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Prediction of cracking evolution in full scale structures
by the b-value analysis and Yule statistics

A. Carpinteri*, G. Lacidogna and S. Puzzi

Department of Structural Engineering and Geotechnics, Politecnico di Torino, Torino, I-10129, Italy

Understanding and predicting the process of material fracture and failure in heterogeneous materials such as rocks, concrete, ceramics
and other composites is an extremely challenging scientific problem, central to a large number of applications and crucial in predicting the
long-term structural integrity of structures. The complex phenomena occurring at the micro- and mesoscale can be monitored by using
acoustic emission techniques that reveal some universal features in the damage evolution and fracture. In particular, extensive research
works and studies on concrete fracture and failure have shown that fracture growth and damage evolution can be characterized through a
single synthetic parameter, namely the b-value of the Gutenberg—Richter law, which changes systematically with the different stages of
fracture growth. In this paper, we propose two different interpretations for the variation of the b-value during the evolution of damage,
focused on the spatial development of cracks in the material. The first one, called the self-similarity approach, is based on fractal geometry
and the statistical characterization of the cracks inside a material by means of two power-law distributions: one for the spatial arrangement
of crack barycentres, and the second for the crack length distribution. The second interpretation is based on the Yule process, originally
proposed to explain the power-law size distribution of biological taxa. Both modelling idealizations capture the transition from the condition
of criticality, in which » = 1.5, to that of imminent failure, characterized by » = 1.0, in terms of damage localisation.

As a case study we present the method used by the authors to determine the conditions of the materials and the crack patterns in the
structures of the Syracuse Cathedral, built in the 17" century on the structures of the ancient Greek “Temple of Athena” (5™ century B.C.).
In particular, the acoustic emission technique was used to evaluate the onset of critical conditions in a monitored pillar, which is part of the
vertical load-bearing structures. The b-value trends are shown by several acoustic emission tests carried out on specimens of different
dimensions extracted from the pillar. In addition, these results are compared to the acoustic emission data obtained from the in situ
monitored pillar; it is shown that the b-value can be used both in the laboratory specimens and in the in situ measurements as a reliable

indicator of the structural integrity.
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1. Introduction

Fracture and damage in heterogeneous materials such
as rocks and concrete is a complex process involving a wi-
de range of time and length scales, from the micro- to the
structural-scale. This process is governed by the nucleation,
growth and coalescence of microcracks and defects, even-
tually leading to the final catastrophic failure. Material frac-
ture and failure could be seen, generally, as non-linear pro-
cesses under non-equilibrium conditions [1, 2] involving a
variety of time- and length-scales, with simultaneous proces-
ses at several levels interacting complexly one with each
other. Different aspects of the fracture development and
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growth, especially when inhomogeneities and disorder go-
vern the process, are still unclear and open [3]. Nonethe-
less, some universal features in damage evolution and frac-
ture have been discovered. Among them, we could cite the
fractal characteristics of fracture surfaces [4] and the self-
affine topology with a roughness exponent which is argued
to be universal [5, 6]. Investigations with the acoustic emis-
sion technique of microfracture processes have also revealed
power-law distributions and critical phenomena [7—12]
characterized by intermittency of acoustic emission event
avalanches, fractal distributions of acoustic emission event
locations and complex space-time coupling [13]. Beside
these features, the damage and fracturing process exhibits
pattern formation, spontaneous self-organization, coope-
ration, hierarchical structure and scale effects, i.e. all the
typical hallmarks of complex systems [14].



A. Carpinteri, G. Lacidogna and S. Puzzi / Physical Mesomechanics 11 5—6 (2008) 260-271 261

Modeling material fracture and failure thus requires ap-
ply of the concepts used for treating complex and multiscale
systems, such as fractals or multifractals [15], renormali-
zation group theory [16], percolation, self-organized critica-
lity [17]. Models of material fracture and failure can be
classified according to the concepts and theories to which
they refer (Mishnaevsky [18]), where three classes are enu-
merated: (i) phase transition theory and statistical physics,
(i1) bifurcations, stability and self-organization and (iii) per-
colation and fractals.

Most of the available models pertain to the first class
and are focussed on the reproduction of the pattern forma-
tion processes in deformation and fracture [19]; simple mo-
dels, such as random-fuse and fibre-bundle-network models,
in which the stress redistribution induced by failure of indivi-
dual elements is the main mechanism, reproduce surpri-
singly well the characteristic morphologies observed in real
systems [20]. Other models exploit the similarity between
material damage and seismic activity in the Earth’s crust
[21], where metallic specimens are proposed to model the
seismic processes before earthquakes; according to these
authors, known models and relations of damage and frac-
ture mechanics could be profitably used in earthquake pre-
diction.

