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Abstract

The size-scale effects on the mechanical properties of materials are a very important topic in engineering design. In recent years, a great deal
of research on size-scale effects has been carried out in order to gain a precise description of this phenomenon and to highlight the physical
mechanisms that lie behind it. Three different approaches have been proposed or at least analyzed. These include the statistical [Weibull W. A
statistical theory of the strength of materials. Proceedings of the Royal Swedish Institute of Engineering Research 1939;151:1–45], the energetical
[Bažant ZP. Size effect in blunt fracture: Concrete, rock, metal. Journal of Engineering Mechanics (ASME) 1984;110:518–35. [2]] and the fractal
approach [Carpinteri A. Fractal nature of material microstructure and size effects on apparent mechanical properties. Mechanics of Materials
1994;18:89–101. Internal Report, Laboratory of Fracture Mechanics, Politecnico di Torino, N. 1/92, 1992; Carpinteri A. Scaling laws and
renormalization groups for strength and toughness of disordered materials. International Journal of Solids and Structures 1994;31:291–302].

The fractal approach, which exploits the fractal nature of fracture [Molosov AB, Borodich FM. Fractal fracture of brittle bodies during
compression. Soviet Physics-Doklady 1992;37:263–5. [5]], has been a matter of intense debate, particularly in the papers by Bažant [Scaling
of quasibrittle fracture and the fractal question. Journal of Materials and Technology (ASME) 1995;117:361–7; Scaling of quasibrittle fracture:
Hypotheses of invasive and lacunar fractality, their critique and Weibull connection. International Journal of Fracture 1997;83:41–65; Statistical
and fractal aspects of size effect in quasibrittle structures. In: Shiraishi, editor. Structural safety and reliability. Rotterdam: Balkema; 1998.
p. 1255–62], Borodich [Fractals and fractal scaling in fracture mechanics. International Journal of Fracture 1999;95:239–59], Bažant and Yavari
[Is the cause of size effect on structural strength fractal or energetic-statistical? Engineering Fracture Mechanics 2005;72:1–31] and, more recently,
by Saouma and Fava [On fractals and size effects. International Journal of Fracture 2006;137:231–49], who question its validity and even argue
that it lacks sound physical and mathematical basis. In this long standing controversy about the interpretation of scaling laws on material strength
[Carpinteri A, Pugno N. Are scaling laws on strength of solids related to mechanics or to geometry? Nature Materials 2005;4:421–3. [12]], the
fractal approach has been counterposed to the energetical approach at first and to the so-called energetical-statistical one only more recently.

The aim of this paper is to revisit the fractal approach and to reject the most recurrent criticisms against it. Moreover, we will show that it
is wrong to set the fractal approach to size-scale effects against the statistical one, since they are deeply connected, as shown in several papers
[Carpinteri A, Cornetti P. Size effects on concrete tensile fracture properties: An interpretation of the fractal approach based on the aggregate
grading. Journal of the Mechanical Behavior of Materials 2002; 13:233–46. [13]; Carpinteri A, Cornetti P, Puzzi S. A stereological analysis
of aggregate grading and size effect on concrete tensile strength. International Journal of Fracture 2004;128:233–42; Carpinteri A, Cornetti P,
Puzzi S. Scale effects on strength and toughness of grained materials: An extreme value theory approach. Strength, Fracture and Complexity
2005;3:175–88; Carpinteri A, Cornetti P, Puzzi S. Size effect upon grained materials tensile strength: The increase of the statistical dispersion at
the smaller scales. Theoretical and Applied Fracture Mechanics 2005;44:192–9]. By analyzing in detail a fractal distribution of micro-cracks in the
framework of Extreme Value theory, we will obtain a scaling law for tensile strength characterized, in the bi-logarithmic plot, by the slope –1/2.
Conversely, by considering a fractal grain size distribution in a grained material, we will obtain a scaling law for fracture energy characterized –
in the bi-logarithmic plot – by the positive slope 1/2. These slopes are the natural consequence of perfect self-similarity of the flaw (or grain) size
distribution. And finally, the theoretical results regarding the link between fractals and statistics will be confirmed by numerical simulations.
c© 2008 Elsevier Ltd. All rights reserved.
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Nomenclature

