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Abstract: The well-known cohesive crack model describes strain localization with a softening stress variation in concrete members
subjected to tension. An analogous behavior is also observed in compression, when strain localization takes place in a damaged zone and
the stress reaches the compression strength with surface energy dissipation. In the present paper, we propose the new concept of
overlapping crack model, which is analogous to the cohesive one and permits us to simulate material interpenetration due to crushing. The
two aforementioned elementary models are merged into a more complex algorithm able to describe both cracking and crushing growths
during loading processes in reinforced concrete members. A numerical procedure based on elastic coefficients is developed, taking into
account the proposed constitutive laws in tension and compression. With this algorithm, it is possible to effectively capture the flexural
behavior of reinforced concrete beams by varying the reinforcement percentage and/or the beam depth.
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Introduction

The development of considerable ductility in the ultimate limit
state is a key parameter for the design of reinforced concrete �RC�
beams in bending �Corley 1966; Macchi 1969; Eligehausen and
Langer 1987; Hillerborg 1990; Bigaj and Walraven 1993�. How-
ever, the assessment of the available ductility and the correspond-
ing moment redistribution is complicated by the contemporaneous
presence of different nonlinear contributions: crack opening in
tension, concrete crushing in compression and steel yielding or
slippage. Very often, the concrete contribution in tension is totally
neglected or just considered with a linear–elastic stress–strain law
until the ultimate tensile strength is reached. The nonlinear con-
crete behavior in compression is certainly not negligible. Several
laws may be used to model the concrete behavior in compression:
elastic–perfectly plastic, parabolic–perfectly plastic, Sargin’s pa-
rabola, etc. As far as the steel behavior is concerned, the most
used constitutive laws are the elastic–perfectly plastic or the
elastic-hardening stress-strain relationships. The implementation
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of these constitutive laws in the finite-element method permits to
describe the behavior of a RC member, although it is difficult to
model the experimentally observed size-scale effects on the duc-
tility of RC beams in bending. One of the main reasons for this is
represented by the fact that the aforementioned constitutive laws
consider only an energy dissipation over the volume in the non-
linear regime.

On the other hand, the application of fracture mechanics con-
cepts has been proven to be very effective for the analysis of
size-scale effects in concrete and reinforced concrete structures.
Most of the applications concern the analysis of the ductile-to-
brittle transition in unreinforced concrete beams in bending
�Carpinteri 1985, 1989�, the assessment of the shear resistance
�Gustafsson and Hillerborg 1988; Jenq and Shah 1989; Bazant
and Kim 1984; Carpinteri et al. 2007�, and the evaluation of
the minimum reinforcement �Bosco et al. 1990; Bosco and
Carpinteri 1992; Carpinteri 1999� of RC beams. With regard to
the behavior of concrete in compression, Hillerborg �1990� first
introduced a model based on the concept of strain localization
for the analysis of overreinforced beams in bending. According to
his approach, when the ultimate compression strength is achieved,
a strain localization takes place within a characteristic length pro-
portional to the width of the compression zone. This model per-
mits to address the issue of size effects, although the definition of
the length over which the strain localization occurs is a free pa-
rameter and its value is not defined on the basis of theoretical
arguments.

Further, many experimental tests put into evidence that a
significant scale effect on the dissipated energy density takes
place �see, e.g., Dahl and Brincker 1989; van Vliet and van Mier
1996; Carpinteri et al. 2005; Suzuki et al. 2006�. The dissipated
energy density can be assumed as a material constant only if
it is defined as a crushing surface energy. Hence, we herein
explore the possibility to model the process of concrete crushing
using an approach similar to the cohesive model, which is adopt-
ed for the tensile behavior of concrete. In particular, we define a

linear–elastic stress–strain law, before achieving the compression

NAL OF ENGINEERING MECHANICS © ASCE / MARCH 2009 / 221

tion subject to ASCE license or copyright. Visithttp://www.ascelibrary.org



strength. Afterward, a descending stress–displacement law is in-
troduced, for the analysis of the nonlinear behavior of concrete in
compression.

