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Abstract

In this note the question about the existence of a correlation between the parameters C and m of the Paris’ law is re-
examined. According to dimensional analysis and incomplete self-similarity concepts applied to the linear range of fatigue
crack growth, a power-law asymptotic representation relating the parameter C to m and to the governing variables of fati-
gue is derived. Then, from the observation that the Griffith–Irwin instability must coincide with the Paris’ instability at the
onset of rapid crack growth, the exponents entering this correlation are determined. A fair good agreement is found
between the proposed theory and extensive experimental data.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Fatigue crack growth data for ductile materials are usually presented in terms of the crack growth rate,
da/dN, and the stress–intensity factor range, DK = (Kmax � Kmin). At present, it is a common practice to
describe the process of fatigue crack growth by a logarithmic da/dN vs. DK diagram (see e.g. Fig. 1).

Three regions are generally recognized on this diagram for a wide collection of experimental results [1]. The
first region corresponds to stress–intensity factor ranges near a lower threshold value, DKth, below which no
crack propagation takes place. This region of the diagram is usually referred to as Region I, or the near-thresh-
old region [2]. The second linear portion of the diagram defines a power-law relationship between the crack
growth rate and the stress–intensity factor range and is usually referred to as Region II [3]. Finally, when Kmax

tends to the critical stress–intensity factor, KIC, rapid crack propagation takes place and crack growth insta-
bility occurs (Region III) [4].
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Fig. 1. Scheme of the typical fatigue crack propagation curve.
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In Region II the Paris’ equation [5,6] provides a good approximation to the majority of experimental data:
da
dN
¼ CðDKÞm; ð1Þ
where C and m are empirical constants usually referred to as Paris’ law parameters.
From the early 1960s, research studies have been focused on the nature of the Paris’ law parameters,

demonstrating that C and m cannot be considered as material constants. In fact, they depend on the testing
conditions, such as the loading ratio R = rmin/rmax = Kmin/Kmax [7], on the geometry and size of the specimens
[8–10] and, as pointed out very recently, on the initial crack length [11]. However, an important question
regarding the Paris’ law parameters still remains to be answered: are C and m independent of each other or
is it possible to find a correlation between them based on theoretical considerations? Concerning this point,
it is important to take note of the controversy in the literature about the existence of a correlation between
C and m. For instance, Cortie [12] stated that the correlation is formal with a little physical relevance, and
the high coefficient of correlation between C and m is due to the logarithmic data representation. Similar argu-
ments were proposed in [13], where a correlation-free representation was presented. On the other hand, a very
consistent empirical relationship between the Paris’ law parameters was found by several authors [14,15] and
supported by experimental results [3,14,16].

In this paper, the correlation existing between the Paris’ law parameters is derived on the basis of theoret-
ical arguments. To this aim, both self-similarity concepts [9] and the condition that the Paris’ law instability
corresponds to the Griffith–Irwin instability at the onset of rapid crack growth are profitably used. Comparing
the functional expressions derived according to these two independent approaches, a relation between the
Paris’ law parameters C and m is proposed. As a result, it is shown that only one macroscopic parameter
is needed for the characterization of damage during fatigue crack growth.

An experimental assessment of this new correlation is proposed for a wide range of materials including
steels, titanium and aluminium alloys, as well as epoxy resins with liquid-filled urea–formaldehyde microcap-
sules and polymer/silica interfaces. The effect of the loading ratio on the parameter C is also analyzed.
2. Correlation derived according to self-similarity concepts

According to dimensional analysis, the physical phenomenon under observation can be regarded as a black
box connecting the external variables (called input or governing parameters) with the mechanical response
(output parameters). In case of fatigue crack growth in Region II, we assume that the mechanical response
of the system is fully represented by the crack growth rate, q0 = da/dN, which is the parameter to be deter-
mined. This output parameter is a function of a number of variables:
q0 ¼ F ðq1; q2; . . . ; qn; s1; s2; . . . ; sm; r1; r2; . . . ; rkÞ; ð2Þ
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where qi are quantities with independent physical dimensions, i.e. none of these quantities has a dimension
that can be represented in terms of a product of powers of the dimensions of the remaining quantities. Param-
eters si are such that their dimensions can be expressed as products of powers of the dimensions of the param-
eters qi. Finally, parameters ri are nondimensional quantities. According to the Buckingham’s P Theorem [17],
the number of parameters involved in the problem can be reduced by n. According to this method, let us con-
sider the n dimensionally independent quantities qi (i = 1, . . . ,n), so that the product qa10