Among the models that evidence the self-organization
in material deformation and fracture, we could cite those
by Panin [22, 23], dealing with material fragmentation and
destruction. In this hierarchical mesomechanics-based mo-
del a criterion for failure is proposed: Fracture is imminent
if the deformation behaviour involves events at all of the
three scale levels: micro, meso and macro. In the model by
Lu et al. [24] the catastrophic failure, due to the coalescence
of numerous microcracks, is interpreted as a snapshot of
self-organized critical phenomena.

Among others, the fractal approach has also proven to
be very effective; as the ‘geometry of nature’ [25], fractals
provide a powerful approach not only to quantitatively de-
scribe irregular fracture surfaces, but also a means to estab-
lish a bridge between micromechanical damage and macro-
mechanical behaviour. Among others, we could cite the pa-
pers by Krajcinovic and Rinaldi [26] and Rinaldi et al. [27],
where a connection between damaged random heteroge-
neous micromaterial and the system macroparameter is
sought and the fractal dimension is used to propose consti-
tutive relations and scaling laws. Panin et al. [28] investi-
gated the formation of fractal patterns at the mesolevel in a
multiscale approach to fracture; Carpinteri [15, 16] ad-
dressed the fundamental issue of the size-scale effects on
material strength and toughness, which are seen as the result
of damage localisation of the failure mechanisms on fractal
patterns.

More recently, Carpinteri et al. [29-31] established a
link between the fractal dimension of crack barycentres in
a cracked material, the exponent y of the power-law crack
length distribution and the b-value. In this paper we will

briefly summarize the latter interpretation [29-31] for the
variation of the b-value during the evolution of damage,
focused on the spatial development of cracks in the material,
which will be referred to as the self-similarity approach. In
addition, a second interpretation, based on the well-known
Yule process [32], will be proposed. Both modelling ideali-
zations are able to capture the transition towards the condi-
tion of imminent failure, characterized by b = 1.0, in terms
of damage localisation. More in detail, Section 2 is a very
brief introduction to the fundamentals of the acoustic emis-
sion statistics, whereas Section 3 is devoted to the self-
similarity interpretation of the b-value evolution during the
damaging phenomena [29-31]. The Yule process-based ap-
proach to damage and fracture is presented in Section 4.
Section 5 is devoted to extensively present results of acoustic
emission experiments carried out in situ on a pillar of the
Syracuse Cathedral; the results are interpreted in the light
of the statistical theories presented. As will be shown, the
b-value analysis in conjunction with statistical models for
microcrack evolution offers wide opportunities for the esti-
mation of the structural integrity not only of laboratory spe-
cimens, but also of real structures.

2. Acoustic emission statistics

By analogy with seismic phenomena, in the acoustic
emission technique the magnitude may be defined as fol-
lows [33, 34]:

m= LOglOAmax +f(}"), (1)
where 4, isthe amplitude of the signal expressed in LV,
and f(r) is a correction coefficient whereby the signal ampli-
tude is taken to be a decreasing function of the distance »
between the source and the acoustic emission sensor. In
seismology the empirical Gutenberg—Richter law [35]:

Log,,N(=Zm)=a—bm or N(=m)=10"", )
expresses the relationship between magnitude and total
number of earthquakes in any given region and time period,
and it is one of the most widely used statistical relations to
describe the scaling properties of seismicity. In Eq. (2), N
is the cumulative number of earthquakes with magnitude
>m in a given area and within a specific time range, whilst
a and b are positive constants varying from a region to
another and from a time interval to another.

Equation (2) can be rewritten in order to draw a connec-
tion between magnitude m and defect size L associated with
the acoustic emission events. According to findings from
seismology [34], the relation m ~ 2Log,,L canbe assumed.
By substitution into Eq. (2) we get:

Log;o(N = L) ~ LogoL ™. 3)

Equation (2) has been used successfully in the acoustic
emission field to study the scaling laws of acoustic emission
wave amplitude distribution. This approach evidences the

similarity between structural damage phenomena and seis-
mic activities in a given region of the Earth, extending the
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applicability of the Gutenberg—Richter law to structural en-
gineering. According to Eq. (2), the b-value changes syste-
matically at different times in the course of damage pro-
cess and therefore can be used to estimate damage evolution
modalities.

3. The self-similarity approach

In this section, we will present an explanation for the
evolution of the b-value during the processes of damage
and fracture based on the evolution of a population of mic-
rocracks in the material. Basically, the process of fracture
of a material consists of the following stages [36]: micro-
crack initiation and formation; microcrack coalescence and
formation of initial cracks; autocatalytic crack propagation,
which can be arrested or can lead to failure of a body [37].
Crack growth proceeds as follows [38]: under loading mic-
rocracks are formed; eventually, a microcrack joins a crack
and that leads to crack growth. Obviously, the main different
mechanisms — microcrack accumulation, crack formation
and the interaction between them — differ essentially in
different stages of fracture: when there are no large cracks
in the loaded body, microcracks are formed randomly throu-
ghout the body and mostly independently. When their den-
sity exceeds some level, they coalesce and form an initial
crack. The higher the microcrack density, the greater the
probability of their coalescence and the formation of an
initial crack. When the material contains already a crack
(for example, if the initial crack has already been formed
by the above described mechanism), the microcrack nuclea-
tion is no longer random in space, since new microcracks
nucleate preferentially just in the vicinity of a crack tip,
due to the stress concentration. As observed by Lu [39],
near critical failure microcracks are localized on a prefe-
rential surface, which will be the site of final fracture; from
the viewpoint of fractal dimension variation, this corres-
ponds to a roughly two-dimensional fracture surface formed
in a three-dimensional solid.