Finally, special mention has to be given to the steel–concrete
interaction. The most appropriate law for the reinforcing bar
bridging a tensile crack propagating in concrete is a nonlinear
relationship between force and crack opening. This relationship
can be deduced from bond–slip laws and can be suitably included
in the numerical algorithm as a modification of the constitutive
behavior of the node of the finite-element mesh where the steel
reinforcement is present. In this framework, multiple levels of
reinforcement can be easily taken into account.

In the next sections we propose a new step-by-step numerical
method able to describe the behavior of a reinforced concrete
member during both fracturing and crushing. First, the cohesive
crack model for concrete in tension and the overlapping crack
model for concrete in compression are introduced, as well as the
stress–displacement relationship for steel in tension. A numerical
algorithm based on the finite-element method is presented for the
analysis of all the intermediate situations ranging from pure con-
crete members to overreinforced beams. It is assumed that the
fracturing and crushing processes are fully localized along the
midspan cross section of the representative structural element in
bending. This assumption, fully consistent with the crushing phe-
nomenon, also implies that only one equivalent main tensile crack
is considered. The results of the parametric investigations are re-
ported in useful nondimensional diagrams showing the influence
of the reinforcement percentage and of the structural size on the
ductility of RC members in bending. Finally, a comparison be-
tween the numerical predictions and the results of the experimen-
tal tests carried out on RC beams in bending by Bosco and
Debernardi �1992� is carried out in order to validate the proposed
model. Future developments and perspectives conclude the paper.

Description of the Proposed Model

Let us consider the reinforced concrete beam segment shown in
Fig. 1 and subjected to a bending moment M. This element, hav-
ing a length equal to the beam depth, is representative of the zone
where a plastic hinge formation takes place. The analysis of this
structural element is consistent with the prescriptions reported in
the Eurocode 2 �EN 1992� for the evaluation of the plastic rota-
tion capacity of RC beams in bending. We also assume that the
midspan cross section of this element could be fully representa-
tive of its mechanical behavior. The stress distribution is linear–
elastic until the tensile stress at the soffit reaches the concrete
tensile strength. When this threshold is reached, a cohesive crack
propagates from the beam soffit toward its extrados. Correspond-
ingly, the applied moment increases. Outside the crack, the mate-
rial is assumed to behave elastically �Fig. 2�a��. According to the
well-known cohesive model, the stresses in the cohesive zone are

Fig. 1. Scheme of a reinforced concrete element
assumed to be a function of the crack-opening displacement and
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become equal to zero when the crack-opening displacement is
larger than a critical value.

On the other hand, the damage phenomenon leading to con-
crete crushing begins when the maximum stress in compression
reaches the concrete compression strength. Afterward, the devel-
opment of microcracking up to full fragmentation takes place
with a subsequent reduction of the stresses in the compression
zone. Damage is then described as a fictitious interpenetration of
the two half-beams, representing the localization of the dissipated
energy �Fig. 2�b��. The larger the interpenetration, also referred to
as overlapping in the sequel, the lower the transferred forces
along the damaged zone.

Cohesive Crack Model for the Description
of Concrete Fracturing

Linear elastic fracture mechanics has been proven to be a useful
tool for solving fracture problems, provided that a crack-like
notch or flaw exists in the body and that the nonlinear zone ahead
of the crack tip is negligible. These conditions are not always
fulfilled and, both for metallic and cementitious materials, the size
of the process zone due to plasticity or microcracking can be not
negligible with respect to the dimensions of the structural ele-
ment. In such conditions, the localized damaged material can be
modeled as a pair of restrained fracture surfaces. This idea has
been extensively applied to materials that are commonly classi-
fied as quasi-brittle, such as concrete, rocks, glass, polymers, etc.
In particular, the most suitable model for concrete was first pro-
posed by Hillerborg et al. �1976� with the name of fictitious crack
model. Afterward, Carpinteri �1985, 1989�, proposed an updated
algorithm referred to as cohesive crack model for the study of
ductile-brittle transition and snap-back instability in concrete ele-

