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Abstract

The present paper is a review of the research works car-
ried out on scaling laws and multi-scaling approach in
the mechanics of heterogeneous and disordered materials
at the Politecnico di Torino during the last two decades.
The subject encompasses theoretical, numerical and ex-
perimental aspects.

∗corresponding author: alberto.carpinteri@polito.it, tel.
+390115644850, fax +390115644899

The research work followed two main directions. The
first one concerns the implementation and the develop-
ment of the cohesive crack model, which has been shown
to be able to simulate experiments on concrete-like ma-
terials and structures. It is referred to as the dimen-
sional analysis approach, since it succeeds in capturing
the ductile-to-brittle transition by increasing the struc-
tural size owing to the different physical dimensions of
two material parameters: the tensile strength and the
fracture energy.

The second research direction aims at capturing the
size-scale effects of quasi-brittle materials, which show
fractal patterns in the failure process. This approach
is referred to as the renormalization group (or fractal)
approach and leads to a scale-invariant fractal cohesive
crack model. This model is able to predict the size ef-
fects even in tests where the classical approach fails, e.g.
the direct tension test. Within this framework and intro-
ducing the fractional calculus, it will be shown how the
Principle of Virtual Work can be rewritten in its frac-
tional form, thus obtaining a scaling law not only for the
tensile strength and the fracture energy, but also for the
critical strain.

1 Introduction

Several physical phenomena can be analysed through
Continuum Mechanics whenever only one length or en-
ergy scale is relevant, namely the macroscopic scale.
When a critical phenomenon is imminent, also other
scales of observation become relevant, as, for instance,
in phase transformations, laminar to turbulent flow tran-
sitions, laser light formation, superconductivity, material
failure, etc. These are co-operative and multiscale phe-
nomena, where the global behaviour cannot be predicted
simply by applying a local law. In other words, the sys-
tem is to be considered complex with a hierarchy of scales
of observation and the corresponding specific phenomena
occurring at those scales (Wilson [1], Herrmann and Roux
[2]). Usually, a rather rough distinction between micro-,
meso-, and macroscopic scales is made, although the scal-
ing range is in actual fact continuous and not discrete. In
practice, the observer can pass from one observation scale
to another without any discontinuity.



Material damage, strain localisation, and fracture are
phenomena not always interpretable in the framework of
Continuum Mechanics. While Fracture Mechanics repre-
sents a first departure from the classical continuum the-
ories, where regular and differentiable functions are im-
plicitly assumed, it is not always suitable to simulate and
justify the scaling laws emerging from experimental tests.
In particular, it is difficult to explain the size effects on
tensile strength and fracture energy, when purely tensile
tests on initially uncracked specimens are considered.

Up to the present century, the strength of materials
has always been considered as independent of specimen
size. The concept that a rope with cross-sectional area
twice that of another rope of the same material can sus-
tain a load twice that sustainable by the thinner rope was
already proposed by Leonardo da Vinci in his ”Codice At-
lantico”, and by Galileo Galilei in his ”Discorsi intorno a
due Nuove Scienze”. Of course this is true, at least ap-
proximately. On the other hand, can such an assumption
be extrapolated to very different sizes, where the scaling
range may be one or even several orders of magnitude?
And, again, can such an assumption be extended also to
sizes for which the material must be considered hetero-
geneous and disordered?

In the last century, these questions have met with a
number of negative answers, which, to use Popperian
terms [3], represent confutations of the former conjecture
that strength is a constant and scale-invariant material
property. From the hulls of the Liberty Ships, which
broke at very low stresses, to glass filaments (whiskers),
which break only under very high stresses, many are the
examples provided by modern technology that lead to
the surprising conclusion that material strength decreases
with body size.

Many cases of strength size-dependence have been
pointed out by scientists and engineers. Those already
mentioned of glass filaments and ships hulls are the best
known and lie at either extreme of the size scale. Many
other cases at a laboratory size-scale have been treated
and commented upon, and in some cases interpreted, by
various Authors of different generations (Carpinteri [4]).