1 qa20
2 � � � qan0

n ¼
Qn

i¼1qai0
i

has the same dimensions as q0 for a suitable choice of the values ai0. Analogously, the product qa11
1

qa21
2 � � � qan1

n ¼
Qn

i¼1qai1
i can have the same dimensions as s1 for suitable values of ai1, and so on. As a result,

the function (2) can be transformed as:
Table
Gover

Variab

q1

q2

q3

s1

s2

s3

s4

r1
q0

qa10
1 qa20

2 . . . qan0
n
¼ U

s1

qa11
1 qa21

2 . . . qan1
n
;

s2

qa12
1 qa22

2 . . . qan2
n
; . . . ;

�
sm

qa1m
1 qa2m

2 . . . qanm
n

; r1; r2; . . . ; rk

�
: ð3Þ
More synthetically, Eq. (3) can be written as:
P0 ¼ UðP1;P2; . . . ;Pm; r1; r2; . . . ; rkÞ; ð4Þ
where the following nondimensional parameters have been introduced:
P0 ¼ q0

q
a10
1

q
a20
2
���qan0

n
;

Pj ¼ sj

q
a1j
1

q
a2j
2
���q

anj
n
:

Relevant applications of this method in Solid Mechanics have concerned the analysis of complete and incom-
plete self-similarity of strength and toughness in disordered materials [18–23], as well as the study of the
incomplete self-similarity in the linear range of fatigue crack growth, with special emphasis to size-scale effects
[8,24].

As regards the phenomenon of fatigue crack growth, it is possible to consider the following functional
dependence:
da
dN
¼ F ðry;KIC;x; DK;D; h; a0; 1� RÞ; ð5Þ
where the governing variables are summarized in Table 1, along with their physical dimensions expressed in
the Length–Force–Time class (LFT).

From this list it is possible to distinguish between three main categories of parameters. The first category
regards the material parameters, such as the yield stress, ry, and the fracture toughness, KIC. The second
category comprises the variables governing the testing conditions, such as the stress–intensity factor range,
DK, the loading ratio, R, and the frequency of the loading cycle, x. Concerning environmental conditions
and chemical phenomena, they are not considered as primary variables in this formulation and their influence
on fatigue crack growth can be taken into account as a degradation of the material properties. Finally, the
last category includes geometric parameters related to the material microstructure, such as the internal
1
ning variables of the fatigue crack growth phenomenon

le Definition Symbol Dimensions

Tensile yield stress of the material ry FL�2

Material fracture toughness KIC FL�3/2

Frequency of the loading cycle x T�1

Stress–intensity range DK = Kmax � Kmin FL�3/2

Characteristic structural size D L
Internal characteristic length h L
Initial crack length a0 L

Loading ratio R ¼ Kmin

Kmax
–
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characteristic length, h, and to the tested geometry, such as the characteristic structural size, D, and the initial
crack length, a0.

Considering a state with no explicit time dependence, Eq. (3) becomes:
da
dN
¼ KIC

ry

� �2

U
DK
KIC

;
r2

y

K2
IC

D;
r2

y

K2
IC

h;
r2

y

K2
IC

a0; 1� R

 !
; ð6Þ
where the nondimensional parameters are:
P1 ¼ DK
KIC
;

P2 ¼
r2

y

K2
IC

D;

P3 ¼
r2

y

K2
IC

h;

P4 ¼
r2

y

K2
IC

a0;

P5 ¼ r1 ¼ 1� R:
It has to be noticed that P2 takes into account the effect of the specimen size and it corresponds to the
square of the nondimensional number Z defined in [8], and to the inverse of the square of the brittleness num-

ber s introduced in [18,19,25]. Moreover, the parameter P4 is responsible for the dependence of the fatigue
phenomenon on the initial crack length, as recently pointed out in [11].