The distribution of microcracks in disordered materials
can be statistically approached by defining a probability
density function p’(L,9,), L, @ and O being respectively
the microcrack size, the longitude and latitude of its orienta-
tion [29-31, 40, 41]. For the sake of simplicity, the spatial
distribution of cracks is assumed to be uniform over a fractal
domain of dimension 2 < D < 3, where crack positions are
given by their barycentres. Furthermore, assuming that the
distribution of microcracks is isotropic, i.e. p’(L, 9, @) =
= p’(L), the probability density will take the form [40, 41]:

p'(L,9, 0) = p(L)/4n, p(L) being the probability density
of microcrack size distribution, since all orientations are
alike.

It is of interest the particular distribution p(L) for which
maximum crack size L, inabody is proportional to linear
size s of the body itself, L, s’ the condition & =1
representing the case of perfect self-similarity, whereas, in

general, § can be different from 1, entailing simply self-
affinity. Assuming this hypothesis, it can be shown [29-
31] that the probability density function must be a power
law:

- %
p(L) - LY+1 ’

VL > L, (4)

at least above some defect size L,, ¢, is a constant of
proportionality and the exponent vy is given by:
D
==, 5
V=3 ®)

The number of defects with size =L expected from the
distribution of Eq. (4) is [40, 41]:

N(=L)e< L. (6)

The cumulative distribution of Eq. (6) is formally identi-
cal to the Gutenberg—Richter cumulative distribution of Eq.
(3). Therefore, if we now consider defects as sources of
acoustic emission activity, we can equate distributions (3)
and (6), obtaining [9]:

y =2b. @)

Substituting Eq. (7) into Eq. (5) we obtain the following
expression for b:

D

b= 5 ®)
which provides the link between the b-value and the com-
plete statistical description of microcrack size distribution
in terms of both size and position. Obviously, both D and &
could change during the evolution of fracture and failure
process. Concerning 9, it has been shown by Carpinteri
[29, 30] that it must be smaller than 1, since in the case
8 > 1, the largest crack results to be larger than the body
itself for sufficiently large scales, suggesting a complete
separation of the body. This paradox sets the upper limit as
&= 1, which can be reached only in the limit of final failure.
Concerning D, it was observed that it is usually D =3 at the
early stage of fracture process, when no large macrocracks
are formed and microcrack nucleation is spread uniformly
in the material volume; when final critical failure is approa-
ching, microcracks localize on the preferential surface [29—
31], and the fractal dimension D exhibits a sudden drop
towards D = 2 [39]. Thus, in the early phases of material
fracture, we could assume D = 3 and § < 1, which yields
b>1.5. On the other hand, near final failure, D = 2 and
d =1, which yields b = 1.0.

From the literature on acoustic emission tests, it is well-
known that the b-value decreases as the body approaches
impending failure [7-9], evidencing a trend of b to the cri-
tical value b, = 1.0 during final crack propagation. The
proposed self-similarity approach provides a simple expla-
nation for this trend in terms of the evolution of microcrack
population in the material. The condition b = 1.0 appears
to be the lower bound reached when damage concentrates
over the through-going fracture surface, and § = 1, i.c. the
maximum defect is assumed to be proportional to the charac-
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teristic size of the body; both conditions are reached at the
collapse [29-31].

Till now, no particular assumption has been made about
v, which in principle may take any value >1. In reality,
values smaller than 2 should not be allowed, since b usually
does not drop below 1.0, see Eq. (7). Nevertheless, for
suitably small bodies, defect size distributions with 1 <y <2
have physical meaning, since the inequality L, <s can
be still satisfied even if 8 > 1. In fact, loosing the limit
condition 6 = 1 implies that y can be smaller than 2, in
accordance with Eq. (5). In terms of b-value, the condition
1 <y<2reads: 1/2<b <1. Experimental results confirm
the possibility that the b-value reaches values comprised
between 1/2 and 1.0 [7-9], which can be explained in terms
of power-law defect size distributions [29-31, 40, 41]. Itis
worth noting that b-values in the range [1/2, 1] have been
observed in tectonics as well [42, 43]. An explanation of
these values in terms of defect size distributions leads to a
post-critical regime, which regulates bodies under particular
conditions. The fragmentation of the structure into a multi-
body system seems to reproduce, on a strongly reduced
scale, the outline proposed by the theory of plate tectonics,
where the Earth’s surface is broken into large plates moving
against each other [42, 43].