There are many different approaches to explain this
size-scale effect.

In the framework of Fracture Mechanics the most re-
current explanations are based on Dimensional Analysis
and on the dimension mismatch between the two quan-
tities governing the material behaviour, namely the yield
strength σy, whose dimensions are [F ][L]−2, and the frac-
ture toughness KIC , whose dimensions are [F ][L]−3/2.
Through the application of the Buckingham’s Π theorem,
it is possible to define the true nondimensional quantity
determining the failure behaviour of the considered sys-
tem, i.e. the brittleness number sE .

Dimensional Analysis can be applied to classical
LEFM models, like the beam model, as well to nonlin-
ear fracture mechanics models, like the cohesive crack.
Applications of both models to bending geometry will be
considered in the first section of the paper.

Starting in the 1990’s, the research frontier of Material
Strength considered the novel concepts of disorder, frac-
tality, and renormalisation group, in order to describe the
ductile-to-brittle transition and the size-scale effects in a
unified manner.

Fractals are geometrical sets with the following two
properties (Feder [5], Mandelbrot [6], Falconer [7]):

1. Self similarity, i.e. they present the same shape or
features at every scale. This property can be ex-
tended to statistical features (random fractals).

2. Non-integer dimension, i.e. they present a dimension
larger (invasive fractals) or smaller (lacunar fractals)
than that of the classical reference domain.

The fractal dimension can be considered as a measure of
the geometrical disorder of the system. Examples of nat-
ural fractals with dimension comprised between 1 and 2
are mountain outlines, cloud contours, coastline profiles,
river patterns, streaks of lightning, snow-flakes, arterial
systems, and the lunar surface (craters excluded). Natu-
ral fractals with dimension comprised between 2 and 3 are
for example: diffusion fronts, sponge cloths, foams, brain
folds, and mass distribution in the universe. It is inter-
esting to note that, whereas the lunar surface and sponge
cloths are lacunar fractals in relation to surfaces and vol-
umes, respectively, coastline profiles and diffusion fronts
are instead invasive fractals in relation to one-dimensional
and two-dimensional loci, respectively.

Also fracture surfaces (after rupture) may be consid-
ered invasive fractals of a dimension comprised between
2 and 3, as demonstrated by Mandelbrot et al. [8] for
metallic materials, and by Saouma et al. [9] for cementi-
tious materials. An additional assumption may be that of
considering material ligaments (at peak stress) as lacunar
fractals of a dimension comprised between 1 and 2 (see
Carpinteri [10, 11], Carpinteri and Ferro [12], Carpinteri
et al. [13]).

If the experimental investigation is carried out over
more than one order of magnitude in the scaling range,
it is clear how not only a single and unique fractal
dimension of fracture surface (Carpinteri and Chiaia
[14], Carpinteri et al. [15]) or material ligament may be
measured by varying the structural scale. This apparent
anomaly is in fact due to the different fractal character
which emerges at the different scales. In nature there are
no ideal geometrical fractals; natural morphologies are
generally random multifractals due to the limited size of
the heterogeneities or perturbations (e.g., concrete aggre-
gates). Whereas ideal fractals do not present any charac-
teristic length, for random multifractals it is possible to
distinguish between small scales, at which disorder pre-
vails, and large scales, at which order prevails. For frac-
ture surfaces, the microscopic disorder is that of Brown-
ian surfaces with fractal dimension equal to 2.5, whereas
the macroscopic order is that of Euclidean surfaces, with
integer dimension equal to 2. On the other hand, for ma-
terial ligaments at peak stress, the microscopic disorder
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is that of a lacunar surface with fractal dimension equal
to 1.5, whereas the macroscopic order is that of a classi-
cal cross-sectional plane with integer dimension equal to
2.

In the framework of this global fractal view, when the
scale of observation tends to zero, the nominal tensile
strength tends to infinity, whereas the nominal fracture
energy tends to zero. In this way, it is possible to in-
terpret the very high strength values found by Griffith
[16] for glass filaments as well as the initial part of the J-
Resistance Curve (Begley and Landes [17]). On the other
hand, when the scale of observation tends to infinity, the
nominal tensile strength tends to a lower limit, just as the
nominal fracture energy tends to an upper limit. These
trends represent very realistically the low failure stresses
of the Liberty ships and the plateau of the J-Resistance
Curve [17] respectively.

