð5dÞ

Fi ¼ f ðwiÞ; for i ¼ r: ð5eÞ

where j represents the real crack tip, m represents the

fictitious crack tip, p is the fictitious overlapping tip

and r is the node corresponding to the steel

reinforcement.

Equation 5e represents the relationship between

the closing force exerted by the reinforcing steel and

the crack opening at the reinforcement level. Such a

law is determined on the basis of the bond-slip

behaviour of concrete and steel. It is worth noting

that, in this framework, it is possible to insert a

reinforcement in compression by introducing a suit-

able stress-displacement constitutive law in the

corresponding node. Due to lack of studies on the

behaviour of reinforcing bars in compression,

the r - w relationship adopted is the same as that

used for steel in tension.

Equations 4 and 5 constitute a linear algebraic

system of (2n) equations in (2n ? 1) unknowns,

namely {F}, {w} and M. A possible additional

equation can be chosen: we can set either the force in

the fictitious crack tip, m, equal to the ultimate tensile

force, or the force in the fictitious crushing tip, p,

equal to the ultimate compression force. In the

numerical scheme, we choose the situation which is

closer to one of these two possible critical conditions.

This criterion will ensure the uniqueness of the

solution on the basis of physical arguments. The

driving parameter of the process is the tip that in the

considered step has reached the limit resistance. Only

this tip is moved when passing to the next step.

Fig. 5 Finite element nodes along the middle cross-section
Fig. 6 Force distribution with cohesive crack in tension and

fictitious crushing in compression
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The two fictitious tips advance until they converge

to the same node. So forth, in order to describe the

descending branch of the moment-rotation diagram,

the two tips can move together towards the intrados

of the beam. As a consequence, the crack in tension

closes and the overlapping zone is allowed to extend

towards the intrados. This situation is quite com-

monly observed in over-reinforced beams, where

steel yielding does not take place.

Finally, at each step of the algorithm, it is possible

to calculate the beam rotation, #, as follows:

# ¼ Dwf gT wf g þ DMM ð6Þ

where Di
w is the coefficient of influence for the nodal

displacements, obtained through the finite element

analysis as the rotation of the free edge corresponding

to a unitary displacement of the i-th constrained node

and it has the physical dimensions of [L]-1. DM is the

coefficient of influence for the applied moment with

physical dimensions of [F]-1 [L]-1.

As regards the analysis of size-scale effects, the

coefficients entering Eqs. 4 and 6 are connected by a

simple relation of proportionality to the structural

dimension. This means that it is not necessary to

repeat the finite element analysis for any different

considered beam size. More precisely, if all the three

specimen sizes (depth h, span L, thickness b) are

multiplied by the factor k, the coefficients are

transformed as follows:

K i;j
w ðkdÞ ¼ kK i;j

w ðdÞ; ð7aÞ

K i
MðkdÞ ¼ 1

k
K i

MðdÞ; ð7bÞ

Di
wðkdÞ ¼ 1

k
Di

wðdÞ; ð7cÞ

DMðkdÞ ¼ 1

k3
DMðdÞ: ð7dÞ

4 Comparison between model predictions

and experimental results

In this section, the comparison between the numerical

predictions and the experimental results of three

different testing programmes is carried out. In the

numerical scheme, the mid-span cross-section of the

central portion of the RC beams is discretized into

160 finite elements and the coefficients of influence

entering Eq. 4 are preliminary determined using the

finite element method.

4.1 Tests by Bosco and Debernardi

The first testing programme herein considered was

carried out by Bosco and Debernardi in the Materials

and Structures Laboratory of the Department of

Structural Engineering and Geotechnics of the

Politecnico di Torino on 22 simply supported RC

beams [26]. Three different structural scales of the

beams were considered, with cross-section depths of

200, 400 and 600 mm and constant slenderness

L/h = 10. The percentage of tensile reinforcement,

qt, was varied between 0.13 and 1.70%. The charac-

teristics of stirrups and compression reinforcement,

qc, are given in Table 1. The width to depth ratio of

the beam cross-section, b/h = 0.5, the effective depth

to total depth ratio, d/h = 0.9 and the diameter of the

tension bars, / = 12 mm, were kept constant. The

instrumentation included two linear potentiometers

(devices 7 and 12 in Fig. 7) for measuring the

deformations at the top and bottom sides of the beam.

