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In Civil Engineering materials subjected to stress or strain states a quantitative evaluation
of damage is of great importance due to the critical character of this phenomenon, which at
a certain point suddenly turns into a catastrophic failure. An effective damage assessment
criterion is represented by the statistical analysis of the amplitude distribution of acoustic
emission (AE) signals emerging from the growing microcracks. The amplitudes of such sig-
nals are distributed according to the Gutenberg–Richter (GR) law and characterised
through the b-value which decreases systematically with damage growth. On the other
hand, the damage process is also characterised by the progressive coalescence of micro-
cracks to form fracture surfaces. Geometrically the fractal dimension D of the damaged
domain is expected to decrease from an initial value comprised between 2 and 3 towards
a final value nearly equal to 2. The b-value and the fractal analysis, are here applied to two
case studies of concrete specimens loaded up to failure, and the obtained results are com-
pared and discussed. In particular, we emphasize that a single fractal dimension does not
adequately describe a crack network, since two damaged domains with the same fractal
dimension could have significantly different properties.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

The demands for assuring the safety and the performance in Civil Engineering requires as non-invasive as possible inspec-
tions in order to estimate the physical conditions of in-service structures. The phenomenon of damage from a physical point
of view represents surface discontinuities in the form of cracks, or volume discontinuities in the form of cavities [1,2]. It is
very difficult to macroscopically distinguish a highly damaged volume element from an undamaged one since the depth of
cracks or interior defects cannot be identified. It therefore becomes necessary to imagine internal variables representative of
the deteriorated state of the material which are directly accessible to measurement [1–3].

The most advanced method of quantitative non-destructive evaluation of damage progression is the acoustic emission
(AE) technique. Technically, the expression ‘‘acoustic emission” (AE) is used to mean a class of phenomena in which transient
elastic waves are generated by the rapid release of energy from localised sources, typically developing cracks, within a mate-
rial. AE waves, whose frequencies typically range from kHz to MHz, propagate through the material towards the surface of
the structural element, where they can be detected by sensors which turn the released strain energy packages into electrical
signals [4–13]. A typical AE sensor transforms elastic vibrations, i.e. stress waves, of 10�9 mm amplitude into electric signals
of 10 lV amplitude. In the presented case studies, USAM� resonant sensors (accepting signals in the range between 50 and
800 kHz) have been used, since concrete attenuates emission strongly and maximum sensitivity was required [9,10,12].

Traditionally, in AE testing a number of parameters are recorded from the signals. The condition of the specimen is deter-
mined from these parameters. Important parameters include the arrival time and the amplitude. Another main step of the AE
. All rights reserved.
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analysis is the location of AE sources due to developing microcracks inside the specimen volume. Several authors have
worked on the source location of acoustic emissions using triangulation techniques similar to the determination of earth-
quake hypocentres [14–16]. The triangulation process requires the solution of a system of simultaneous equations contain-
ing the measured arrival time differences at different sensors of the AE waves.

Using AE technique an effective damage assessment criterion is represented by the statistical analysis of the amplitude
distribution of AE signals emerging from the growing microcracks. The amplitudes of such signals are distributed according
to the Gutenberg–Richter (GR) law, N ðP AÞ / A�b, where N is the number of AE signals with amplitude PA. The exponent b
of the GR law, the so-called b-value, changes with the different stages of damage growth: the initially dominant microcrack-
ing generates a large number of low-amplitude AE signals, while the following macrocracking generates less signals but of
higher amplitude. This implies a progressive decrease of the b-value as the specimen approaches impending failure: this is
the core of the so-called ‘‘b-value analysis” used for damage assessment [4–10,12,17].

On the other hand, the damage process is also characterised by its progressive localization: at its early stage, damage con-
sists of a myriad of microcracks chaotically distributed over a large part of the specimen volume, whereas at the final stage
microcracks coalesce to form the through-going fracture surface. In geometric words, the fractal dimension D of the damaged
domain is expected to decrease from an initial value comprised between 2 and 3 towards a final value nearly equal to 2 [10–
12]. Therefore, both parameters b and D share a decreasing trend as the damage develops and then have the potential for
monitoring the damage progression.