Fig. 2. Cohesive stress distribution in tension with: �a� linear–elastic
distribution in compression; �b� nonlinear behavior in tension and
compression
ments in bending.
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The main hypotheses of the model can be summarized as
follows:
1. The constitutive law used for the nondamaged zone is the

�–� linear–elastic relationship shown in Fig. 3�a�;
2. The process zone develops when the maximum stress

reaches the ultimate tensile strength;
3. The process zone is perpendicular to the main tensile stress;

and
4. In the process zone, the damaged material is still able to

transfer a tensile stress across the crack surfaces. The cohe-
sive stresses are considered to be decreasing functions of the
crack opening wt �see Fig. 3�b��

� = �u�1 −
wt

wcr
t � �1�

where wt=crack opening; wcr
t �its critical value correspond-

ing to the condition �=0; and �u=ultimate tensile strength of
concrete.

The shaded area under the stress versus displacement curve in
Fig. 3�b� represents the fracture energy, GF.

Overlapping Crack Model for the Description
of Concrete Crushing

The most frequently adopted constitutive laws for concrete in
compression describe the material behavior in terms of stress and
strain. This approach implies that the energy is dissipated over a
volume, whereas experimental results reveal that the energy is
mainly dissipated over a surface. Hillerborg �1990� first proposed
to model the crushing phenomenon as a strain localization over a
length proportional to the depth of the compression zone. How-
ever, the evaluation of this characteristic length is rather compli-
cated by the fact that the depth of the compressed zone is not
constant, but varies during the flexural loading process. As a re-
sult, it is difficult to formulate a material constitutive law fully
describing the mechanical response of concrete in compression.

In the present formulation, we introduce a stress–displacement
relationship between compression stress and interpenetration, in
close analogy with the cohesive model. The main hypotheses are
the following:
1. The constitutive law used for the undamaged material is a

linear-elastic stress-strain relationship, see Fig. 4�a�;
2. The crushing zone develops when the maximum compres-

sion stress achieves the concrete compression strength;
3. The process zone is perpendicular to the main compression

stress; and
4. The damaged material in the process zone is assumed to be

Fig. 3. Cohesive crack model for concrete in tension: �a� linear–
elastic �–� law and postpeak; �b� softening �–w relationship
able to transfer a compression stress between the overlapping
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surfaces. Concerning the crushing stresses, they are assumed
to be a decreasing function of the interpenetration wc �see
Fig. 4�b��

� = �c�1 −
wc

wcr
c � �2�

where wc=interpenetration; wcr
c = its critical value corre-

sponding to the condition �=0; and �c=ultimate compres-
sion strength. This zone is then represented by a fictitious
overlapping, that is mathematically analogous to the ficti-
tious crack in tension, as shown in Fig. 5.

It is important to note that, from a mathematical point of view,
the overlapping displacement is a global quantity, and therefore it
permits us to characterize the structural behavior without the need
of modeling into the details the actual failure mode of the speci-
men, which may vary from pure crushing to diagonal shear or to
splitting failures, depending on its size-scale and/or slenderness.
The proposed model, based on a fictitious interpenetration, per-
mits to obtain a true material constitutive law, independent of the
structural size �see the experimental confirmation by van Vliet
and van Mier �1996� and by Jansen and Shah �1997��. Therefore,
with respect previous approaches, the proposed methodology ap-
plied to RC beams in bending has the advantage to avoid the
elaborate description of the kinematics of the failure mode �see,
e.g., the detailed description of the triangular-shaped failure sur-
face expelled during crushing by Fantilli et al. 2007�.