a crack size
amax maximum crack size
a0 threshold
b linear size
C normalization constant
d grain size
dmax maximum grain size
F (α)i j shape function
g shape function
gF dimensionless constant
G F fracture energy
G∞F asymptotic value of fracture energy
k size-scale ratio
ki (i = 1, 2, 3) material constants
K normalization constant
K ∗ generalized stress-intensity factor
K ∗c critical stress-intensity factor
n number of cracks
N power-law exponent
p(.) probability density function
P(.) cumulative probability
w displacement
wc critical displacement
α angle of a re-entrant corner
β fractal exponent
γ ratio of the upper to the lower cut-off of the fractal

regime
φ longitude
λ stress-singularity power
η roughness index
ρ volumetric density of defects
σ tensile strength
σu ultimate tensile strength
θ latitude
ξ dimensionless constant

0. Introduction

Since the pioneering paper by Mandelbrot et al. [17] on the
fractal character of the fracture surfaces in metals, the fractal
features in the deformation and failure of materials have been
investigated by several Researchers. Self-affinity of roughness
of fracture surfaces has been found in a wide range of materials,
from metals to wood, from ceramics to concrete, from rock
to polymers (see, e.g. the review paper by Bouchaud [18]).
Since the discovery of fractality, several authors have tried to
connect it – in some cases without any modelling attempt –
with the size-scale effects on fracture energy (see e.g. the papers
by Williford [19]; Mu and Lung [20]; Heping [21]). Different
models have also been proposed (see, e.g. Borodich [22–24]);
for a review on fractal models concerning the self-affinity of
fracture surfaces and its implications on the size-effect on
fracture energy, the reader is referred to the paper by Weiss [25].
Carpinteri [3] addressed the scaling of tensile strength
and proposed a self-similarity interpretation of the size-scale
effects on tensile strength of brittle materials, based on the
presence of a fractal distribution of cracks inside the body.
Later on, this fractal explanation of the size scale effects has
been strengthened by a different analysis in the framework of
Renormalization Group Theory (Carpinteri and Chiaia [26])
and extended also to fracture energy (Carpinteri and Chiaia [27,
28]) and critical strain (Carpinteri et al. [29–31]). These
concepts have been also applied to explain the R-curve material
behaviour (Carpinteri and Chiaia [32]) and to interpret the
results of bending (Carpinteri et al. [33]) and compression
(Carpinteri et al. [34]). However, since its appearing, this theory
has been at the centre of a scientific debate (see the papers
by Bažant [6–8]; Borodich [9]; Bažant et al. [35]; Bažant and
Yavari [10] and Saouma and Fava [11]).

The aim of this paper is to revisit the self-similarity-
statistical treatment originally proposed by Carpinteri [36,37,
4], and to show that the fundamental nature of scaling laws for
both strength and toughness is deeply connected with fractal-
statistical aspects. More in detail, in Section 1, the power-law
scaling for strength will be obtained by considering the self-
similarity distribution of cracks inside the material, whereas
Section 2 will deal with the opposite scaling on fracture
toughness arising from a fractal distribution of grains in a
grained material. Section 3 will focus on the case of power-
law distributions not exactly obeying the condition of self-
similarity. Section 4 will revisit some recent results connected
with the existence of an upper bound for the defect (or
grain) size, showing how this bound, which breaks the perfect
self-similarity, introduces a transition from the fractal scaling
regime to a homogeneous regime, with constant mechanical
properties (Carpinteri et al. [14]). And finally, results from
Monte Carlo numerical simulations confirming the analytical
data provided in Sections 1–3 will be presented.