The length of each extensimeter was equal to the

beam depth. By means of such an instrumentation,

the rotation of the mid-span region, characterized by

a length equal to the depth, can be directly evaluated

as the difference between the longitudinal displace-

ments at the intrados and at the extrados, divided by

the total beam depth. The reinforcing bars have the

following mechanical parameters: yield strength,

Table 1 Mechanical and geometrical parameters of the beams

tested by Bosco and Debernardi [26]

Beam h
(mm)

b
(mm)

L
(mm)

qt

(%)

qc

(%)

Stirrups GC

(N/mm)

T1 200 100 2,000 0.57 0.25 / 6/150 53

T2 1.13 0.50 / 6/150

T3 1.71 0.50 / 6/150

T4 400 200 4,000 0.28 0.20 / 6/200 30

T5 0.57 0.20 / 6/200

T6 1.13 0.20 / 6/200

T7 1.71 0.20 / 6/200

T8 600 300 6,000 0.13 0.12 / 6/150 48

T9 0.25 0.12 / 6/150

T10 0.57 0.12 / 6/150

T11 1.13 0.12 / 6/150
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fym = 587 N/mm2, failure stress, ftm = 672 N/mm2

and strain at failure load, esu = 7.0%. The mean

compression strength of concrete, was equal to

30.9 N/mm2. The average concrete tensile strength,

evaluated by splitting tensile tests was equal to

2.97 N/mm2. The outcome of the testing programme

is represented by the bending moment versus rotation

diagram of the central portion of the beams.

The numerical simulations have been carried out

by modelling the central beam region characterized

by a span to depth ratio equal to unity, in order to

obtain a consistent comparison with experimental

measures (see Fig. 7). The values of the crushing

energy, determined according to Eq. 3a taking into

account the stirrups confinement, are reported in

Table 1. The numerical and experimental moment-

rotation curves are compared in Fig. 8 for different

beam depths and different steel percentages. These

diagrams put into evidence that the maximum

rotation is a decreasing function of the tensile

reinforcement ratio and of the beam depth. In the

case of low steel percentages, the mechanical behav-

iour is characterized by reinforcement yielding and

the mechanical response is almost plastic. By

increasing the amount of reinforcement, the contri-

bution of concrete crushing becomes more and more

evident with the appearance of a softening branch at

the end of the plastic plateau. This is an important

feature of the proposed model, which also permits to

follow unstable softening branches with positive

slopes (snap-back). This is made possible by con-

trolling the loading process through the length of the

tensile crack and the extension of the fictitious

crushing zone, rather than by the external load or

the global rotation. The numerically predicted max-

imum resistant moments are very often lower than the

experimental ones, as we can see in Fig 8a–c. This is

due to the fact that in the numerical model the

hardening behaviour of steel before yielding is not

taken into account. On the other hand, a good

agreement is obtained with the ultimate resistant

moment calculated in accordance with the Eurocode

2 prescriptions (parabolic-perfectly plastic relation-

ship for concrete in compression and elasto-plastic

relationship for steel), whose values are reported with

dashed lines in Fig. 8a–c. The size-scale effect is put

into evidence in Fig. 8d by keeping constant the steel

percentage equal to 1.13% and varying the beam

depth from 200 to 600 mm. A general good agree-

ment is obtained between numerical and

experimental results for all the tested beams.

4.2 Tests by Bigaj and Walraven

The second testing programme herein considered is

that carried out by Bigaj and Walraven in the Stevin

Laboratory of the Delft University of Technology

[27]. The main parameters investigated were the

member size and the reinforcement ratio. In partic-

ular, three different dimensional classes of beams

with effective depths of 90, 180 and 450 mm and

slenderness equal to 11 were tested in three-point-

bending configuration. Two different steel percent-

ages were analysed, having qt = 0.28% and

qt = 1.12%, as shown in Fig. 9. The main geomet-

rical and mechanical parameters of the tested beams

are given in Table 2. The mechanical parameters of

reinforcement were different for each bar diameter.