The presented methods of damage assessment, the b-value and the fractal analysis, are here applied to two case studies of
concrete specimens monitored by AE sensors and loaded up to failure. In particular, we emphasize that a single fractal
dimension does not adequately describe a crack network, since two damaged domains with the same fractal dimension
could have significantly different properties.

2. The b-value analysis

Magnitude (m) is a log scale coming from Geophysics often used to measure the amplitude of a measured electrical signal
generated by an AE event. The magnitude is related to the amplitude A expressed in microvolts (lV) by the equation
[4,6,9,10,17]:
m ¼ Log10A: ð1Þ
It is widely accepted the Gutenberg–Richter (GR) law, initially drawn in seismicity, which describes the statistical distribu-
tion of AE signal amplitudes [4,6,9,10,17]:
LogN ðP mÞ ¼ a� bm; ð2Þ
where N is the number of signals with magnitude greater than m, while the coefficient b, called ‘‘b-value”, is the negative
slope of LogN vs. m diagram. Microcracks release low-amplitude AEs, while macrocracks release high-amplitude AEs. This
intuitive relation is confirmed by the experimental result that the area of a crack advancement is proportional to the ampli-
tude of related AE signal [13].

From Eq. (2) it turns out that a regime of microcracking generates weak AEs, and therefore leads to relatively high b-val-
ues (raising the threshold m, the number of surviving signals rapidly decays). When macrocracks start to appear, instead,
lower b-values are observed.

Therefore the analysis of b-value, which changes systematically with the different stages of fracture process [4–10,12,17],
has been recognised as a useful tool for damage level assessment. In general terms, the fracture process moves from micro to
macrocracking as the material approaches impending failure and the b-value decreases. While testing the materials under-
going brittle failure, the b-value is found to range from 1.5 to 2.5 in the initial stages. It then decreases with increase in stress
to attain values �1 and less as the failure approaches in the material [6,7,9,10,12,17].

Furthermore, as pointed out in [17], the b-value statistical analysis is in close connection with the fractal geometry ap-
proach in the mechanics of damage and fracture of heterogeneous materials. Fractal geometry represents the natural tool to
characterise self-organised processes, emphasizing their universality and the scaling laws arising at the critical points.
Among the results obtained by the senior author, we could cite the modelling of the size-scale effects on strength, toughness
[18–20] and critical strain [21] of heterogeneous materials and the optimization of the mechanical properties of advanced
materials [22]. Further results include the development of an original fractional calculus-based framework for the analysis of
materials with complex damage occurring in fractal domains [23] and the modelling of the scaling laws for fatigue [24] and
friction [25]. Eventually, it is worthwhile recalling that the fractal geometry approach, together with Renormalization Group
theory, has found an application also in seismology [26], that is a field with strong analogies to material damage and fracture.

3. Measuring the fractal dimension of a damaged domain

Fractal geometry has been widely used for the description of irregular phenomena in various scientific fields recently. As
already remarked in the characterization of fracture systems, fractals are used to represent damaged domains, i.e. microcrack
networks [10–12,17,27–30] and fracture surfaces [18,31], even at geological scale [26], and disordered materials in general
[21].
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The fractal dimension D of a set S of points (point here stands for microcrack) is the critical value D of the exponent d for
which the measure Md of S changes from zero to infinity [32]:
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where N(d) is the number of boxes of characteristic length scale d needed to cover S (in the case of a smooth surface shown in
Fig. 1, applying Eq. (3) correctly gives D ¼ 2).

Starting from the definition of Eq. (3), the operative method to determine the fractal dimension D in nontrivial cases is
counting the number N(d) of boxes needed to cover S for different values of d. As it follows from Eq. (3), asymptotically,
in the limit of small d, we have [32]:
NðdÞ / d�D
: ð4Þ
The fractal dimension D, called box-counting dimension, is determined from Eq. (4) by finding the slope of lnN(d) plotted vs.
lnd.

The box-counting method allows a generalization to the concept of multifractality. For each d, the box-counting method
ignores irregularities of size less than d, since the number of points found inside the boxes that intersect the set is not rel-
evant [32]: a box containing one crack of the network and another containing 100 cracks count the same (Fig. 2a). Therefore,
the sole knowledge of the box-counting dimension D is thus not sufficient to fully characterise the fractal geometry of a
microcrack network [28,33], since two crack networks with the same D could have significantly different distributions of
crack density [34], while the box-counting dimension D only provides global (or average) information of a crack network
ignoring local irregularities [35].