1. Size scale-effect on the tensile strength of bodies
containing many imperfections

Let us consider, as done by Carpinteri [4], a set of similar
bodies containing a multitude of imperfections (cracks, voids,
etc.) of a given size distribution, distributed uniformly in space
and isotropically, i.e. without preferential orientation. For the
sake of simplicity, let us assume that the body is a cube of side
b. If λ(0 ≤ λ ≤ 1/2) is the power of the stress-singularity
associated with the imperfections of the most dangerous shape,
and if the probability density p(a) of size distribution is such
that the maximum size amax is proportional to the linear scale
b, then the strength size-scale effect in the tensile strength (σu)

vs. linear scale (b) bi-logarithmic plot will be represented by
a linear diagram with slope −λ (Carpinteri [4,36,37]). If we
consider the power-law probability distribution of the defect
size a:

p(a) =
C

aN+1 , (1)

with exponent N = 3, we can demonstrate that (amax/b) is
constant on average. This result can be obtained rigorously
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in the framework of Extreme Value Theory, by assuming the
above distribution of defect size for the ensemble of all defects
(Carpinteri [4,36,37]).

It has been claimed (Bažant and Yavari [10]) that the
maximum defect size amax should properly be considered
as a randomly distributed quantity, and thus it cannot be
proportional to the linear scale b. On the contrary, we will show
that the aforementioned hypothesis, though restrictive, is very
realistic, since it is valid only when the size distribution p(a)
presents particular properties, i.e. self-similarity.

As a first step in our reasoning, let us consider that, in a body
of characteristic linear size b, a threshold ā can be defined, such
that, on average, one defect only (i.e. the largest) exceeds it.
Let the material be uniform, so that we may define ρ as the
mean (volumetric) density of defects. With this notation we can
compute the value of the threshold ā as follows:

Pr {a ≥ ā} ρb3 1
4π

∫ 2π

0

∫ π

0
sin θdθdφ = 1. (2)

The volume of the body, multiplied by the density ρ, gives
the total number of defects inside the body. Further multiplied
by the probability of a being greater than ā, it offers the
number of defects of size greater than ā. We further multiply
this number by the double integral accounting for the defect
orientation, φ and θ being the longitude and the latitude
of the defect orientation. Since all orientations are equally
probable, the factor 1/4π represents the uniform probability
distribution of defect orientation. To have only one defect above
the threshold ā, we equate this expression to 1. Thus, in a
body of linear size b, one defect only is expected to exceed
the threshold ā; its dimension, however, is still random, since
we only know that this defect (which is obviously a random
variable and the largest defect in the body) is larger than the
threshold: amax ≥ ā.

If now a geometrical similar body of characteristic size kb
is considered, we might want to evaluate the number of defects
exceeding the size kā; once again, we impose the condition that
one defect only exceeds the threshold kā:

Pr {a ≥ kā} ρ (kb)3
1

4π

∫ 2π

0

∫ π

0
sin θdθdφ = 1. (3)

Equating Eqs. (2) and (3), the following relation is obtained:

Pr {a ≥ ā} = Pr {a ≥ kā} k3. (4)

It is easy to see that Eq. (4) requires a cumulative probability of
the defect size of the following form:

P(a) = 1−
K

a3 (5)

where K is a constant determined by the normalization
condition

∫
p(a)da = 1. It must be observed that not the entire

distribution must obey the form of Eq. (5) — but only its tail,
since we are considering the behaviour of the extremes. In other
terms, the probability density function must have the following
form:

p(a) =
C

a4 for a � a0, (6)
Let us observe that it must be valid only above some
threshold a0. The distribution of Eq. (6) has the same form
of the self-similarity distribution of Eq. (1), with N = 3.
Note how, in this case, the distribution of self-similarity has
been obtained not from the hypothesis (amax/b) = const, but
from a different one. We considered a first body and computed
the value of the threshold ā in order to have only one defect
above this threshold. Then we considered a larger body (in
a scale ratio k) and imposed that one defect only exceeds a
higher threshold, k times larger than the previous one. From
this hypothesis, the distribution of self-similarity is obtained.