4. Yule process based model

The Yule process was originally introduced in 1925 [32]
to explain the power-law distribution of sizes of biological
taxa. As originally observed by Willis and Yule [44], the
distribution of the number of species in a genus, family or
other taxonomic group, appears to follow a power law quite
closely. Since then, the Yule process has been successfully
adapted and generalized to explain power-laws in several
other systems, for instance city sizes [45], paper citations
[46, 47], size of firms [48], links to pages in the Internet
[49, 50] and spread of sexually transmitted diseases [51].

Let us consider two levels of the taxonomic branch,
namely genera and species. The Yule model focuses on the
distribution of size of the genera, i.e. the number of species
in each genus. Species are added to genera by speciation,
i.e. by splitting of one species into two. If we assume that
speciation occurs at some stochastically constant rate, then
it follows that a genus with & species will gain a new species
at a rate proportional to its size k, since each species has
the same probability of splitting into two. Thus the proba-
bility of a genus gaining a new species is proportional to
the number of species it already has. Simon [45] called this
type of “rich-get-richer” process the Gibrat principle. Else-
where it also goes by the names of cumulative advantage
[46], preferential attachment [49, 50] or the Matthew effect
[52]. Yule also supposed that, occasionally, the new species
produced is sufficiently different from the others in its genus
as to be considered the founder member of an entire new

genus; in his model this happens also at a constant rate, say
once every m speciation events, so that the number of genera
increases steadily. By analyzing this simple stochastic mo-
del, Simon [45] evidenced that the limit distribution for the
size of genera has a particular form, which he named the
Yule distribution. This distribution can be seen as a genera-
lization of the power law to the discrete case.

The Yule process will be adapted in this section to the
fracturing process; to this aim, let us assume that the fractu-
ring process is quantized, i.e. cracks nucleate and propagate
only by a fixed amount, which is associated to the minimum
crack advancement and henceforth to the minimum acoustic
emission event. Now, we are interested in the size distribu-
tion of cracks, which results from the processes of crack
creation and propagation associated with elementary acous-
tic emission events. Therefore, the crack plays the role of
genus, whereas the minimum acoustic emission event plays
the role of species. Each time a new acoustic emission event
occurs, this event may either result in the creation of a new
elementary crack or in the propagation of an existing crack
by a fixed amount (the fracture quantum). The first event is
equivalent to the creation of a new genus in the original
Yule model, whereas the latter corresponds to normal spe-
ciation inside a genus. Thus, the genus size (number of spe-
cies) in the original Yule process is here replaced by the
crack size (the number of elementary acoustic emission
events that concurred to generate the crack).

Let us indicate the passage of time in the model by a
time index ¢, and let us assume that, at each time step, n
new acoustic emission events create new cracks, thereby
increasing the total number of cracks by n, and m other
events increase the size of pre-existing cracks, which are
selected in proportion to their size (or the number of acoustic
emission events concurred to generate them). It is worth
observing that the hypothesis that preferential attachment
holds for a population of extending cracks is physically
sound: whatever the fracture mode, the stress distribution
is a key factor in determining the next stage of fracture
process. The stress redistribution due to the presence of a
crack creates the conditions for the growth of the crack
itself. Obviously, reality is much more complex and a detai-
led physical description of the cracking phenomenon in a
heterogeneous material should comprehend a variety of
mechanisms acting over different length and time scales.
We do not pretend that such a simple stochastic model is a
realistic representation of the complex interactions of cracks
in a possibly heterogeneous material; more realistically, we
only notice that the hypothesis of preferential attachment
might be useful for an overall representation of what hap-
pens in a population of interacting cracks, offering insight
into such a complex phenomenon.

We denote by p, , the fraction of cracks composed by
k acoustic emission events at time ¢, when the total number
of cracks in the structure is n¢. Thus, the number of such
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cracks is p, ,nt. Now, we compute the probability that the
next fracture quantum corresponding to an acoustic emission
event is added to a particular crack (say, the i-th) of size £;
(i.e. generated by k; acoustic emission events). This proba-
bility is proportional to k;, and by normalizing, we obtain
k; /Y k;. Thesum Y k; issimply the total number of acous-
tic emission events till the point, which is equal, in this
case, to (m + n)t. Furthermore, between time 7 and the sub-
sequent time instant (¢ + 1), m other new fracture quanta
are added, so the probability that crack i gains a new fracture
quantum during this interval is mk; /((m +n)t). The total
expected number of cracks of size k that gain a new crack
advancement in the same interval is
mk

(m+n)t Prs

In each time step, the number of cracks of size k£ de-
creases by exactly this number, since by increasing their
size by one, they become cracks of size £ + 1. On the other
hand, during the same interval this number also increases,
since the number of cracks of size k — 1 also increase their
size by one. Thus a governing equation for the new number
Prh(t+1) of cracks of size k can be written:

[(k=Dpj_y, —kpy,] (10)
m+n

which is valid for all k£ except 1; in the latter case Eq. (10)
is replaced by the following relation:
mn

, 11
m+np1’t (11)

since by definition exactly n new cracks appear in each
time step. We are now interested in the distribution of crack
sizes in the limit of long times, t — . We assume that the
distribution tends to some fixed value:

pi =limp ., (12)
independent of ¢. With this hypothesis, we obtain a recursive
solution for p,:

k-1

mn
nt =——kpy - ©)
m+n

mn

pk’mn(t +1)= DPrynt+

P1,z+1”(l +1)= pt+n—

=i 13
Pk k+1+n/mpk1 (13)
Iterating, we obtain:
k-1)(k-2)..1
pr= D) (14)

T 1+ Umy G+ Um) G+ nm)
The value of p, canbe computed from Eq. (11), which
yields:

m+n
= . 15
P 2m+n (1)
By substituting Eq. (15) into Eq. (14) we obtain:
Pr =
— (14 n/m) (k=1)(k-2)..1 (16)

(k+1+n/m)(k+n/m)..2+n/m)

This relation can be simplified by taking into account a
recursive property of the Gamma function: I'(x) = (x—1) X
xI'(x—1), and by considering that I'(1) = 1:

L(k)LQ2+n/m) _
T(k+2+n/m)
=(+n/m)B(k,2+n/m), (17)
where B(a, b) is the Beta function:
B(a, b) =I(a)['(0)/T'(a +b),
and I'(a) is the standard Gamma function. The obtained
distribution is exactly the Yule distribution [45]. The Beta
function has the interesting property that, for larger values
of either of its arguments, it follows a power law. For instan-
ce, for large a and fixed b, B(a, b) = a® Inour case, we

can immediately observe that p, also has a power-law tail
with exponent:

pe =+ nfm)

B2+, (18)
m

The ratio n/m can be seen as the ratio of energy spent
to create new cracks to energy spent to propagate already
existing cracks. Now, let us evaluate the effect of this para-
meter on the b-value. From Eq. (4) it can be inferred that
the probability density function of crack sizes has the fol-
lowing cumulative form:

P(L)e< L7207 (19)

On the other hand, the exponent of this distribution pro-
vided by the Yule process interpretation is given by Eq. (18).
Therefore, we obtain:

2b+1=2+21, (20)
m

which, solved for b, yields:
1 n
b=—|1+—|. 21
2( j en

m

If the ratio n/m decreases, the b-value also decreases.
This means that a more localised damaging process (with a
larger part of energy spent to propagating existing cracks
rather than to create new cracks) corresponds to lower b-
values, whereas a more spread damage (with larger part of
the energy spent to create new cracks) corresponds to higher
b-values. Thus, the evolution of the b-value during expe-
riments can be interpreted as a progressive increase of
damage localisation, as in the previous approach. In par-
ticular, the condition b = 1.0 corresponds to the ratio m/n=
= 1.0, with equal amount of energy spent for the creation
of new microcracks and propagation of existing cracks,
respectively. It can be observed that Eq. (21) predicts the
lower limit for b equal to 1/2; this is not in contrast with
experimental tests, since usually the b-value tends to the
unity when final failure is imminent, but lower values have
also been measured [8].

Eventually, let us consider that the proposed formula
(21) provides an interpretation for the practical upper bound
of the b-value in acoustic emission experiments. Usually,
even in the early phases of cracking process, the b-value
does not exceed b =2.5. This value would correspond, ac-
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cording to the obtained relation, to the ratio m/n= 0.25,
which is a reasonable one for the early phase of damaging
process: most of the energy (approximately 80 %) is spent
in the creation of new cracks, whereas only a small amount
goes into the propagation of already existing microcracks.

5. A case study: the Syracuse Cathedral
5.1. Description of the Syracuse Cathedral

In the 6th century A.C., the 5th century B.C. Greek
temple of Athena in Syracuse (Sicily) was transformed into
a Catholic Church, and successively became the Cathedral
of the city; the building was frequently modified along the
centuries until the present configuration. Several styles and
structural details belonging to the different times can be
recognised: (i) in the external walls the ancient Greek co-
lumns and the filling wall between them of the Byzantine
time, (ii) the baroque fagade, (iii) the added apse and cha-
pels. Furthermore, being Syracuse in a seismic area, the
Cathedral was damaged, repaired or partially rebuilt several
times [53]. Figure 1 shows the baroque fagade of the Cathe-
dral.

The Cathedral pillars have a peculiar interest; they had
been obtained cutting out the stonework walls of the internal
cell of the Greek temple. The pillars show several repaired
areas, replacements, but also several cracks. The cracks
frequently display a vertical pattern due to compressive
stresses, whose action is often combined with compressive-
bending stresses caused by frequent earthquakes.