In order to develop a multifractal model, each covering box is weighted by the number of cracks inside it divided by the
total number of cracks in the body (Fig. 2b), li ¼ ni=NTOT < 1 (note that this is not the only possible choice, since li could be
the total crack length Li in the ith box [28]).

The generalised fractal dimension Dq of a crack network is introduced in the following way [28,32]:
Dq �
1

ðq� 1Þ lim
d!o

ln
P

lq
i

ln d
; 8q 2 R: ð5Þ
Note that Dq ¼ 0 is the box-counting dimension D. A fractal network is characterised by an infinite set of generalised dimen-
sions Dq for all real q values, called the multifractal spectrum [28,32,33]. Since li < 1, it follows that l0

i > li > l2
i > � � �, and

then D0 > D1 > D2 > � � �. The equalities between generalised dimensions, D0 ¼ D1 ¼ D2 ¼ � � �, hold only for uniform crack
A smooth surface S is measured by counting the number N(d) of squares of characteristic length scale d needed to cover it. Referring to Eq. (3), the
e is the area A ¼ NðdÞd2, for d! 0. Trying to measure the volume of S we obtain a vanishing value; V ¼ NðdÞd3 ¼ Ad! 0 for d! 0, while the length
s, L ¼ NðdÞd ¼ Ad�1 !1 for d! 0.

Classical methods used to calculate the fractal dimension of a microcrack network. The box-counting method equally counts boxes provided that
ntain at least one crack (a); the multifractal analysis weights each box by its crack content. The darker the box, the more numerous the cracks found
t (b).
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densities ðli ¼ d3Þ. As shown in [32], we can check the correctness of this statement in the case of a uniform crack distribu-
tion in a three-dimensional domain, dividing this space into N ¼ d�3 boxes with a volume of d3 each. Then the probability li

of finding one crack in the ith box is proportional to its volume, li ¼ d3, and we find:
XN

i¼1

lq
i ¼

XN

i¼1

d3q ¼ d3ðq�1Þ
: ð6Þ
Inserting Eq. (6) into Eq. (5) gives:
Dq ¼
1

q� 1
lim
d!o

ln d3ðq�1Þ

ln d
¼ 3; 8q; ð7Þ
which is the expected dimension of a damaged volume uniformly filled with cracks, proving thus also the consistency of the
generalised definition of fractal dimension given in Eq. (5).

On the contrary, multifractality (i.e., monotone decreasing fractal dimensions Dq for increasing q) reflects non-uniformity
crack density: the greater the differences ðD0 � DqÞ, the less uniform the crack distribution. The easiest generalised fractal
dimension to estimate is the correlation dimension ðDq¼2Þ. Therefore, crack networks which tend to cluster will be character-
ised by lower values of D2 than uniform crack densities, giving thus D2 < D0, while for uniform crack densities D2 ¼ D0, as
proved in Eq. (7). In other words, the greater the difference ðD0 � D2Þ, the stronger the spatial clustering or the non-unifor-
mity of a crack network [34,35].

Since li represents the probability of finding one crack in the ith box, then l2
i is the probability of finding two cracks in

this box, and
P

l2
i is the probability of finding two cracks in the same box, whatever is. The easiest algorithm to estimateP

l2
i is the two-point correlation function [12,28,36]:
CðdÞ � 2
NðN � 1Þ

XN�1

k¼1

XN

j¼kþ1

Hðd� kxk � xjkÞ; ð8Þ
where N is the total number of cracks, the double sum counts the number of pairs of cracks whose distance apart is less than
d, divided by the total number of pairs which is possible to form with N cracks, and HðxÞ is the Heaviside step function (equal
to 1 if x > 0, and zero otherwise).