The mean concrete compression strength, determined

on 28 days standard cubes, was equal to 35 N/mm2.

The instrumentation permitted to measure the dis-

placement at the mid-span and the total rotation of the

beam, calculated by integration of the curvature along

the longitudinal axis of the member for each loading

step. Both the reinforcement in compression and the

stirrups were absent.

In this case, the experimental results are repre-

sented by the applied load as a function of the total

plastic rotation evaluated on the whole beam. Since

the numerical simulation is referred to a beam region

with a span to depth ratio equal to unity, we assume

that the development of ductility is localized within

such a region. The comparison between numerical

Fig. 7 Testing scheme and loading conditions in Bosco and

Debernardi [26]
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and experimental plastic rotations as a function of the

beam depth is shown in Fig. 10. In the case of steel

percentage equal to 0.28%, a good agreement is

obtained, whereas a larger difference appears for the

amount of reinforcement equal to 1.12%, although

the trend is correctly reproduced. This discrepancy is

due to the fact that in the numerical approach the

plastic rotation is defined as #
ð2Þ
PL in Fig. 1, whereas in

the experimental programme the plastic rotation was

computed as #
ð1Þ
PL in Fig. 1. A more detailed analysis

would require a numerical-experimental comparison

between the load-deflection diagrams. However this

is not possible to do for all the tested beams, because

only the data of two cases are available (see Fig. 11).

The total numerical mid-span deflection is com-

puted as the sum of the elastic contribution,

calculated with a reduced elastic modulus in order

to take into account the stiffness reduction due to

smeared cracking, and the contribution given by the

localized rotation of the mid-span portion, as in [58].

Fig. 8 Numerical and

experimental moment

versus rotation diagrams for

the beams tested by Bosco

and Debernardi [26]

Fig. 9 Dimensional classes

of beams tested by Bigaj

and Walraven [27]
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A good agreement is obtained between the numerical

and the experimental load-deflection curves for both

qt = 0.28% and qt = 1.12% (see Fig. 11). It is worth

noting that the two points corresponding to the

definitions of plastic rotation, du,NUM and du,EXP, are

very close to each other in the case of low steel

percentage, whereas they are very different in the

case of high reinforcement percentage.

4.3 Tests by Pecce and Fabbrocino

Finally, the experimental programme carried out by

Pecce and Fabbrocino at the University of Naples, on

20 simply supported RC beams [10] is considered.

Three different combinations of beam dimensions

and reinforcement arrangement were used, as

reported in Table 3. Two different types of concrete

were considered: a normal strength concrete, with a

compression strength, rc, equal to 41.8 N/mm2, and a

high strength concrete, with a compression strength

equal to 94.6 N/mm2. The steel was characterized by

a yield stress, fy, equal to 480 N/mm2 and a

deformation at failure, eu, equal to 13%. The

percentage of steel in compression and the amount

of stirrups are reported in Table 3. The outcome of

the testing programme is represented by the applied

load versus total rotation for each tested beam. In this

case the total rotation is evaluated as the sum of the

rotations at the supports, as schematically shown in

Fig. 12. The choice of variables of such experimental

programme allows to investigate on the influence of

the geometrical and mechanical percentage of rein-

forcement, on the concrete grade and on the beam

slenderness, L/h.

Table 2 Mechanical and geometrical parameters of the beams

tested by Bigaj and Walraven [27]

Beam h (mm) d (mm) b (mm) L (mm) qt (%)

B.0.1 120 90 50 1,000 1/4 0.28

B.0.2 210 180 100 2,000 1/8

B.0.3 490 450 250 5,000 4/10

B.1.1 120 90 50 1,000 1/8 1.12

B.1.2 210 180 100 2,000 1/16

B.1.3 490 450 250 5,000 4/20

Fig. 10 Numerical and experimental plastic rotation versus

beam depth for the beams tested by Bigaj and Walraven [27]

Table 3 Mechanical and geometrical parameters of the beams

tested by Pecce and Fabbrocino [10]

Beam h
(mm)

b
(mm)