On the basis of a detailed survey of the load-bearing
structures, non-destructive tests were performed in order
to investigate the depth of damage. Furthermore, the moni-
toring of cracks development carried out for approximately
two years showed an evident trend to propagate in some cracks

l
|

of the pillars named 18, 19, 29 and 30, which suggested a
further check of damage by an acoustic emission technique

(Fig. 2).

5.2. The monitored structure

The acoustic emission monitoring process was perfor-
med on a pillar of the Cathedral of Syracuse. The temple
had 14 columns along the sides and 6 at front, and some of
them, belonging to the peristyle and stylobate, can still be
identified. In the Cathedral layout shown in Fig. 2(a), all
the pillars and the columns inside the building are numbered
progressively.

Basically, the Doric columns are marked with numbers
in three ranges: 1-8; 22, 23; 33-40; whereas the pillars,
obtained from the calcareous stone masonry of the temple
cell, are identified with the remaining numbers. As said
above, from the survey of the cracks, it was determined
that the pillars in the most critical conditions were Nos. 18,
19, 29 and 30, all of them located near the end of the central
nave (circle in Fig. 2(a)). These pillars show an appreciable
degree of deterioration, due to the presence of added layers
of plaster and conspicuous cracks, which in some cases
seem to cut the constituent stone blocks. Pillar 19, selected
for the application of the acoustic emission monitoring tech-
nique, is shown in the axonometric view in Fig. 2(c).

The pillar (save for a few strengthening works perfor-
med — according to the Syracuse Superintendence for Cul-
tural Heritage — during a restoration process in 1926) was
thought to be made of limestone blocks, probably installed
during the initial construction of the temple dedicated to
Athena in the 5th century B.C. The investigation revealed
the presence of parts made with brick masonry and their
lower stiffness is probably the cause of the damage develo-
ped in the stones.
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Fig. 2. Plan of the Syracuse Cathedral. Pillars 19, 20, 30 and 31 are pointed out (a). Acoustic emission sensors arrangement on pillar 19: view (b) and

axonometric scheme (c)

5.3. Acoustic emission equipment and “in situ”
application details

Monitoring a structure by means of the acoustic emission
technique proves possible to detect the occurrence and evo-
lution of stress-induced cracks. Cracking, in fact, is accom-
panied by the emission of elastic waves which propagate
within the material bulk. These waves can be received and
recorded by piezoelectric (PZT) transducers applied to the
surface of the structural elements. The signal is therefore
analysed by a measuring system counting the emissions that
exceed a certain voltage threshold measured in volts. The
leading-edge equipment adapted by the authors for the
analysis on the vertical bearing structures of the Syracuse
Cathedral consists of six units USAM®, that can be synchro-
nized for multichannel data processing. The most relevant
parameters acquired from the signals (frequencies in a range
between 50 and 800 kHz, arrival time, amplitude, duration,
number of events and oscillations) are stored in the USAM
memory and then downloaded to a PC for a multichannel
data processing. Microcrack localisation is performed from
this elaboration and the condition of the monitored specimen
can be determined [9, 54]. On each side of element 19 an
evident cracking pattern is observed. The acoustic emission
sensors have been applied on the middle part of the pillar
as shown in Fig. 2(b and ¢). In Fig. 2(b) the zones with
capillar vertical cracks are indicated by circles.

The acoustic emission sensors arrangement is represen-
ted in Fig. 2(b) according to the scheme reported in Fig. 2(c).
The sensors were glued with silicone resin on two faces of
the pillar. These resins are good ultrasound conductors and
have the advantage of reducing to the minimum the attenua-
tion of signal perception in the layer between the specimen
surface and applied sensor.

5.4. Results of the monitoring process

The monitoring process began at 11:00 a.m. of 19 Sep-
tember 2006 and ended at 12:20 p.m. of 21 January 2007.
The data collected were analysed in order to interpret the
evolution of damage and determine the positions of acoustic
emission sources within the pillar.

The acoustic emission signal received by the transducers
is processed by an analyser which counts the oscillations
exceeding a certain voltage threshold. This makes it possible
to plot cumulative curves reflecting the count number as
measured continuously throughout the monitoring period.
This method, referred to as Ring-Down Counting, is widely
used for defect detection purposes (see Fig. 3). As the first
approximation, in fact, the count number N, i.e., the number
of oscillations per unit time (differential function) can be
compared with the quantity of energy released during the
monitoring process, and the relative sums (cumulative func-
tion) may be assumed to increase proportionally with the
widening of the damaged zone. Needless to say, this assump-
tion applies only if the damage evolves slowly [34, 55—
57]. Figure 3 shows the diagrams of the differential and
cumulative functions obtained from the count numbers mea-
sured per day on pillar 19. These charts were plotted starting
from the date of application of the sensors to the pillar up
to the time when they were removed. During the monitoring
period, the threshold level for the input signals from the
PZT transducers was always set to 100 uV. Based on the
author experience, this threshold level is the most signifi-
cant for obtaining acoustic emission signals during damage
process in non-metal materials such as concrete and masonry
[54, 58, 59].