At this point, we want to see if the number of the quantities involved in the relationship (6) can be reduced
further from five. For example, starting from DK, this parameter can be considered as non-essential when, for
very large or very small values of the corresponding nondimensional parameter P1, a finite non-zero limit of
the function U exists:
lim
P1!0 or P1!1

UðP1;P2;P3;P4;P5Þ ¼ U1ðP2;P3;P4;P5Þ: ð7Þ
In this case we speak about complete self-similarity, or self-similarity of the first kind [9], in the parameter
P1. On the other hand, if the limit of the function U tends to zero or infinity, the quantity P1 remains essential
no matter how small or large it becomes. However, in some cases, the limit of the function U tends to zero or
infinity, but the function U has a power-type asymptotic representation:
lim
P1!0 or P1!1

UðP1;P2;P3;P4;P5Þ ¼ Pb1
1 U1ðP2;P3;P4;P5Þ; ð8Þ
where the exponent b1 and, consequently, the nondimensional parameter U1, cannot be determined from con-
siderations of dimensional analysis alone. Moreover, the exponent b1 may depend on the nondimensional
parameters Pi. In such cases, we speak about incomplete similarity, or self-similarity of the second kind [9],
in the parameter P1. It is remarkable to notice that the parameter b1 can only be obtained either from a
best-fitting procedure on experimental results, or according to numerical simulations.

As regards the parameter DK, the corresponding nondimensional parameter P1 is usually small in the
Region II of fatigue crack growth. However, since it is well-known that the fatigue crack growth phenomenon
is strongly dependent on this variable (see e.g. the Paris’ law in Eq. (1)), a complete self-similarity in P1 cannot
be accepted. Hence, assuming an incomplete self-similarity in P1, we have:
da
dN
¼ KIC

ry

� �2 DK
KIC

� �b1

U1ðP2;P3;P4;P5Þ ¼ ðK2�b1
IC r�2

y ÞDKb1U1ðP2;P3;P4;P5Þ: ð9Þ
Repeating this reasoning for the parameter (1 � R), which is a small number comprised between zero and
unity, a complete self-similarity in P5 would imply that fatigue crack growth is independent of the loading
ratio. However, this behavior is in contrast with some experimental results indicating an increase in the
response da/dN when increasing the parameter R [26]. Therefore, assuming again an incomplete self-similarity
in P5, we have:
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da
dN
¼ ðK2�b1

IC r�2
y Þð1� RÞb2DKb1U2ðP2;P3;P4Þ: ð10Þ
Comparing Eq. (10) with the expression of the Paris’ law, we find that our proposed formulation encom-
passes Eq. (1) as a limit case when:
m ¼ b1; ð11aÞ
C ¼ ðK2�b1

IC r�2
y Þð1� RÞb2U2ðP2;P3;P4Þ

¼ ðK2�m
IC r�2

y Þð1� RÞb2U2ðP2;P3;P4Þ: ð11bÞ
As a consequence, from Eq. (11b) it is possible to notice that the parameter C is dependent on two material
parameters, such as the fracture toughness, KIC, and the yield stress, ry, as well as on the loading ratio, R, and
on the nondimensional parameters P2, P3 and P4. Moreover, Eq. (11b) demonstrates the existence of a rela-
tionship between the Paris’ law parameters C and m. It is worth emphasizing that this result has been estab-
lished according to dimensional analysis concepts and incomplete self-similarity assumptions in P1 and P5,
which is a condition usually verified by experimental tests.
3. Correlation derived according to the crack growth instability condition

In this section we derive a correlation between the Paris’ law parameters similar to that in Eq. (11b) on the
basis of the condition of crack growth instability. In fact, as firstly pointed out by Forman et al. [4], the crack
propagation rate, da/dN, is not only a function of the stress–intensity factor range, DK, but also on the con-
dition of instability of the crack growth when the maximum stress–intensity factor approaches its critical value
for the material.