In fact, taking an arbitrary crack in xi, C(d) gives thus the probability of finding another one in the sphere of radius d cen-
tred at xi, which is nearly equal to the probability of finding two cracks in a cube with edge d:
X

i

l2
i ffi CðdÞ: ð9Þ
Therefore, Grassberger and Procaccia [36] suggested an easy way of calculating the correlation dimension Dq¼2 by means of
the two-point correlation function:
D2 ¼ lim
d!o

ln
P

il2
i

ln d
ffi lim

d!o

ln CðdÞ
ln d

: ð10Þ
When C(d) exhibits a power-law behaviour, CðdÞ / dD2, the exponent D2 is the correlation dimension of the crack network.
4. Three-point bending test

In order to determine the fracture process zone in a specimen subject to a three-point bending test, the acoustic emissions
emerging from growing microcracks were monitored. The specimen was a prism measuring 8 � 15 � 70 cm3, with a central
5 cm notch cut into it beforehand to ensure a central crack, and with a fiber content of 40 kg/m3 for a resulting Young’s modulus
of 35 GPa. The test was performed in displacement control by imposing a constant displacement rate equal to 10�3 mm/s.

Five AE transducers were fitted to the specimen at points shown in Fig. 3a. During the loading test, the AE source location
procedure was successfully applied to identify the fracture process zone. In this way, AE clusters are seen to propagate with
increasing load, following satisfactorily the growth of the central crack (see again Fig. 3a). The load vs. time curve for the
specimen, with its softening branch characterizing the AE activity, is shown in Fig. 3b.

In order to investigate the behaviour of the specimen by means of the b-value analysis, the load–time diagram was broken
down into three stages: a first stage ðt0; t1Þ extending from the initial time to peak load, a second stage ðt1; t2Þ going from
peak load to the peak of AE activity, or mainshock, and a third stage ðt2; tf Þ going from the mainshock to the end of the pro-
cess. The b-values are shown for each stage in Fig. 3c: they exhibited a decreasing trend as the specimen approached the
impending failure, ranging from 1.49 to 1.11. The minimum value is obtained in the softening branch of the load–time curve,
and it is very close to the lower limit 1, theoretically predicted by Carpinteri et al. [9,10,12,17], to the b-values observed in
most of specimens tested up to the failure. Therefore, we calculated the fractal dimension of the damaged domain, repre-
sented by the crack network located by AE technique, using both the box-counting method and the two-point correlation
algorithm. In both cases, we have calculated the fractal dimension at two different stages of the damage process, considering
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Fig. 3. Three bending point test. (a) The localised crack points identifying the fracture process zone in a narrow band. (b) Load vs. time curve and AE activity.
(c) b-values during the loading test.
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the previous partition; the first stage ðt0; t1Þ has not been considered, due to insufficient number of localized points for fractal
analysis.

The box-counting dimension D0 reached the value of 2.17 in the intermediate stage ðt1; t2Þ, and 2.04 in the final stage
ðt2; tf Þ, while the correlation dimension D2 was respectively 1.21 and 1.17 (see Fig. 4a and b). The nearly constant values
exhibited at different stages by D0 suggest that, since the beginning, damage concentrated over the central crack, as con-
firmed by visual inspection, which progressively opened up to failure. On the other hand, the great difference ðD0 � D2Þ con-
stitutes a measure of the high degree of damage localization in a narrow band due to the presence of the central notch [34].

5. Concrete specimen in compression

As a second case study, the behaviour of a concrete specimen in compression during a laboratory test has been investi-
gated through AE monitoring. Six AE transducers ðSAEÞ have been applied to the surface of the specimen, a prism measuring
160 � 160 � 500 mm3 (Fig. 5).

The test has been performed in displacement control by an electronic controlled Servo-hydraulic Material Testing Sys-
tems machine (311,31 model) with a capacity of 1800 kN, imposing a constant rate of displacement to the upper loading
platen: in the first 104 s the displacement rate was dd=dt ¼ 10�5 mm=s, increased to 10�4 mm/s from t ¼ 104 s up to failure.



Fig. 4. Fractal dimension evolution of damaged region by means of the box-counting method (a) and the two-point correlation function (b). d (cm) is the
size of the covering regular mesh.
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This kind of machine is controlled by an electronic closed-loop servo-hydraulic system (Fig. 6b). It is therefore possible to
perform tests under load or displacement control. The displacements are recorded by four strain gauges (HBM 1-LY41-
50/120 model) applied on the specimen surface. In spite of the low value chosen for the displacement rate, the specimen
has failed in a brittle manner as it can be seen in the load vs. time (strain) diagram of Fig. 6a, where the linear branch extends
over almost the entire duration of the test.