In analogy with the cohesive crack model, we can define the
area under the stress–displacement curve as the crushing energy,
GC. Dahl and Brincker �1989� carried out a series of uniaxial
compression tests with the aim of measuring the dissipated energy
per unit cross-sectional area. They obtained values of about
50 N /mm and claimed that this dissipated energy becomes inde-
pendent of the specimen size if the specimen is large enough. A
more sophisticated stress–displacement law considering the phe-
nomenon of compacting was recently proposed by Suzuki et al.
�2006�. In this case, the crushing energy is computed according to
the following empirical equation, which considers the confined
concrete compression strength by means of the stirrups yield
strength and the stirrups volumetric content:

Fig. 4. Overlapping crack model for concrete in compression: �a�
linear–elastic �–� law; �b� postpeak softening �–w relationship

Fig. 5. �a� Compression crushing with overlapping; �b� tensile
fracture with cohesive zone
NAL OF ENGINEERING MECHANICS © ASCE / MARCH 2009 / 223

tion subject to ASCE license or copyright. Visithttp://www.ascelibrary.org



GC

�c
=

GC,0

�c
+ 10,000

ka
2pe

�c
2 �3a�

where �c=average concrete compression strength; ka=parameter
depending on the stirrups strength and volumetric percentage; and
pe=effective lateral pressure. The crushing energy for unconfined
concrete, GC,0, can be calculated using the following expression:

GC,0 = 80 − 50kb �3b�

where the parameter kb depends on the concrete compression
strength.

A comparison between crushing energy and fracture energy
for different compression strengths is proposed in Table 1. The
crushing energy is calculated according to Eq. �3b� for concrete
without stirrups, whereas the fracture energy is calculated accord-
ing to the CEB-FIP Model Code 90 in the case of a maximum
aggregate dimension of 16 mm. It is worth noting that GC is be-
tween 2 and 3 orders of magnitude higher than GF. Finally, we
remark that the critical values for crushing interpenetration and
crack opening are, respectively, equal to wcr

c �1 mm �see also the
experimental results in Jansen and Shah 1997� and wcr

t �0.1 mm.
The effect of the lateral reinforcement and its spacing can be
indirectly taken into account in the model as a modification of the
crushing energy.

Steel–Concrete Interaction

In order to model the steel contribution to the load carrying ca-
pacity of the beam, it is necessary to introduce a suitable bond–
slip law for the characterization of steel–concrete interaction.
Typical bond–slip relationships are defined in terms of a tangen-
tial stress along the steel–concrete interface as a function of the
relative tangential displacement between the two materials �see
Jenq and Shah 1989; CE-FIP 1990; Carpinteri 1999�. The integra-
tion of the differential slip over the transfer length, ltr, is equal to
one-half of the opening crack at the reinforcement level. On the
other hand, the integration of the bond stresses gives the rein-
forcement reaction. In order to simplify the calculation, the
stress–displacement law is herein assumed to be linear until the
yield stress �or until the critical crack opening for steel, wy� is

Table 1. Comparison between Crushing Energy and Fracture Energy for
Different Concrete Compression Strengths

�c

�N /mm2�
GC,0

�N/mm�
GF

�N/mm�

30 30 0.065

50 40 0.090

70 51 0.117

90 58 0.140

Fig. 6. Finite-element nodes along the midspan cross section
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achieved. After that, the reinforcement reaction is considered to
be constant, until the crack-opening displacement at the reinforce-
ment level reaches a limit value corresponding to steel rupture.

Numerical Algorithm

A discrete form of the elastic equations governing the mechanical
response of the two half-beams is herein introduced in order to
develop a suitable algorithm for the analysis of all the intermedi-
ate situations, where both fracturing and crushing phenomena
take place. The midspan cross section of the beam can be subdi-
vided into finite elements by n nodes. �Fig. 6�. In this scheme,
cohesive and overlapping stresses are replaced by equivalent
nodal forces by integrating the corresponding tractions over the
element size. Such nodal forces depend on the nodal opening or
closing displacements according to the cohesive or overlapping
softening laws shown, respectively, in Figs. 3�b� and 4�b�.