2 The nonlinear model

2.1 The dimensional analysis approach

This first section of the paper is devoted to a brief re-
view of the fundamentals of Dimensional Analysis and
of the Cohesive Crack model, along with some examples
for structures in bending, namely, the beam model, and
numerical implementations for Mode I cracking. It will
be shown how this approach succeeds in capturing the
ductile to brittle transition by increasing the structural
size owing to the difference in the physical dimensions
of two materials parameters: the tensile strength σy and
the fracture toughness KIC .

2.1.1 Dimensional analysis and renormalization
group theory

The scaling law for strength (or toughness) of disordered
materials may be regarded as a particular case of com-
plete similarity, through the application of Dimensional
Analysis and Buckingham’s Π Theorem [18].

Let q0 be the peak load for a cracked body. This load
is a function of a number of variables:

q0 = F (q1, q2, . . . , qn; r1, r2, . . . , rm) (1)

where qi are physical quantities with different dimensions
and ri are nondimensional numbers. Let us consider two
dimensionally independent quantities q1 and q2 so that
the product qα10

1 qα20
2 has the same dimensions as q0 for

suitable values of α10 and α20. In the same way, the
product qα13

1 qα23
2 can have the same dimensions as q3 for

suitable values of α13 and α23, and so on. Function (1)
can therefore be transformed into (Carpinteri [19, 20]):

q0

qα10
1 qα20

2

=Π
(

q3

qα13
1 qα23

2

,
q4

qα14
1 qα24

2

,

. . . ,
qn

qα1n
1 qα2n

2

; r1, r2, . . . , rm

) (2)

or
Π0 = Π(Π3,Π4, . . . , Πn; r1, r2, . . . , rm) (3)

In the simple case of elastic-perfectly plastic material and
three-point bending test geometry, Eq. (3) is given by

F

σyb2
= Π

( GIc

σyb
;
a0

b
,
l

b
,
t

b

)
(4)

where σy is the yield strength and GIc the fracture en-
ergy of the material; b is the beam depth (reference size),
while l and t are the span and thickness of the beam,
respectively, and a0 is the initial crack depth. Expression
(4) represents the generalised homogeneity of the func-
tion F in Eq. (1), and therefore a case of complete sim-
ilarity, governed by Dimensional Analysis. The strength
and toughness parameters, σy and GIc are defined in the
traditional way, as material constants. A scale interac-
tion between the related phenomena (plastic collapse and
brittle fracture, respectively) is ruled by the brittleness
number sE = GIc/σyb (Carpinteri [4, 21, 22, 23]).

On the other hand, some of the dimensionless param-
eters in Eq. (4) can tend to zero or to infinity. For
instance, when the crack depth a tends to zero, the ma-
terial and the other specimen sizes remaining unchanged,
we have

lim
α→0

F

σyb2
= lim

α→0
Π(sE ; α, λ, τ) =

τ

λ
(5)

where the Greek letters represent the corresponding
nondimensional quantities. In other words, there exists a
limit of the function Π which is finite and different from
zero, so that Π can be replaced trivially by a simpler
function.

When the specimen size b tends to zero, the material
and the specimen shape remaining unchanged, it is found
by experiment that

lim
b→0

F

σyb2
= lim

b→0
Π (sE ; α, λ, τ) 6= Π(∞; α, λ, π) ,

i.e. 6= (1− α)2
τ

λ

(6)

In actual fact, ever since Griffith’s pioneering paper, we
know that, when b → 0, F/b →∞, as does b−1/2 Eq. (6)
should therefore be substituted by

lim
b→0

F

σyb2
= s

1/2
E lim

b→0
Π

(
α

sβ2
E

,
λ

sβ3
E

,
τ

sβ4
E

)
(7)

and Eq. (4) by

F

σyb2
= s

1/2
E Π

(
α

sβ2
E

,
λ

sβ3
E

,
τ

sβ4
E

)
(8)