L
(mm)

rc

(MPa)

qt

(%)

qc Stirrups

A 180 400 3,200 41.8 2.6 2 / 6 / 8/100

AH 94.6

B 180 400 3,200 41.8 1.1

BH 94.6

C 520 320 5,000 41.8 2.2

CH 94.6

Fig. 11 Numerical and

experimental applied load

versus mid-span deflection

diagrams for two of the

beams tested by Bigaj and

Walraven [27]
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The numerical predictions and the experimental

results are compared in Fig. 13 in terms of the

applied load versus total beam rotation. Since the

numerical analysis is carried out on the mid-span

region of the beam with a depth to length ratio equal

to the unity, the good agreement obtained for

qt = 2.6% and qt = 2.2% (see Fig. 13a, b, e, f)

confirms that the ductility of over-reinforced con-

crete beams is mainly localized in the mid-span

position of the beam, where concrete crushing takes

place. On the contrary, in the case of lower

reinforcement percentages, as, e.g., for qt = 1.1%,

the crack pattern is more diffuse and the total

rotation is higher than the rotation of the mid-span

portion (see Fig. 13c, d).

Fig. 12 Evaluation of the total rotation in Pecce and

Fabbrocino [10]

Fig. 13 Numerical and

experimental applied load

versus total rotation

diagrams for the beams

tested by Pecce and

Fabbrocino [10]
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5 Discussion and conclusions

In the present paper, a numerical algorithm has been

proposed for the analysis of the behaviour of RC

elements in bending. To this aim, all the main

nonlinear contributions have been taken into account

for an accurate evaluation of the moment-rotation

diagram: concrete fracturing in tension, which pro-

duces effects in the rising part of the moment-rotation

diagram; steel yielding or slippage, which determines

a rapid increment in the beam rotation with a resistant

moment almost constant; and concrete crushing in

compression, which is the reason for the observed

descending branch at the end of the horizontal plateau

(see the qualitative diagram in Fig. 1). This latter

nonlinearity, which highly depends on the size-scale

of the specimen, is fundamental for the prediction of

the ultimate rotation, since it delimits the plastic

plateau (see the comparison with experimental results

in Figs. 8 and 13). Therefore, among the various

forms of nonlinearity, concrete crushing plays a key

role for the evaluation of the rotational capacity. In

over-reinforced beams, in fact, the development of

crushing failure is responsible for a very sudden loss

in the load-carrying capacity, with the appearance of

a severe snap-back instability. With this tool in hand,

the simulation of the mechanical behaviour of all the

intermediate situations, ranging from pure concrete to

over-reinforced concrete beams, can be obtained. The

following main conclusions can be drawn from the

comparison between numerical predictions and

experimental results.

(1) The introduced constitutive law for concrete in

compression through the Overlapping Crack

Model allows for the description of the nonlinear

behaviour of concrete considering the effect of

the structural dimension. In particular, as shown

in Figs. 8 and 10, it is possible to state that,

independent of the reinforcement ratio, the

rotational capacity of RC beams in bending is

a decreasing function of the beam depth. This is

very well evidenced by a progressive reduction

of the beam rotation at failure.

(2) By varying the steel percentage, a double

transition is evidenced: a brittle behaviour in

the case of very low steel percentages due to

tensile crack propagation, a ductile behaviour in

the case of medium steel percentages, and again

a brittle response for high steel percentages, due

to concrete crushing.

(3) The numerical model, controlling the loading

process through the length of the tensile crack

and the extension of the fictitious crushing zone,

permits to describe the descending branch of the

moment-rotation diagram experimentally evi-

denced in the case of over-reinforced beams, as

shown in Figs. 8 and 13.

(4) In the case of high steel percentage, as, e.g., for

qt = 2.6%, the contribution on the global duc-

tility is localised in the mid-span region, where

concrete crushing takes place.