Focusing our attention on this dependence, Forman et al. [4] observed that the crack propagation rate must
tend to infinity when Kmax! KIC, i.e.
lim
Kmax!KIC

da
dN
¼ 1: ð12Þ
This rapid increase in the crack propagation rate is then responsible for the fast deviation from the linear
part of the Region II in the fatigue plot (see e.g. Fig. 1). Considering the transition point-labelled CR in Fig. 1
between Region II and Region III, the following relationship between the crack growth rate and the stress–
intensity factor range can be established according to the Paris’ law:
da
dN

� �
CR

¼ vCR ¼ CðDKCRÞm; ð13Þ
where DKCR and vCR denote the values of the coordinates of the point CR in Fig. 1. Due to the fact that a
rapid variation in the crack propagation rate takes place when the onset of crack instability is reached, it is
a reasonable assumption to consider the maximum stress–intensity factor evaluated at the point CR, KCR

max,
approximately equal to KIC. As a consequence of this approximation, it is possible to correlate the value of
DKCR with the material fracture toughness:
DKCR ffi ð1� RÞKIC: ð14Þ
Hence, introducing Eq. (14) into Eq. (13), an approximate relationship between the Paris’ constants is
derived according to the condition that the onset of the Paris’ instability corresponds to the Griffith–Irwin
instability:
vCR ffi C½ð1� RÞKIC�m ) C ffi vCR

1

ð1� RÞKIC

� �m

: ð15Þ
A closer comparison between Eqs. (15) and (11b) permits to clarify the role played by vCR. In fact, Eq. (15)
corresponds to the correlation derived according to self-similarity concepts when:
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m ¼ b1 ¼ �b2; ð16aÞ

vCR ¼
KIC

ry

� �2

U2ðP2;P3;P4Þ; ð16bÞ
confirming the experimental observation reported in [3] that vCR depends on the material properties, on the
geometry of the tested specimen, and on the material microstructure. Therefore, considering the same testing
conditions, this conventional crack growth rate is almost constant for each class of material. This unique prop-
erty of the point CR of the Paris’ curve has also been recently confirmed by Farahmand [27], who analyzed
more than one hundred fatigue crack growth curves of aerospace alloys and showed that the crack growth rate
evaluated at the onset of the Region III, i.e. in correspondence of Kmax ffi KIC, is constant for many metallic
alloys. As a result, Eq. (15) establishes a one-to-one correspondence between the C and m values. The depen-
dence on the loading ratio is also put into evidence in Eq. (15).
4. Extension to interface fatigue crack propagation

The fatigue life of bi-material interfaces can be characterized using either a stress-life approach, or using a
defect-tolerant method [28]. In the former case, the number of loading cycles required to both initiate and
grow a debond to a critical length is measured, whereas in the latter attention is devoted to characterize
the debond growth rate behavior. According to this second approach, experimental data are usually repre-
sented in terms of the subcritical debond growth rate, da/dN, where a is the debond length and N is the cycles
number, as a function of the strain energy release rate range, DG ¼ Gmax � Gmin.

From experiments it has been found that the intermediate debond growth rates can be modeled according
to a Paris-like power-law relationship [29]:
da
dN
¼ C�ðDGÞm

�
; ð17Þ
where C* and m* are empirically derived fitting parameters. Usually, the exponent m* ranges from 1 to 3 for
metals, from 2 to 5 for bulk polymers, whereas for brittle ceramic materials m* is larger than 6.

In this case the Griffith–Irwin instability corresponds to the Paris’ instability when the maximum strain
energy release rate approaches the critical value for the material, i.e. Gmax ! GIC. As a consequence, following
the same reasoning as in Section 3, the following theoretically-based relationship between the parameters C*

and m* in Eq. (17) can be obtained:
C� ¼ vCR
1

DGCR

� �m�

: ð18Þ
Moreover, according to the well-known Irwin relationship relating the critical strain energy release rate with
the fracture toughness, i.e. GIC ¼ K2

IC=E for plane stress conditions, Eq. (18) can be rewritten in terms of KIC:
C� ffi vCR

E

ð1� RÞ2K2
IC

" #m�

: ð19Þ
Comparing Eqs. (19) and (15), we find out the relationship existing among the coefficients m* and C* and the
coefficients m and C of the Paris’ law in Eq. (1):
m� ¼ m=2;