It is worthwhile observing that the functional form of P(a)
in Eq. (5) is not only a mathematical abstraction. In the
statistical modeling of the basic features of crack networks,
power-laws are broadly used in the Literature: from the
specimen size to the large-scale structures and even geophysics
and seismology (ice and earth’s crust), power-laws provide a
very good fit of experimental data [38–40]. Besides, we must
mention that the presence of power-law distribution of crack
size in materials, as well as in full-scale structures, is confirmed
by the experiments with the AE (Acoustic Emission) technique.
These experiments clearly show that the crack size distribution
is a power-law (Aki and Richards [41], Rundle et al. [42],
Carpinteri et al. [43]).

Now, in order to conclude the demonstration that the slope
−λ in the strength vs. linear size bi-logarithmic plot still holds,
we need to evaluate how the defect of maximum size amax
behaves, since we only know that, in a body of linear size kb,
amax is contained in the range [kā,+∞). As already stated,
a is randomly distributed according to the probability density
function of Eq. (6); in a body of size b, the expectation of amax
can be obtained by computing the expectation of a above the
threshold ā, as previously elucidated; it is now not difficult to
show that its expected value is proportional to the threshold ā
itself:

E (a| a ≥ ā) ∝
N

N − 1
ā (7)

and this result will be confirmed by a different demonstration,
as well as by numerical simulations. Therefore, we can
conclude that (amax/b) is constant on average, although amax
is randomly distributed. Notice that in this demonstration the
maximum size of defects is not simply assumed to scale up with
the body size b. On the contrary this scaling is a consequence
of the particular probability density function of the defect size.
Any other functional form of the probability density function
would provide a different result.

A completely different demonstration that (amax/b) is
constant on average, if p(a) is a power-law and N = 3,
comes from the treatment proposed by Newman [44], in which
the scaling between amax and the number n of defects is
obtained. If we take n defects distributed according to Eq. (1),
the probability π(a)da that the maximum falls in the interval
[a, a + da] can be computed by considering the compound
probability that a single sample (say, the i-th) will lie between
a and a + da – and that all the others will not be greater – as
p (a) da [P (a)]n−1, where P(a) is the cumulative probability



78 A. Carpinteri, S. Puzzi / Probabilistic Engineering Mechanics 24 (2009) 75–83
function:

P(a) = 1−
C

NaN . (8)

Then we must consider that there are n ways to choose i , giving
the probability:

π (a) = np (a) [P (a)]n−1 . (9)

Now, the mean value E(amax) of the largest sample can be
computed:

E (amax) =

∫
∞

amin

aπ (a) da

= n
∫
∞

amin

ap (a) [P (a)]n−1 da. (10)

Introducing Eqs. (1) and (8) together with the normalization
condition, which provides the value of the constant C = NaN

min,
we have:

E (amax) = nN
∫
∞

amin

(
a

amin

)−N

×

[
1−

(
a

amin

)−N
]n−1

da. (11)

Setting the variable change y = 1− (a/amin)
−N , we obtain:

E (amax) = namin

∫ 1

0

yn−1

(1− y)1/N
dy

= namin B

(
n,

N − 1
N

)
, (12)

where B(n,m) is the Beta function:

B (n,m) =
∫ 1

0
(1− x)m−1 xn−1dx =

0 (n) 0 (m)

0 (n + m)
, (13)

and 0(n) is the standard Gamma function. The Beta function
has the interesting property that, for larger values of either of
its arguments, it follows a power-law. For instance, for large
n and fixed m, B (n,m) ∼ n−m . In our case, the number of
defects n inside the body is large, so that we can write:

B

(
n,

N − 1
N

)
∼ n−

N−1
N , (14)

and according to Eq. (12) the mean value of amax scales as
follows:

E (amax) ∼ n1/N . (15)

Since the number n of defects in the body scales with the
volume of the body itself: n ∼ b3, the scaling of the mean value
of amax with respect to the linear size b is:

E (amax) ∼ b3/N , (16)

and, as a result, (amax/b) is constant on average, if N = 3,
as already stated. This means that by scaling up (or down) the
body size, the expected value of amax increases (or decreases),
Fig. 1. Aggregates lying on the crack surface (a) and detail of a single grain (b)
for the determination of the critical displacement wc .

and this trend is proportional to the linear scale b if and only
if p(a) takes a very special form, i.e. it is the self-similarity
distribution.