From the charts it can be seen that the pillar is actually
undergoing a deterioration process. It should be noted that
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Fig. 3. Differential () and cumulated (b) number of acoustic emission oscillations during the monitoring time on the pillar 19. The most relevant seismic
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during the monitoring period strong seismic actions were
recorded in the area within a radius of 50 km around Syra-
cuse. If we examine the chart illustrating the differential
function of acoustic emission counts, we can see sudden
increases in the oscillation peaks occurring at certain inter-
vals over time. These sudden increments are matched by
leaps in the cumulative functions of acoustic emission counts
and reveal an interesting correlation between the acoustic
emission activities determined experimentally and seismic
events. The acoustic emission counts in other time intervals
seem to evolve in a virtually linear manner. It may therefore
be assumed that the discontinuities in the cumulative func-
tion reflect the critical moments during which the amount
of energy released — due to the evolution of damage in the
structure — is highest.

5.5. Statistical distribution of acoustic emission events:
b-value analysis

The ancient stone used in the construction of the temple
was a calcareous stone located in the area of Plemmirio,
just south of Syracuse, where archacological studies have

found the presence of various quarries of the Greek period.
During the restoration works, recently carried out, the tech-
nique of replacing stone blocks was employed for several
damaged elements. The removed elements were replaced
by other blocks consisting of the same stone. In particular,
a portion of one of the removed elements has been used to
define, through laboratory tests, the mechanical properties
of the material that after 2400 years still constitutes the
bearing structure of the Cathedral. Some cylindrical speci-
mens with diameter 30, 60 and 120 mm and slenderness
A =1, were obtained from the stone block (Fig. 4). Three
specimens with diameter of 30 mm (Sl,_.) and 60 mm
(S2,_.) were tested, while only two specimens with diame-
ter of 120 mm (S3, ) were analyzed. The specimens have
been subjected to laboratory compressive tests at constant
displacement rate of 4 - 10 mm/s and monitored by an
acoustic emission technique.

In Table 1 the volumes, the mean values of peak load
and the number of acoustic emission events N, measu-
red up to the peak load are shown. For all the specimens
the analysis of the b-value during the compression test was

Fig. 4. The stone block (a). Cylindrical specimens with diameters: 30 (S1), 60 (S2) and 120 mm (S3) and slenderness A = 1 (b). Acoustic emission

sensors applied during the tests (c)
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Table 1
Experimental average values obtained from compression tests
Specimens Weight, g Diameter, mm | Volume, cm? Peak load, kN Stress, MPa Niax at oy
Sl, ¢ 40 30 21.195 7.12 10.0 ~500
S2.c 235 60 169.56 24.60 8.7 ~2400
S3.b 730 120 1356.48 96.59 8.5 ~10200

carried out. The b-value stands for the slope of the regression
line in the “log-linear” diagram of acoustic emission signal
amplitude distribution [8, 30, 31, 60].

The typical trends of the b-value during the tests conduc-
ted on the specimens of type S1, S2 and S3 are shown in
Fig. 5. The b-values are computed for sliding windows of
100 consecutive acoustic emission events. In other words,
the b-values are determined in course of the tests by taking
into account only current values and discarding the earlier
ones. With this method, already adapted in other works on
the damage analysis in structural concrete elements and
rocks [8, 60], the testing time was subdivided into 5, 24
and 102 intervals (500, 2400 and 10200 events) for speci-
mens SI,, S2, and S3,, respectively.

In Fig. 5 the final b-value in the case of Sl, and S3, is
<1.0. Equation (6) provides insight into the evolution of
the crack size population during the development of
cracking and damage, making it possible to interpret the
experimentally observed variations in the b-value expressed
as already stated as D/2 [29, 30].

Figure 5 also shows that acoustic emission generated
during the early stages of loading implies a high b-value
>1.5 due to the closure of pre-existing microcracks in the
rock [60], which causes several acoustic emission events
with low amplitude. Restricting the analysis to the interval
1.0<b5<1.5, which entails 2 < D < 3, it can be seen that, in
the subsequent phases of the loading process, when crack
nucleation is the main mechanism, cracks are likely to be

evenly spread throughout the specimen volume (b = 1.5 and
D = 3). Furthermore, microcracks coalesce into larger and
larger cracks and hence the b-value begins to decrease below
1.5. Immediately before final collapse, the damaging pro-
cess concentrates at cracks near the final fracture surface.
It is possible to observe that a sudden drop in the b-value is
found during the interval 0.8 < ¢/¢., < 1.0 for all the spe-
cimens. At this stage, microcrack propagation and coales-
cence are the main damage mechanisms and strong locali-
sation occurs [61-63]. The number of cracks being propor-
tional to the size of the element analysed, the b-value ap-
proaches 1.0 and the fractal dimension of damage D approa-
ches 2. Moreover, the fact that during the final loading stages
the b-value might drop below 1.0 (specimens SI, and S3,)
signifies an increase in damage with prevailing propagation
of existing cracks rather than nucleation of new ones (see
Eq. (21)). Furthermore, the drop of the b-value below 1.0
can be explained by the fragmentation of the specimen into
pieces and the effects of rubbing among them [30, 31].
These phenomena seem to reproduce, on strongly reduced
scale, the outline proposed by the theory of plate tectonics,
where the Earth’s surface is broken into large plates moving
against each other [42, 43].