(5) In order to fully describe the experimental

results, it is essential to consider the contribu-

tion of the reinforcement in compression and the

stirrups confinement on the mechanical behav-

iour of RC beams, as well as the actual value of

the concrete compression strength. In general,

we can assert that the ductility—expressed by

means of the maximum rotation—is an increas-

ing function of the reinforcement ratio in

compression, since the latter determines a

reduction of concrete crushing. An analogous

effect is due to the concrete compression

strength, as it can be deduced from the diagrams

shown in Fig. 13. Also the transversal rein-

forcement influences the ductility, through an

improvement of concrete confinement, with a

consequent increment of the ultimate strain. In

the proposed model, this effect was taken into

account by increasing the critical value of the

overlapping displacement and of the crushing

energy.

Finally, a comparison between the calculated plastic

rotations and the experimental values of the all

testing programmes considered in this paper is shown

in Fig. 14a. Since the experimental results usually

exhibit a large scatter (see also Siviero [3]), a rather

satisfactory result is obtained. Besides, this result is in

agreement with that obtained by the analytical model

of Eligehausen et al. [59] and shown in Fig. 14b. On

the other hand, it has to be emphasized that the model

by Eligehausen permits to evaluate in depth the

influence of steel-concrete interaction, steel ductility

class and reinforcement arrangement on the rotational

capacity of RC beams in bending, whereas it is not

effective for the assessment of size effects, since it is
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based on stress–strain relationships for concrete in

tension and compression. On the contrary, the model

by Hillerborg [9] addresses the problem of size

effects, but it is based on the localization length,

which is determined by means of a best fitting

procedure on experimental data. For this reason, it is

not a useful tool for prediction. Besides, the original

model by Hillerborg cannot be used to simulate the

experimental tests considered in this paper, since it

does not consider the reinforcement in compression,

as well as the effect of stirrups confinement. For such

reasons, a comparison with the Hillerborg’s model

has not been performed.
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gespannte Tragwerke im Hoch-, Grund- und Brückenbau.

Technische Hochschule Darmstadt, Az. IV 1-5-683/92

30. Bigaj AJ, Walraven J (2002) Size effects on plastic hinges

of reinforced concrete members. Heron 47:53–75

31. Fantilli AP, Iori I, Vallini P (2007) Size effect of com-

pressed concrete in four point bending RC beams. Eng

Fract Mech 74:97–108. doi:10.1016/j.engfracmech.2006.

01.013

32. Van Mier JGM (1984) Strain softening of concrete under

multiaxial compression, PhD Thesis, Eindhoven University

of Technology, The Netherlands

33. Dahl H, Brincker R (1989) Fracture energy of high-

strength concrete in compression. In: Shah SP, Swartz SE,

Barr B (eds) Fracture of concrete and rock—recent

developments. Proceedings of the international conference

on recent developments in the fracture of concrete and

rock, Cardiff, Wales, 1989. Elsevier Applied Science,

England, pp 523–536

34. Van Vliet M, Van Mier J (1996) Experimental investiga-

tion of concrete fracture under uniaxial compression. Mech

Cohesive Frict Mater 1:115–127. doi:10.1002/(SICI)1099-

1484(199601)1:1\115::AID-CFM6[3.0.CO;2-U

35. Jansen DC, Shah SP (1997) Effect of length on compres-

sive strain softening of concrete. J Eng Mech 123:25–35.

doi:10.1061/(ASCE)0733-9399(1997)123:1(25)

36. Ferrara G, Gobbi ME (1995) Strain softening of concrete

under compression. Report to RILEM Committee 148-

SSC, ENEL-CRIS Laboratory, Milano, Italy

37. Hudson JA, Brown ET, Fairhurst C (1972) Shape of the

complete stress–strain curve for rock. In: Cording EJ (ed)

Proceedings of the 13th symposium on rock mechanics,

University of Illinois, Urbana, Illinois, 1971, American

Society of Civil Engineers, pp 773–795

38. Carpinteri A, Corrado M, Paggi M, Mancini G (2007)

Cohesive versus overlapping crack model for a size effect

analysis of RC elements in bending. In: Carpinteri A,

Gambarova P, Ferro G, Plizzari G (eds) Fracture

mechanics of concrete structures. Proceedings of the 6th

international FraMCoS conference, Catania, Italy, 2007,

vol 2. Taylor & Francis, London, pp 655–663

39. Corrado M (2007) Effetti di scala sulla capacità di rotaz-
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