C� ¼ C � Em=2:
5. Experimental assessment of the proposed correlation

Parameters C and m entering the Paris’ law are usually impossible to estimate according to theoretical con-
siderations and fatigue tests have to be performed. However, many authors [3,14,30] experimentally observed



A. Carpinteri, M. Paggi / Engineering Fracture Mechanics 74 (2007) 1041–1053 1047
a very stable relationship between the parameters C and m, which is usually represented by the following
empirical formula:
Table
Experi

Materi

Alum-
Alum-
Alum-
Alum-
Pure ti
Ti–6A
PH13-
C ¼ ABm; ð20Þ
usually written in a logarithmic form:
log C ¼ log Aþ m log B: ð21Þ
Taking the logarithm of both sides of the theoretically-based relationship between C and m in Eq. (15), we
obtain
log C ¼ log vCR þ m log
1

ð1� RÞKIC

� �
ð22Þ
which corresponds to Eq. (21) if
A ¼ vCR; ð23aÞ

B ¼ 1

ð1� RÞKIC

: ð23bÞ
In order to check the validity of the proposed correlation derived according to the instability condition of the
crack growth, an experimental assessment is performed by comparing the experimentally determined values of
B for steels, titanium and aluminium alloys, as well as for epoxy resins and polymer/silica interfaces, with
those theoretically predicted according to Eq. (23b). The effect of the loading ratio is also discussed.
5.1. Aluminium, titanium and steel alloys

In this section the effectiveness of our proposed correlation between the Paris’ law parameters derived
according to the instability condition of the crack growth is checked in reference to aluminium, titanium
and steel alloys. To this aim, we consider the experimental data reported in [27] and determined according
to the NASGRO program [31], which is one of the most comprehensive database of fatigue crack growth
curves for aerospace alloys. These experimental data concern the material fracture toughness, the Paris’
law parameters, as well as the crack growth rate corresponding to Kmax ffi KIC for fatigue tests with R = 0
(see Table 2). As previously outlined, the fracture toughness data and the values of vCR are almost constant
for each class of materials. This property is very well evidenced by the 2219-T62, 2219-T87, 6061-T62 and
7075-T73 aluminium alloys.

The application of Eq. (15) permits to predict the value of the Paris’ law parameter C as a function of m and
to compare it with the experimental one reported in the fifth column of Table 2. The agreement between the
experimental data and the predictions made according to our correlation is noticeably good, as also evidenced
by the relative percentage error reported in the last column of Table 2.

A sensitivity analysis of the parameter C to the variation in fracture toughness data can also be performed
in reference to steels and aluminium alloys. For these materials, Radhakrishnan [14] collected a number of
2
mental assessment of the proposed correlation for aluminium, titanium and steel alloys according to the NASGRO database [27]

al Experimental data Present correlation

KIC (MPa
ffiffiffiffi
m
p

) vCR (m/cycle) m C C Relative error (%)

2219-T62 (L-T) 28.2 3.5 · 10�6 2.87 2.40 · 10�10 2.41 · 10�10 0
2219-T87 (L-T) 27.3 3.5 · 10�6 3.30 6.27 · 10�11 6.38 · 10�11 2
6061-T62 (L-T) 25.0 3.5 · 10�6 3.20 1.63 · 10�10 1.18 · 10�10 �28
7075-T73, Forged (L-T) 27.3 3.5 · 10�6 2.98 1.80 · 10�10 1.84 · 10�10 2
tanium (Fty = 380 MPa) 46.0 1.0 · 10�5 3.41 1.95 · 10�11 2.14 · 10�11 10
l–4V-RT (mill annealed) 15.5 2.0 · 10�7 3.11 3.80 · 10�11 3.97 · 10�11 4
8Mo-H1000 (steel alloy) 100.0 3.0 · 10�5 3.40 5.00 · 10�12 4.75 · 10�12 �5
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data from various sources and proposed the following least square fitting relationships (DK being in ksi
ffiffiffiffiffiffiffiffiffi
inch
p

and da/dN in inch/cycle):
log C ¼ logð3� 10�5Þ þ m logð1:99� 10�2Þ for steels;

log C ¼ logð1� 10�4Þ þ m logð4:68� 10�2Þ for Al alloys:
ð24Þ
These relationships are also consistent with more recent studies proposed by Kitagawa [3] and with several
correlations reported in fatigue handbooks (see e.g. [32]). In S.I. they read (DK being in MPa