Considering specimens of intermediate size (type S2),
the acoustic emission distributions of signal amplitudes re-
presented in Fig. 6(a) vary with the intensity reached by
the load during the test. From the b-value computed using
all the acoustic emission data collected at different levels

b P/P max b P/Pnax b PIP max
2.0 1.0 3.0 1.0 2.0 1.0
Peak load = 7.12 kN Peak load = 24.6 kN Peak load = 96.59 kN
25T W -
- 0.8 0.8 - 0.8
15 T=== o ----=mm === gf - 1.5 - 1
20T-- i ). o' SSaiainlalaie
- 0.6 0.6 0.6
1.0 T-=-==-==mmmmmm oo X 15t--=-=--"f------- - - 10fF---=-------F------
0.4 ;0.4 V- 0.4
10+----f-------mmo -
0.5 === ——gzd - 02 o2 05 f-----ofr---mmm -1 02
. 05k ooofo . .
S1, (30 mm) S2, (60 mm) 83, (120 mm)
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Fig. 5. Trends of the b-value computed for specimens S1,, S2, and S3,
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Fig. 6. The acoustic emission distributions of signal amplitudes vary with the intensity reached by the load during the test for specimen S2, (a). In the
same test, for specimens S1,, S2, and S3,, when the value of 80 % of the ratio 6/0; is exceeded, the b-value tends to 1.0 (b)

of'the load, we obtain the results shown in Fig. 6(a). Similar values assumed by the same parameter in the graph of Fig. 7,
results are obtained for all the other specimens (types S1 it is possible to recognize the b-value range in which the
and S3). Then the b-value can be considered not only as an stress exceeded 80 % of the ultimate strength. During the
indicator of coalescence in fracture surfaces, but also a good monitoring process conducted on pillar 19 a frequent seis-
indicator of the level reached by the load during the test. In mic activity affected the area of Syracuse. Comparing
Fig. 6(b) it can be observed that for all specimens, when Figs. 3 and 7, it could be observed that each seismic event
the value of 80 % of the ratio o/o, is overcome, the b- is followed by an increase in the level of damage implying
value tends to 1.0. a decrease in the b-value, which approaches 1.0. It is there-

The behaviour of the h-value computed from the data fore reasonable that these loading conditions may have been
collected on pillar 19 during the monitoring is shown in the cause for compressive-bending stresses in the monitored
Fig. 7. The oscillating pattern of the b-value confirms that pillar, with the achievement of stress levels close to the
the damage process in the pillar is in a metastable condition failure ones. In this way, the b-value can be also assumed
and it could evolve into the critical condition anytime. It as a valid indicator of the stress level reached in the moni-
can be noted, indeed, that the b-values are comprised bet- tored structures.

ween 1.5 and 1.0 during the monitoring period. According
to the Yule statistical interpretation of the b-value, Eq. (21), 6. Conclusions
this corresponds to microcrack evolution in the monitored
material volume with prevailing nucleation of new cracks
(b = 1.5), or with prevailing growth of already existing
cracks (b=1.0), respectively. In terms of the self-similarity
approach, this also corresponds to creation of microcracks
in the specimen volume (D = 3), or close to the final fracture
surface (D = 2), respectively.

Considering the relation between the b-value and the
stresses in the graph in Fig. 6(b), and comparing it with the

In this paper two different interpretations for the evolu-
tion of the b-value during the fracturing process were pro-
posed. The presented models capture the evolution of this
parameter towards the condition of imminent failure, charac-
terized by b= 1.0, in terms of damage localisation and crack
coalescence. As a case study, the evolution of damage in a
pillar made of calcareous stone blocks that is part of the
vertical bearing structure of the Syracuse Cathedral was
evaluated using the acoustic emission technique. The moni-
toring process was performed by means of the USAM®
equipment available at the Fracture Mechanics Laboratory
of'the Structural Engineering Department of the Politecnico
di Torino. With this equipment it proved possible to acquire
a great quantity of data during the monitoring process and
subsequently perform a full analysis of the acoustic emission
signals to assess the b-value variations during the monitoring
process. In particular, a portion of one of the removed ele-
ments of the pillar was used to define, through laboratory

0.0 -
0 20 40 60 80 100 120 tests, the mechanical properties and the statistical distri-

Monitoring time, days bution of acoustic emission data in the material that after

Fig. 7. Trend of the b-value computed for the data collected on pillar 19 2400 years still constitutes the bearing structure of the Ca-

during the monitoring time thedral.
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