Even in this case, the characterization of the fracture process has been carried out using the b-value analysis and the frac-
tal analysis. We partitioned the loading test in three stages: the first stage, where linear elasticity was still applicable, and
two following stages characterised by deviations from linear elasticity and existence of damage. The b-value calculated at the
earliest stage of the loading test, where linear elasticity was still applicable, gives 1.75, index of low damage level. The b-val-
ues calculated in the two following stages of the damage region, give respectively 1.39 and 1.26, confirming the decreasing
trend of b-value as the damage develops (Fig. 7).

The same temporal partition used for the b-value analysis has been used for the fractal analysis. In the linear regime, the
recorded low-amplitude AE signals have not allowed the location of microcracks (an AE event must be detected by at least
two transducers for crack location), then neither the calculation of fractal dimensions. We calculated the box-counting
dimension D0 and the correlation dimension D2 at the two different stages of the damage region.

The box-counting dimension D0 reached the value of 2.21 at earlier stage of the damage region and then decreased to 2.10
at the final stage of the test (Fig. 8). At the same stages, the correlation dimension D2 respectively reached the values of 2.20
and 1.91 (Fig. 9). In this second case study, the difference ðD0 � D2Þ is smaller than in the three-point bending test, indicating
a more homogeneous distribution of the microcracks throughout the specimen volume, as can be visually appreciated from
Fig. 10 as well, where the localised AE crack sources are overlapped to the fracture surface.

In absence of pre-existing crack or notch which concentrate the applied stress, a progressive localization of damage, cap-
tured by the decreasing trend exhibited by both D0, has been observed: damage evolves from microcracks trying to fill up the
specimen volume to microcracks mainly localised on the through-going fracture surface. Looking at the gentle decrease of D0

(going from 2.21 to 2.10), the progressive localization of damage is not marked, reflecting a brittle response of the specimen,
as moreover illustrated by the load–displacement curve of Fig. 6a. Recall that a response will be referred to as being brittle if
it is dominated by few large cracks.



Fig. 5. Concrete specimen in compression. (a) Cross-section of the specimen. (b) Assonometric projection with the positioned AE sensors. (c) Overview of
the four specimen faces.

Fig. 6. Concrete specimen in compression. (a) Load–time diagram of the test performed in displacement control. The specimen failed in a quasi-brittle
manner: in region I, where linear elasticity is applicable, there is little damage (i.e., low-amplitude AE events), while in regions II and III, damage results in a
deviation from linear elasticity and an increase of AE level. (b) Photo of MTS machine and of the specimen during the test. Note on the left the devices
utilized for detection of AE signals.
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6. Conclusions

Two approaches based on the AE technique for assessing the level and the degree of localization reached by the damage in
concrete structures are shown. The first one, called b-value analysis, has been applied to the two considered case studies,
confirming its reliability for predicting impending failures, i.e. b-value tending to 1 at the rupture. The second approach is
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Fig. 7. Concrete specimen in compression: b-values during the three stages of the loading test. Note that the event amplitudes A instead of the magnitudes
m are reported in the x-axis.

Fig. 8. Evolution of damaged region dimension from the intermediate stage (stage II) to the final stage (stage III) by means of the box-counting method. d
(cm) is the size of the covering regular mesh.

Fig. 9. Evolution of damaged region dimension from the intermediate stage (stage II) to the final stage (stage III) by means of the two-point correlation
function.
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a fractal analysis of the damage domain, which has been applied to the same case studies. The box-counting dimension D0

provides global, or average, information of the damaged domain but is not able to distinguish between the crack networks of
two presented case studies, characterised by different degrees of heterogeneity. The difference ðD0 � D2Þ constitutes a mea-
sure of the degree of heterogeneity, proving to be a useful tool for emphasizing the existence of spatial clustering of cracks.



Fig. 10. (a) Final overview of the localized AE crack sources overlapped to the fracture surfaces. (b) Projections of the AE sources and fracture surfaces
identified during the loading test (the dimensions are expressed in mm). (c) Broken specimen after testing.
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