Expression (8) represents the generalised homogeneity of
the function Π Eq. (4), and therefore a case of incomplete
similarity (Barenblatt [24]) governed by Renormalisation
Group Theory. The strength and toughness parameters,
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σy and GIc, prove not to be experimental material con-
stants. They become scale-independent constants only
if anomalous physical dimensions are assumed. A di-
rect scale interaction between the parameters themselves
emerges, with a total convergence of roles (at least at
the microscopic scale). If W represents the energy dissi-
pated in the failure process, it is then possible to write
an expression analogous to Eq. (8)

W

σyb2
= s

1/2
E Π

(
α

sγ2
E

,
λ

sγ3
E

,
τ

sγ4
E

)
(9)

In the following section, Dimensional Analysis will be
applied to a fracture mechanics based model, the beam
model. As it will be seen, this approach is able to capture
the ductile-brittle transition through the definition of a
Brittleness number s.

2.1.2 Application of the Dimensional Analysis to
the beam model

Due to the different physical dimensions of ultimate ten-
sile strength, σu, and fracture toughness, KIC , scale ef-
fects are always present in the usual fracture testing of
common engineering materials. This means that, for the
usual size-scale of the laboratory specimens, the ultimate
strength collapse or the plastic collapse at the ligament
tends to anticipate and obscure the brittle crack propaga-
tion. Such a competition between collapses of a different
nature can easily be shown by considering the ASTM for-
mula [25] for the three point bending test evaluation of
fracture toughness (Fig. 1):

KI =
Pl

th3/2
f

(a0

h

)
(10)

with

f
(a0

h

)
=2.9

(a

h

)1/2

− 4.6
(a

h

)3/2

+

21.8
(a

h

)5/2

− 37.6
(a

h

)7/2

+ 38.7
(a

h

)9/2

(11)

At the crack propagation Eq. (10) becomes:

KIC =
Pmaxl

th3/2
f

(a0

h

)
(12)

where Pmax is the external load of brittle fracture. If both
members of Eq. (12) are divided by σub1/2 we obtain:

KIC

σuh1/2
= s =

Pmaxl

σuth2
f

(a

h

)
(13)

where s is the brittleness number defined by Carpinteri
[4, 19–23, 26, 27]. Rearranging of Eq. (13) gives:

Pmaxl

σuth2
=

s

f
(

a
h

) (14)

On the other hand, it is possible to consider the non-
dimensional load of ultimate strength in a beam of depth
(h− a):

Pmaxl

σuth2
=

2
3

(
1− a

h

)2

(15)

Equations (14) and (15) are plotted in Fig. 1 as functions
of the track depth a/h. While the former produces a
set of curves by varying the brittleness number s, the
latter is represented by a unique curve. It is evident that
the ultimate strength collapse at the ligament precedes
crack propagation for each initial crack depth, when the
brittleness number s is higher than the limit-value s0 =
0.50.

For lower s numbers, ultimate strength collapse antici-
pates crack propagation only for crack depths external to
a certain interval. This means that a true LEFM collapse
occurs only for comparatively low fracture toughnesses,
high tensile strengths and/or large structure sizes. Not
the single values of KIC , σu and h determine the nature
of the collapse, but only their function s does, see Eq.
(13).

2.1.3 Virtual propagation of brittle fracture

The flexural behaviour of the beam in Fig. 1 will be
analyzed. The deflection due to the elastic compliance of
the uncracked beam is:

δe =
Pl3

48EI
(16)

where I is the inertial moment of the cross-section. On
the other hand, the deflection due to the local crack com-
pliance is (Tada et al. [28]):

δc =
3
2

Pl2

t h2 E
g

(a

h

)
(17)

with:

g
(a

h

)
=

( a
h

1− a0
h

) [
5.58− 19.57

(a

h

)
+

36.82
(a

h

)2

− 34.94
(a

h

)3

+ 12.77
(a

h

)4
]

(18)

The superposition principle provides:

δ = δe + δc (19)

and, in non-dimensional form:

δl

εuh2
=

Pl

σuth2

[
1
4

(
`

h

)3

+
3
2

(
`

h

)2

g
(a

h

)]
(20)

where εu = σu/E. The term within square brackets is
the dimensionless compliance, which is a function of the
beam slenderness, l/h, as well as of the crack depth, a/h.
Some linear load-deflection diagrams are represented in
Fig. 2, by varying the crack depth a/h and for the fixed
ratio l/h = 4.