ffiffiffiffi
m
p

and
da/dN in m/cycle):
log C ¼ logð7:6� 10�7Þ þ m logð1:81� 10�2Þ for steels; ð25aÞ
log C ¼ logð2:5� 10�6Þ þ m logð4:26� 10�2Þ for Al alloys: ð25bÞ
As shown in Eq. (23a), the coefficient B can be theoretically predicted as a function of R and KIC. To avoid
experimental tests, which could be in general rather expensive and time consuming, the values of the material
fracture toughness can be taken from selected handbooks. In this case, however, a certain dispersion in the
collected data may exist, because the reported values are related to different testing conditions and specimen
geometries.

Concerning steels, we assume A = vCR = 7.6 · 10�7 m/cycle, as experimentally determined by Radhakrish-
nan, R = 0, and we try to estimate the parameter B and its sensitivity to the variation of KIC on the basis of the
values of the fracture toughness reported in the ASM handbook [32]. This book provides a collection of values
in a diagram KIC vs. both the prior austenite grain size, and the temperature test. Over a large range of tem-
peratures (T from �269 �C to 27 �C) and grain sizes (d from 1 lm to 16 lm), KIC varies from 20 MPa

ffiffiffiffi
m
p

to
100 MPa

ffiffiffiffi
m
p

with an average value of KIC ¼ 60 MPa
ffiffiffiffi
m
p

. Using these data we find:
log C ffi logð7:6� 10�7Þ þ m logð1:67� 10�2 þ dBÞ; ð26Þ

where dB is related to the fracture toughness excursion from the average value, dKIC ¼ 40 MPa

ffiffiffiffi
m
p

, as:
dB ¼ �dKIC

ðKIC 	 dKICÞKIC

¼ þ3:3� 10�2

�6:7� 10�3

(
ð27Þ
A good agreement between the proposed estimation based on an average value of the critical stress–intensity
factor and the experimental relationship in Eq. (25a) by Radhakrishnan [14] for steels is achieved, as clearly
shown in Fig. 2a (see the dashed-dotted line compared with the solid line). The curves logC vs. logm obtained
using the maximum and the minimum values of KIC are also reported in Fig. 2a with dashed lines.
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Fig. 2. Proposed correlation between Paris’ law parameters C and m for (a) steels and (b) aluminium alloys.
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The comparison can also be extended to aluminium alloys, assuming A = vCR = 2.5 · 10�6 m/cycle from
the Radhakrishnan correlation in Eq. (25b). According to the same procedure discussed above, the estimated
average value of the critical stress–intensity factor from handbooks [32–35] is equal to KIC ¼ 35 MPa

ffiffiffiffi
m
p

with
minimum and maximum values equal to 15 MPa

ffiffiffiffi
m
p

and 49 MPa
ffiffiffiffi
m
p

, respectively. According to these data
we find:
Table
Fatigu

Microc

10
20
10
20
10
20
log C ffi logð2:5� 10�6Þ þ m logð2:86� 10�2 þ dBÞ; ð28Þ
where dB is equal to
dB ¼ �dKIC

ðKIC 	 dKICÞKIC

¼ þ3:8� 10�2

�8:2� 10�3

(
ð29Þ
Also in this case, a good agreement between the proposed estimation based on an average value of the critical
stress–intensity factor and the experimental relationship in Eq. (25b) for Al alloys is achieved (see Fig. 2b).
5.2. Epoxy resins

The proposed correlation based on the instability condition provides also a good estimation of C for epoxy
resins. Brown et al. [36,37] experimentally computed Paris’ law parameters and the critical stress–intensity fac-
tor for brittle and fatigue crack propagation in an epoxy matrix with liquid-filled urea–formaldehyde micro-
capsules. Interestingly, with a microcapsule concentration higher than 10 wt%, fracture parameters are almost
constant and are reported in Table 3. In this case, the average fracture toughness is equal to KIC ¼
1:1 MPa

ffiffiffiffi
m
p

, whereas average Paris’ law parameters are �m ¼ 4:55 and C ¼ 9:4� 10�7, respectively. Observing
from the experiments in [36] that the crack growth rate at the onset of crack instability, vCR, is equal to
4 · 10�7 m/cycle and that R = 0.1, we have:
C ffi vCR