If we assume now that the interaction between the flaws is
negligible (weakest link hypothesis, Weibull [1]), the strength
of the material is determined by the size of the largest flaw
only. The relation between the strength of the material and the
flaw size may be defined, in the case of defects being re-entrant
corners of angle α, by the equation (Williams [45]):

σi j = K ∗r−λF
(α)

i j (θ) , (17)

where the power λ of the stress-singularity ranges from 1/2
(α = 0, crack-like flaws) to 0 (α = π). If dimensional analysis
is applied, the following equation is obtained:

K ∗ = σbλg (amax/b) , (18)

which clearly resembles the expression of the stress-intensity
factor for cracks. In particular, it coincides with it when
the angle α vanishes. When α = π , the stress-singularity
disappears and the stress-intensity coefficient K ∗ assumes the
physical dimensions of a stress and becomes proportional to the
nominal stress σ . Leicester [46] showed that the failure load
corresponds to K ∗ becoming critical, i.e.:

σu = K ∗c b−λ
1

g (amax/b)
. (19)

In logarithmic form:

ln σu =
[
ln K ∗c − ln g (amax/b)

]
− λ ln b. (20)

Since the ratio amax/b is constant on average, the term in
square brackets is constant and the size-scale effect on the
logarithm of the failure stress, ln(σu), for a set of geometrically
similar structures, is a linear decreasing function of ln(b) with
slope−λ. In particular, the slope attains its maximum value 1/2
for α = 0, i.e. for cracks.

2. Size-scale effect on the fracture energy of grained
materials

In grained materials, the toughening mechanism and the
consequent long tail usually shown by the cohesive laws is
due to the bridging action between the crack lips exerted by
the grains (Schwartz [47]), see Fig. 1a. The larger the grains,
the larger the distance between the lips at which the interaction



A. Carpinteri, S. Puzzi / Probabilistic Engineering Mechanics 24 (2009) 75–83 79
vanishes. The final part of the softening regime is strictly related
to the pull out of the largest grains. When a grain is pulled
out from the matrix, interlocking between the grain and the
matrix supplies the resistance to the separation of the surfaces.
Of course, unlike fibre pull out, where the critical separation of
the failure surfaces is on average equal to one fourth of the fibre
length, the critical distance in grain pull out is much smaller
than the aggregate radius, as shown by several experiments.

Now, in order to obtain the size-scale effect on the fracture
energy in grained materials, let us consider a distribution of the
form of Eq. (1) for the distribution of the grain size d:

p(d) =
C

d N+1 . (21)

By referring to the results presented in the previous section,
it is possible to state that the maximum grain size dmax scales
proportionally to the body linear size b, at least in a mean
sense, if the power-law exponent N in Eq. (21) is equal to 3.
Keeping this in mind, we thus start analyzing the effect of the
largest grain diameter dmax upon the critical displacement wc,
i.e. the distance at which interactions among crack lips vanish.
It might be observed that the largest grain must be sought
on the fracture surface and not inside the entire volume of
the body. Nevertheless, since in several brittle-matrix materials
containing grains the weakest link is provided by the interface
between the matrix and the grain (Huang, Li [48]), and because
of the existence of interfacial cracks which act as fracture
origins, it is possible to assume that fracture starts from the
grain with the largest diameter. This hypothesis allows us to
assert that the largest grain inside the body belongs to the
fracture surface.

To carry on the analysis, we do not need the exact value
of the critical distance. It is sufficient to know how it varies
along with the grain diameter. Let us now consider the single
grain (Fig. 1b). Denoting by η the difference between the
maximum and minimum diameter of the grain (i.e. η is a
roughness index), simple geometrical considerations allow us
to conclude that, for a grain of diameter d , the distance at which
the interaction between the crack surfaces vanishes is given by
√
ηd. Although different hypotheses can be formulated about

the grain roughness, we will simply assume that η ∝ d, i.e. the
grains are self-similar (Carpinteri et al. [15]). The distance at
which the interaction vanishes is therefore proportional to d:
it follows that the critical displacement is proportional to the
diameter of the largest grain upon the fracture surface, since it
is the last one to be pulled out:

wc = k1dmax, (22)

k1 being a material constant. The same dependence of G F on
the largest grain diameter has been proposed on experimental
evidence by several authors (Wolinski et al. [49]; Li et al. [50]),
so that the hypothesis stated in Eq. (22) is confirmed. Here,
considering that d is distributed according to a power-law
distribution, and referring again to the results of the previous
section concerning the scaling of the maximum size with
respect to the structural linear size b, the scaling of wc is easily
obtained as:

wc =

(
k1

dmax

b

)
b = k2b. (23)

Note that, in analogy with Eqs. (23) and (19) for the tensile
strength can be rewritten as σu = k3b−λ. Again, k3 is a material
constant.

Assuming that the shape of the cohesive law is size
independent, the dependence of the fracture energy with respect
to dmax is straightforward. In fact, indicating by f the size
independent function describing the dimensionless cohesive
law yields:

σ/σu = f (w/wc). (24)

Eq. (24) is equivalent to state that the dependence of
the cohesive law on the structural size is only due to the
size dependence of its peak (the tensile strength) and its
tail (the critical displacement). Observe that this statement is
also implicit in the fractal cohesive crack model presented by
Carpinteri et al. [29,30]. According to its definition, we can
compute the fracture energy from Eq. (24):

G F =

∫ wc

0
σ(w)dw = wcσu

∫ 1

0
f

(
w

wc

)
d
(
w

wc

)
= wcσu gF = k2k3gF b1−λ, (25)

where gF is the value of the integral: it is a dimensionless
constant depending on the shape of the cohesive law (e.g. 1/2
for a linear cohesive law). Eq. (25) provides the dependence of
the fracture energy upon structural size we are looking for. The
obtained scaling law, in logarithmic form, reads:

ln G F = ln (k2k3gF )+ (1− λ) ln b. (26)

In particular, if the power of the stress-singularity of crack-
like defects is considered (λ = 1/2), the positive slope 1/2 for
fracture enrgy vs. size bi-logarithmic plot is obtained.

3. The case of imperfect similarity

In the previous treatment it was shown that the maximum
defect (or grain) size is proportional to the body size under very
restrictive conditions, that is, the defect size population must
follow the self-similarity distribution of Eq. (1), with exponent
N = 3. What happens to the scaling of amax (or dmax) when
N 6= 3? In this case, Carpinteri [4] stated that the scaling of
the maximum defect size (as a function of the body size b) for
geometrical similar bodies in a scale ratio k > 1 may be written
as:

amax (kb) = kβamax (b) . (27)

It has been already shown that amax ∝ ā (see Eq. (7));
therefore the scaling of amax is also valid for ā; introducing Eq.
(27) into Eq. (4) and replacing ā with amax, we obtain:

[amax(b)]−N
=
[
kβamax(b)

]−N
k3, (28)

from which:

β = 3/N . (29)
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The obtained value for the exponent β shows that only when
N = 3 the maximum defect size is proportional to the body
linear size b; when N 6= 3, the maximum defect size increases
at a faster (or slower) rate than the body size if N < 3 (or
N > 3, respectively). This results is very important, since
it follows that the self-similarity distribution (with N = 3)
corresponds to the maximum disorder. Thus, the slope –1/2 of
the left-hand asymptote is a theoretical upper bound, provided
by three concurrent conditions (Carpinteri [4]):

– linear elastic material;
– Griffith cracks (singularity of order –1/2);
– maximum disorder (N = 3).

To show this, the same demonstration already presented in
Carpinteri [4,36,37] may be followed. Rewriting Eq. (27) with
β taken from Eq. (20) provides:

amax(kb) = k3/N amax(b) (30)

whereas the characteristic size of the body increases linearly
with k:

kb = k
amax(b)

ξ
. (31)

The maximum defect is larger than the body itself, which
is clearly meaningless, for amax(kb) ≥ kb, from which,
considering Eqs. (30) and (31), we have:

k ≥ ξ
3−N

N > 1. (32)

It is possible therefore to conclude that N = 3 (self-
similarity distribution) is the minimum value for the exponent
N , corresponding to the maximum disorder. This results could
have also been obtained directly from Eq. (16).