The horizontal forces, F, acting along the midspan cross sec-
tion can be computed as follows:

�F� = �Kw	�w� + �KM�M �4�

where �F�=vector of nodal forces; �Kw	=matrix of the coeffi-
cients of influence for the nodal displacements, �w�=vector of
nodal displacements; �KM�=vector of the coefficients of influence
for the applied moment; and M =applied moment. The coeffi-
cients of influence �Kw	 have the physical dimension of a stiff-
ness and are computed a priori with a finite-element analysis by
applying a unitary displacement to each of the nodes shown in
Fig. 6. The reinforcement contribution is also included in the
nodal force corresponding to the rth node.

In the generic situation shown in Fig. 7�a�, the following equa-
tions can be considered:

Fi = 0 for i = 1,2, . . . ,�j − 1�; i � r �5a�

Fi = Fu�1 −
wi

t

wt � for i = j, . . . ,�m − 1� �5b�

Fig. 7. Force distribution with: �a� cohesive crack in tension and
linear elastic behavior in compression; �b� cohesive crack in tension
and crushing in compression
cr

tion subject to ASCE license or copyright. Visithttp://www.ascelibrary.org



wi = 0 for i = m, . . . ,n �5c�

Eqs. �4� and �5� constitute a linear algebraic system of �2n� equa-
tions and �2n+1� unknowns, i.e., the elements of the vectors �w�
and �F� and the applied moment, M. The additional equation
required to solve the problem is obtained by setting the value of
the force at the fictitious crack tip, say m, equal to the ultimate
tensile force. The driving parameter of the process is the position
of the fictitious crack tip, defined by the position of the node m in
Fig. 7�a�, which is increased by one nodal position at each step of
the algorithm. Hence, the position of the real crack tip, j, turns out
to be a function of the crack opening.

When crushing takes place �see Fig. 7�b��, the equation set �5�
is replaced by

Fi = 0 for i = 1,2, . . . ,�j − 1�; i � r �6a�

Fi = Fu�1 −
wi

t

wcr
t � for i = j, . . . ,�m − 1� �6b�

wi = 0 for i = m, . . . ,p �6c�

Fi = Fc�1 −
wi

c

wcr
c � for i = �p + 1�, . . . ,n �6d�

where the superscripts t and c stand for tension or compression,
respectively.

Again, Eqs. �4� and �6� constitute a linear algebraic system of
�2n� equations and �2n+1� unknowns. In this case, there are two
possible additional equations: we can set either the force in the
fictitious crack tip, m, equal to the ultimate tensile force, or the
force in the fictitious crushing tip, p, equal to the ultimate com-
pression force. In the numerical scheme, we choose the situation
that is the closest to one of these two critical conditions. The
driving parameter of the process is the tip that in the considered
step has reached the limit resistance. Only this tip is moved when
passing to the next step.

The two fictitious tips advance until they converge to the same
node. So forth, in order to describe the descending branch of the
moment–rotation diagram, the two tips can move together toward
the soffit of the beam. As a consequence, the crack in tension
closes and the overlapping zone is allowed to extend toward the
soffit. This situation is quite commonly observed in overrein-
forced beams, where steel yielding does not take place.

Finally, at each step of the algorithm it is possible to calculate

Fig. 8. Nondimensional moment versus rotat
the beam rotation, �, as follows:
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� = �Dw�T�w� + DMM �7�

where �Dw�=vector of the coefficients of influence for the nodal
displacements and DM =coefficient of influence for the applied
moment. The physical dimensions of the coefficients Dw

i and DM

are, respectively �L	−1 and �F−1 L	−1.

Parametric Study

In this section, the results of the numerical simulations are shown.
They are carried out to investigate the influence of two fundamen-
tal parameters on the global mechanical behavior of RC beams
in bending, namely the beam size and the tensile steel percentage.
In the numerical scheme, the midspan cross section is discretized
into 160 elements and the coefficients of influence entering
Eq. �4� are preliminarily determined using the finite-element
method. The length-to-overall depth ratio, �, and the thickness,
b, are kept constant in the following examples and equal, re-
spectively, to 1 and 200 mm. The following mechanical param-
eters are assumed for concrete: �c=40 MPa, Gc=30 N /mm,
�u=4 MPa, GF=0.08 N /mm. The tensile yield strength of steel,
�y, is set equal to 400 MPa. In the parametric study, the reinforce-
ment ratio, �t, has been varied from 0 to 3%, simulating all the
intermediate situations from plain concrete beams to overrein-
forced beams, whereas the beam depth, h, has been varied from
0.1 to 2 m. The ratio between effective depth, d, and overall
depth, h, is kept constant and equal to 0.9.