1

ð1� RÞKIC

� ��m

¼ 4:2� 10�7; ð30Þ
in a rather good agreement with the average value of C experimentally determined from fatigue tests.
5.3. Polymer/silica interfaces

The applicability of the proposed correlation to interface fracture problems can be assessed using the exper-
imental data by Snodgrass et al. [29]. They experimentally studied the phenomenon of subcritical debonding of
polymer/silica interfaces under both monotonic and cyclic loading with and without an adhesion promoter.
For an interface without adhesion promoters, they found the following parameters, considering R = 0.1:
GIC ¼ 10:1 J=m2;

m� ¼ 6:0;

C�exp ¼ 4:0� 10�13:
3
e parameters of microcapsule toughened epoxy [36]

apsule concentration (wt%) Diameter (lm) KIC (MPa
ffiffiffiffi
m
p

) C m

50 ± 20 1.20 1.5 · 10�3 4.9
50 ± 20 1.10 1.6 · 10�3 4.6

180 ± 40 1.20 5.4 · 10�4 4.4
180 ± 40 1.00 3.8 · 10�4 4.3
460 ± 80 0.92 7.8 · 10�4 4.4
460 ± 80 1.20 8.6 · 10�4 4.7
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Estimating vCR ffi 1 · 10�7 m/cycle in correspondence of DGCR ¼ ð1� RÞ2GIC ¼ 8:2 J=m2 from the fatigue plot
in [29], we theoretically predict the value of the Paris’ law parameter C* as a function of m* according to Eq. (18):
C�th ffi vCR

1

ð1� RÞ2GIC

" #m�

¼ 3:3� 10�13:
For an interface with Amino-silane AP8000 as an adhesion promoter, they found the following parameters
(R = 0.1):
GIC ¼ 18 J=m2;

m� ¼ 6:2;

C�exp ¼ 4:2� 10�14:
Using vCR ffi 6 · 10�7 m/cycle in correspondence of DGCR ¼ ð1� RÞ2GIC ¼ 14:6 J=m2 from the fatigue plot in
[29], we have:
C�th ffi vCR

1

ð1� RÞ2GIC

" #m�

¼ 3:65� 10�14:
In both cases, the theoretically predicted values, C�th, are in fair good agreement with the experimentally com-
puted ones, C�exp. This implies that it is possible to theoretically predict the Paris’ law parameter C* from the
unique properties of the critical point CR. Moreover, as also pointed out in the previous examples, the ob-
tained correlation can be generalized to other testing conditions, e.g. characterized by different loading ratios,
since the coordinates of the point CR are almost constant for a given material (see also Section 5.1 and [27]).

5.4. Effect of the loading ratio

Experimental results on fatigue crack growth show that, in most cases, the crack growth rate is not only a
function of the stress–intensity range, DK, but also of the mean stress level. This parameter is usually taken
into account in fatigue analyses through either the stress ratio, R = Kmin/Kmax, or, equivalently, using the
maximum stress–intensity factor, Kmax. Hence, several authors proposed improved expressions of the Paris’
law, explicitly considering the effect of R or Kmax in the formulations:
da
dN
¼ f ðDK;RÞ ¼ gðDK;KmaxÞ: ð31Þ
For instance, for different types of materials, Roberts and Erdogan [38], Klesnil and Lukas [39], Hojo et al.
[40], Liu and Chen [41] and Walker [42] proposed similar equations including both R and DK:
da
dN
¼ C0ð1� RÞpðDKÞm

0
: ð32Þ
The effect of the crack closure was also modeled in this framework by Kujawski [43]. Since the exponent p is
negative, Eq. (32) implies that the crack propagation rate in Region II is larger for higher R ratios. Although
these formulations are consistent with the results obtained according to self-similarity concepts and can be
recovered by putting b1 = m 0 and b2 = p in Eq. (10), they introduce another independent parameter, say p,
to describe the phenomenon of fatigue crack growth.