4. On the upper cut-off of the maximum defect (or grain)
size

In the above treatment, the existence of an upper cut-off for
the maximum size of defects (or grains) inside the material
has not been taken into account. As quoted by Borodich [9],
however, both an upper and lower cutoff have to be taken into
account. Bažant and Yavari [10] also insisted on the fact that
an upper bound for the fractal regime must be considered.
According to the critique by the latter Authors, the existence
of a finite upper bound for the defect size would imply that
the distribution of the maximum is Weibull instead of Pareto.
This would produce, according to these authors and using the
same hypotheses introduced in Section 1 (the weakest-link
hypothesis and the relation in Eq. (17)), a size-scale effect on
the tensile strength, which would be opposite to the experiments
and thus meaningless.

Fortunately, it is not so. An analytical and numerical analysis
of the distribution of the maximum defect size in presence of
both an upper and a lower bound for the fractal distribution
(Carpinteri et al. [14–16,51]) has shown that the scaling of the
expected value of the maximum defect size amax with respect to
the linear size b presents two stages: at the smaller scales, the
scaling is a power-law of the type of Eq. (27), and in particular
with the exponent β = 1 if N = 3, whereas at the larger scales
the maximum defect size approaches its asymptotic value. This
result, considering once again the hypotheses introduced in
Section 1, is immediately transformed into a size effect on the
tensile strength. The obtained scaling relation has been written
in closed form (Carpinteri et al. [14]):

σu

ft
= 1+

√
γ

2N
(
1− γ−N

)−ρb3 B(γ−N ,1)

(
1

2N
, ρb3

+ 1
)
, (33)

where ft is the minimum strength, achieved when the defect is
of maximum size; γ is the ratio of the upper to the lower cut-
off of the fractal regime, N is the power-law exponent, ρ is the
volumetric density of defects in the material and

B(a,b) (n,m) =
∫ b

a
(1− x)m−1 xn−1dx (34)

is the Generalized Incomplete Beta function. In the strength vs.
size bi-logarithmic plot, this scaling law presents a transition
between two regimes: the fractal scaling of Eq. (20), which is
valid at the smaller scales, and an asymptotic trend towards the
unity at the larger scales.

The same approach has been introduced also for fracture
energy (Carpinteri et al. [15]), which provides the following
result in closed form:

G F

G∞F
= 1−

1

2N
√
γ
(
1− γ−N

)−ρb3 B(γ−N ,1)

×

(
−

1
2N

, ρb3
+ 1

)
, (35)

where G∞F is the asymptotic value of fracture energy towards
the larger scales, experimentally evidenced by several Authors
(Wittmann et al. [52]). Once again, in the bi-logarithmic plot
the scaling law clearly presents two regimes: a fractal scaling
of the type of Eq. (25), which is valid at the smaller scales, and
an asymptote towards the unity at the larger scales.

It is remarkable that both scaling laws (Eq. (33) and) agree
with the Multi Fractal Scaling Laws (Carpinteri [4]; Carpinteri
and Chiaia [26,27,47,53] and Carpinteri et al. [48,49,54,55]). In
addition, the slopes of the left-hand asymptotes at the smaller
scales equal –1/2 (for strength) and 1/2 (for fracture energy),
if the value of the exponent in Eqs. (1) and (21) corresponds to
the condition of the self-similarity distribution: N = 3, and the
scaling is three-dimensional (Carpinteri et al. [15]).

5. Monte Carlo numerical simulations

The result proved in Section 1, concerning the scaling of
(amax/b), has been checked numerically by performing Monte
Carlo numerical simulations. Let us consider a homogeneous
material, characterized by a constant volumetric defect density
ρ, whose defects are distributed according to the self-similarity
distribution of Eq. (1) with N = 3. For any given scale
b, the mean number of defects inside a cube of side b is
equal to n = ρb3. By generating virtual samples with n



A. Carpinteri, S. Puzzi / Probabilistic Engineering Mechanics 24 (2009) 75–83 81
Fig. 2. Numerical assessment of the power-law relationship between amax and
b in the case of N = 3. The slope very close to 1 of the best-fitting power law
confirms that, on average, (amax/b) = const.