In the limit case characterized by �t=0%, the curves obtained
using the cohesive crack model by Carpinteri et al. �1986� are
perfectly recovered by the present model, as shown in Fig. 8�a�.
The normalization of the vertical axis is chosen in order to high-
light the ductile-to-brittle transition by varying the structural size.
The beams with a depth ranging from 0.1 to 0.4 m exhibit a soft-
ening behavior. By increasing again the beam depth, i.e., from
0.4 to 2.0 m, a snap-back instability is observed. Similar results
are observed in the case of �t=0.1% as shown in Fig. 8�b�. In this
case, however, a horizontal asymptote different from zero exists,
due to the effect of the steel contribution.

In general, in the case of low steel percentages, crushing does
not take place and a single nondimensional parameter, like the
brittleness number NP, as defined by Carpinteri �1981, 1984�, can
be used to describe the transition from ductile to brittle behaviors:

NP = �t

�yh
0.5

�8�

agrams in case of �a� �t=0.0%; �b� �t=0.1%
ion di

GFEc
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The diagrams shown in Fig. 9�a� are related to a reinforcement
ratio equal to 0.5%. A plateau is observed in the nondimensional
bending moment versus rotation diagram when steel yielding
occurs. The normalization of the vertical axis is different from
that assumed in Fig. 8 only for graphical reasons. These curves
put into evidence that the beam rotation at failure is progressively
diminished by increasing the beam depth, with the appearance of
steeper and steeper softening branches. It is worth noting that
design codes consider the dependence of the ultimate rotation
on the steel percentage and on the beam slenderness, whereas
the structural dimension is not taken into account. In the case of
�t=0.5%, the reinforcement reaches the ultimate deformation for
any beam depths, whereas concrete crushing is not particularly
important.

However, by increasing the reinforcement ratio, as for
�t=1.0, 2.0, and 3.0% �see Figs. 9�b–d��, the steel deformation at
failure progressively decreases and concrete crushing becomes
more and more predominant, leading to severe brittle behaviors
after the achievement of the peak load. As a result, the ductility,
which can be conventionally measured through the extension of
the plateau after the peak load, turns out to be a decreasing func-
tion of the steel percentage. The smallest beam with h=0.1 m
maintains a discrete rotational capacity also with very high steel
percentage �see Fig. 9�d��. In this case, as steel yielding does not
take place, the only contribution to ductility is due to concrete
crushing.

Comparison with Experimental Results

The testing program herein considered was carried out by Bosco
and Debernardi in the Materials and Structures Laboratory of

Fig. 9. Nondimensional moment versus rotation diagrams in
the Department of Structural Engineering and Geotechnics of the
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Politecnico di Torino Italy on 22 simply supported RC beams
�Bosco and Debernardi 1992�. Three different structural scales of
the beams were considered, with cross-section depths of 200, 400,
and 600 mm and constant slenderness l /h=10. The percentage of
tensile reinforcement was varied between 0.13 and 1.70%. The
characteristics of stirrups and compression reinforcement, �c, are
given in Table 2.