On the other hand, empirical formulae where the exponent of the term dependent on R is the same as that
for the stress–intensity factor range are also available in the literature, as reported in [3]:
da
dN
¼ CðAþ BRÞmðDKÞm; ð33Þ
where A, B and C are determined from experiments. Moreover, it has to be noticed that, for some materials
such as 4.5% Cu–Al Alloy, 5% Mg–Al Alloy, 5.5% Zn–Al Alloy, HS 30 W Al Alloy, 7075-T6 Al Alloy and HT
80 Steel, Radhakrishnan [7] found that the parameter C is almost independent of the loading ratio, whereas a
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dependence on R was observed for the exponent m. Also this behavior can be interpreted in the framework of
the correlation based on incomplete self-similarity by considering b2 = 0 and b1 = b1(P5) in Eq. (10).

Considering the approximate relationship derived according to the condition of crack growth instability,
Eq. (15), the exponent of the term (1 � R) is strictly related to that of DK, that is b1 = m and b2 = �m. An
experimental assessment of this formulation can be proposed by considering the experimental data provided
by Lee and Lee [16]. They performed fatigue tests on 2024-T4 and 2024-T6 aluminium alloys under different
values of the loading ratio and computed the parameters A and B in Eq. (21). In particular, for R = 0 they
found logA = �6.74 and logB = �1.04, whereas for R = 0.3 they obtained logA = �7.09 and logB = �0.85.

As regards the correlation between C and m derived according to the condition of crack growth instability,
the logarithm of the parameter A should be independent of R, since it corresponds to the critical crack growth
rate, vCR, which is a conventional crack growth rate approximately constant for each class of materials. On the
other hand, the logarithm of the parameter B should depend on R according to Eq. (23b). Observing, that
logKIC = �logB for R = 0 (see Eqs. (21) and (22)), the relative variations of the parameters logA and logB

due to a change in the loading ratio from 0.0 to 0.3 can be theoretically predicted as:
dðlog AÞ ¼ 0%;

dðlog BÞ ¼ log BR¼0:3�log BR¼0

log BR¼0
¼ logð1�RÞ

log KIC
¼ 15%:
These results are consistent with the variation of the parameters A and B computed from the experimental
data in [16]:
dðlog AÞ ¼ �7:09þ6:74
�6:74

¼ 5%;

dðlog BÞ ¼ �0:85þ1:04
�1:04

¼ 18%:
6. Discussion and conclusion

To shed light on the controversy about the existence of a correlation between the Paris’ constants, both self-
similarity concepts and the condition that the Paris’ law instability corresponds to the Griffith–Irwin instabil-
ity at the onset of rapid crack growth have been profitably used. Comparing the functional expressions derived
from these two independent approaches, an approximate relationship between C and m has been proposed.
According to this theory, it is found that the parameter C is also dependent on the fracture toughness of
the material, on the crack growth rate at the onset of crack instability, and on the loading ratio. The main
consequence of this correlation is that only one macroscopic parameter is needed for the characterization
of damage during fatigue crack growth. A good agreement between the theoretical predictions obtained using
this correlations and extensive experimental data has been achieved. In this respect, a special emphasis has
been given to the effect of the loading ratio.

From the engineering standpoint, it has to be emphasized that our proposed correlation constitutes a useful
tool for design purposes. In fact, in case of a lack of experimental fatigue data for a new material to charac-
terize, one could, as a first approximation, determine the parameter C as a function of the exponent m accord-
ing to Eq. (15). Then, a parametric analysis by varying the exponent m in its usual range of variation can be
performed and numerical simulations of fatigue crack growth can be put forward. Parameters vCR and KIC

entering the correlation can be either known in advance, or estimated from materials with similar composition,
thermal treatment and mechanical properties (see e.g. [44,45]).

A final remark concerns the fundamental question posed by Forman et al. [4]: ‘‘does material embrittlement
due to strain cycling or temperature effects cause changes in all three material constants, KIC, C, m, or in only
the fracture toughness?’’. Since a dependence of the parameter C on the fracture toughness has been put into
evidence in our proposed correlation, it is expected that not only the fracture toughness is affected by material
embrittlement, but, consequently, also the fatigue parameter C.
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