Fig. 3. Numerical assessment of the power-law relationship between amax and
b in the case of N = 4. The slope very close to 3/4 of the best-fitting power
law confirms Eq. (16).

defects sampled from the self-similarity distribution, we may
evaluate how the size of the maximum defect amax behaves.
For the numerical experiments, virtual samples of different
size have been generated; the smallest samples contain one
defect only, whilst the largest ones contain about 224 defects.
The corresponding scale ratio is 1:256. For each size, 1000
specimens are generated.

The mean value of amax is plotted against the size b in Fig. 2,
in the case of N = 3; a0 and b0 being reference quantities
for normalization. As could be seen in the bi-logarithmic
plot, a power-law emerges with slope approximately equal to
1. This result supports the conclusion of Section 1, i.e. that
(amax/b) = const, so that the small-size asymptote of the
MFSL is characterized by the exponent −λ (–1/2 if defects are
cracks).

Therefore, considering the ratio amax/b to be constant,
which provides the slope for the size-scale effect on the
tensile strength, is not simply an hypothesis, but rather the
Fig. 4. Scaling exponent β as a function of N . Results from Monte Carlo
numerical simulations confirming Eq. (16).

consequence of the fractality of the considered distribution of
defects. This numerical result allows us to definitely reject the
major critique by Bažant and Yavari [10]: it is not true that “the
maximum size of defects is simply assumed to scale up with
the body size b”; indeed amax is random, but on average it may
be assumed to scale up with the body size, provided that the
distribution of self-similarity (with N = 3) is considered, as it
has been justified both theoretically and numerically.

More generally, the scaling of amax with respect to b has also
been investigated. In Fig. 3, the logarithm of amax is plotted
against the logarithm of b in the case of N = 4; as could be
seen, a power-law relationship emerges, with a slope very close
to 3/4, as predicted by Eq. (29). More generally, the result of
Eq. (29) has been checked for different values of the exponent
N , as could be seen in Fig. 4. The numerical results for β are in
fairly good agreement with the theoretical values provided by
the analysis in Section 3.

6. Conclusions

In this paper we revisited the self-similarity approach
(Carpinteri [3,4,36,37]) to the size-scale effects on strength and
toughness of brittle and quasi-brittle materials. By analyzing
in detail a power-law distribution of micro-cracks, we obtained
a scaling law for tensile strength characterized, in the bi-
logarithmic plot, by the slope –1/2. Conversely, by considering
a power-law grain size distribution in grained materials, we
obtained a scaling law for fracture energy characterized, in the
bi-logarithmic plot, by the positive slope 1/2. These slopes
are the direct consequence of the form of the considered
distribution and the application of LEFM. Next, we considered
the presence of an upper and lower bound for the fractal regime,
obtaining a transition from the fractal scaling regime (valid
at the smaller scales) to an asymptotic regime, characterized
by two constant values of strength and toughness, valid
at the larger scales. And finally, the analytical-theoretical
results were confirmed by means of numerical Monte Carlo
simulations.
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[2] Bažant ZP. Size effect in blunt fracture: Concrete, rock, metal. Journal of
Engineering Mechanics (ASME) 1984;110:518–35.

[3] Carpinteri A. Fractal nature of material microstructure and size effects on
apparent mechanical properties. Mechanics of Materials 1994;18:89–101.
Internal Report, Laboratory of Fracture Mechanics, Politecnico di Torino,
N. 1/92, 1992.

[4] Carpinteri A. Scaling laws and renormalization groups for strength and
toughness of disordered materials. International Journal of Solids and
Structures 1994;31:291–302.

[5] Molosov AB, Borodich FM. Fractal fracture of brittle bodies during
compression. Soviet Physics-Doklady 1992;37:263–5.
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