The width-to-depth ratio of the beam cross section, b /h=0.5,
the effective depth-to-total depth ratio, d /h=0.9 and the diameter
of the tension bars, �=12 mm, were kept constant. The instru-
mentation included two linear potentiometers �Devices 7 and 12
in Fig. 10� for measuring the deformations at the top and bottom
sides of the beam. The length of each extensimeter was equal
to the beam depth. By means of such an instrumentation, the

Table 2. Mechanical and Geometrical Parameters of the Beams Tested
by Bosco and Debernardi �1992�

Beam
h

�mm�
b

�mm�
L

�mm�
�t

�%�
�c

�%� Stirrups
GC,0

�N/mm�

T1 200 100 2,000 0.57 0.25 � 6 /15 53

T2 1.13 0.50 � 6 /15

T3 1.71 0.50 � 6 /15

T4 400 200 4,000 0.28 0.20 � 6 /20 30

T5 0.57 0.20 � 6 /20

T6 1.13 0.20 � 6 /20

T7 1.71 0.30 � 6 /20

T8 600 300 6,000 0.13 0.12 � 6 /15 48

T9 0.25 0.12 � 6 /15

T10 0.57 0.12 � 6 /15

T11 1.13 0.12 � 6 /15

f: �a� �t=0.5%; �b� �t=1.0%; �c� �t=2.0%; and �d� �t=3.0%
case o
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rotation of the midspan region, characterized by a length equal
to the depth, can be directly evaluated as the difference between
the longitudinal displacements at the soffit and at the extrados,
divided by the total beam depth. The reinforcing bars have
the following mechanical parameters: yield strength, fym

=587 N /mm2, failure stress, f tm=672 N /mm2 and strain at failure
load, �su=7.0%. The mean compression strength of concrete,
measured at 60 days on ten 16 cm side cubes, was equal to
30.9 N /mm2 with a standard deviation of 1.10 N /mm2. The con-
crete tensile strength was measured on six samples through split-

Fig. 10. Testing scheme and loading conditions in Bosco and
Debernardi �1992�

Fig. 11. Numerical and experimental moment versus rotation diagram
curves have been obtained from the original moment-curvature data in
portion.
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ting tensile tests and its average value was equal to 2.97 N /mm2

with standard deviation of 0.5 N /mm2. The outcome of the test-
ing program is represented by the bending moment versus rota-
tion diagram of the central portion of the beams.

The numerical simulations have been carried out by modelling
the central beam region characterized by a span-to-depth ratio
equal to unity, in order to obtain a consistent comparison with
experimental measures �see Fig. 10�. The values of the crushing
energy, determined according to Eq. �3a�, taking into account the
stirrups confinement, are reported in Table 2.

The numerical and experimental moment–rotation curves are
compared in Fig. 11 for different beam depths and different steel
percentages. These diagrams put into evidence that the maximum
rotation is a decreasing function of the tensile reinforcement ratio
and of the beam depth. In the case of low steel percentages, the
mechanical behavior is characterized by reinforcement yielding
and the mechanical response is almost plastic. By increasing the
amount of reinforcement, the contribution of concrete crushing
becomes more and more evident with the appearance of a soften-
ing branch at the end of the plastic plateau. This is an important
feature of the proposed model, which also permits us to follow
unstable softening branches with positive slopes �snap-back� by
controlling the loading process through the length of the tensile
crack and the extension of the fictitious crushing zone, rather than
by the external load. Hence, this numerical method permits to
overcome some drawbacks of the classical approaches based on
elastoplasticity that are traditionally used to model the constitu-

the beams tested by Bosco and Debernardi �1992�. The experimental
and Debernardi �1992� by integrating the curvatures along the beam
s for
Bosco
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tive behavior of concrete in compression �see Barbosa and
Ribeiro 1998�. To model this nonlinear process, in fact, the
Drucker–Prager yield criterion or improved versions are adopted
to model the local behavior of the material and iterative algo-
rithms have to be invoked. However, the parameters defining the
yield surface have to be updated during the loading process in
order to capture the softening response of the material, making
extremely difficult the analysis of unstable postpeak responses
�see the material identification procedure proposed by Cela
�2002� for uniaxial compression tests�.

The numerically predicted maximum resistant moments are
very often lower than the experimental ones, as we can see in
Figs. 11�a–c�. This is due to the fact that the hardening behavior
of steel before yielding is not taken into account in the numerical
model. On the other hand, a good agreement is obtained with
the ultimate resistant moment calculated in accordance with the
Eurocode 2 prescriptions �parabolic–perfectly plastic relationship
for concrete in compression and elasto plastic relationship
for steel�, whose values are reported with dashed lines in
Figs. 11�a–c�. The size-scale effect is put into evidence in
Fig. 11�d� by keeping constant the steel percentage equal to
1.13% and varying the beam depth from 200 to 600 mm. A
general good agreement is obtained between numerical and ex-
perimental results for all the tested beams, with no significant
differences between the two considered loading cases shown in
Fig. 10.

Discussion and Conclusions

In the present paper, a general numerical algorithm has been pro-
posed for the analysis of the mechanical behavior of RC elements
in bending, ranging from pure concrete to overreinforced concrete
beams. To this aim, all the main nonlinear contributions are taken
into account for an accurate evaluation of the moment–rotation
diagram. This model can be profitably applied to model the beam
regions subjected to a high gradient in the bending moment dia-
gram, where a plastic hinge formation takes place, as, e.g., the
middle portion of a three-point bending beam or the regions close
to the intermediate supports. The following main conclusions can
be drawn from the results of the parametric analysis.
1. The introduced constitutive law for concrete in compression

through the overlapping crack model permits us to describe
the descending branch of the moment–rotation diagram for
over-reinforced beams.

2. Referring to Figs. 8 and 9, it is possible to state that, inde-
pendently of the reinforcement ratio, the behavior becomes
more and more brittle by increasing the beam depth. This is
very well evidenced by a progressive reduction of the beam
rotation at failure. Such size-scale effects are not considered
in the actual design codes. For instance, by applying the
model code, the position of the neutral axis at the ultimate
condition, and consequently the plastic rotation determined
as a function of the neutral axis position, are independent of
the beam depth. They depend only on the steel percentage.
With the proposed algorithm, the position of the neutral axis
is found to be dependent on the beam depth.

3. By varying the steel percentage, a double transition is evi-
denced: a brittle behavior in the case of very low steel per-
centages, a ductile behavior in the case of medium steel
percentages, and again a brittle response for high steel per-

centages, this time due to concrete crushing.

228 / JOURNAL OF ENGINEERING MECHANICS © ASCE / MARCH 2009

Downloaded 20 Sep 2010 to 130.75.240.26. Redistribu
4. Referring to Fig. 11, it is possible to state that the proposed
algorithm catches the experimental results by varying both
the structural dimension and the steel percentage.

Future developments of the present model will regard the analysis
of the plastic rotation, as defined by Corley �1966�, Macchi
�1969�, and Eligehausen and Langer �1987�, as a measure of the
ductility of RC elements in bending. The effect of the statistical
variability of the mechanical parameters on the structural re-
sponse will also be investigated. In this stage, further numerical/
experimental comparison will be carried out in order to highlight
the possible limitations of the present approach.
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Notation

The followings symbols are used in this paper:
b � thickness of the beam;

DM � coefficient of influence for the applied moment;
�Dw�T � vector of the coefficients of influence for the nodal

displacements;
d � effective depth of the beam;

�F� � vector of nodal forces;
Fc � ultimate compression force;
Fu � ultimate tensile force;
GC � crushing energy of confined concrete;

GC,0 � crushing energy of unconfined concrete;
GF � fracture energy;

h � overall depth of the beam;
�KM� � vector of the coefficients of influence for the

applied moment;
�Kw	 � matrix of the coefficients of influence for the nodal

displacements;
L � specimen span;

M � applied bending moment;
NP � brittleness number for underreinforced concrete;

�w� � vector of nodal displacements;
wc � overlapping displacement;
wcr

c � critical overlapping displacement;
wt � crack-opening displacement;

wcr
t � critical crack-opening displacement;
� � RC element rotation;
� � L /h, specimen slenderness;

�c � As� /bh, compression steel percentage;
�t � As /bh, tensile steel percentage;
� � stress in concrete;

�c � compression strength of concrete;
�u � tensile strength of concrete; and
�y � tensile yield strength of steel.
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