4



Through Eqs. (14) and (15), it is possible to determine
the point of crack propagation as well as the point of
ultimate strength on each linear plot in Fig. 2. Whereas
the former depends on the brittleness number s, the latter
is unique. The set of the crack propagation points with
s =constant and by varying the crack depth, represents
a virtual load-deflection path, where point by point the
load is always that producing crack instability.

When the crack grows, the load of instability decreases
and the compliance increases, so that the product at the
right member of Eq. (20) may result to be either decreas-
ing or increasing. The diagrams in Fig. 2 show the de-
flection decreasing (with the load) up to the crack depth
a/h ' 0.3 and then increasing (in discordance with the
load). Therefore, whereas for a/h > 0.3 the P - δ curve
presents the usual softening course with negative deriva-
tive, for a/h < 0.3 it presents positive derivative. Such
a branch could not be revealed by deflection controlled
testing and the representative point would jump from the
positive to the negative branch with a behaviour discon-
tinuity.

The set of the ultimate strength points, by varying
the crack depth, is represented by the thick line in Fig. 2.
Such a line intersects the virtual crack propagation curves
with s ≤ s0 = 0.50, analogous to what was shown in Fig.
1, and presents a slight indentation with dP/dδ > 0.
The crack mouth opening displacement w is a function of
the specimen geometry and of the elastic modulus (Tada
et al. [28]):

w1 =
6Pla

th2E
m

(a

h

)
(21)

with:

m
(a

h

)
= 0.76− 2.28

(a

h

)
+ 3.87

(a

h

)2

− 2.04
(a

h

)3

+
0.66

(1− a/h)2
(22)

In non-dimensional form Eq.(21) becomes:

w1l

εuh2
=

Pl

σuth2

[
6

(
l

h

) (a

h

)
m

(a

h

)]
(23)

The term within square brackets is the dimensionless
compliance which, also in this case, depends on beam
slenderness and crack depth. Some linear load-crack
mouth opening displacement diagrams are reported in
Fig. 3, by varying the crack depth a/h and for l/h = 4.

2.2 Basic concepts of the cohesive crack
model

The Cohesive Crack Model was initially proposed by
Barenblatt [29, 30] and Dugdale [31]. Subsequently,
Dugdale’s model was reconsidered by Bilby et al. [32],
Rice [33], Willis [34], and utilized by Wnuk [35], who re-
ferred to it as the Final Stretch criterion. Hillerborg et
al. [36] proposed the Fictitious Crack Model in order to
study crack propagation in concrete. The cohesive crack

model is based on the following assumptions (Carpinteri
[21], Hillerborg et al. [36], Carpinteri et al. [37]):

1. The cohesive fracture zone (plastic or process zone)
begins to develop when the maximum principal
stress achieves the ultimate tensile strength σu (Fig.
4).

2. The material in the process zone is partially dam-
aged but still able to transfer stress. Such a stress
is dependent on the crack opening displacement w
(Fig. 4).

The energy necessary to produce a unit crack surface is
given by the area under the σ − w diagram in Fig. 4:

GF =
∫ wc

0

σdw =
1
2
σuwc (24)

The real crack tip is defined as the point where the dis-
tance between the crack surfaces is equal to the critical
value of crack opening displacement wc and the normal
stress vanishes. On the other hand, the fictitious crack
tip is defined as the point where the normal stress attains
the maximum value and the crack opening vanishes (Fig.
4).

There are some similarities among Barenblatt’s, Dug-
dale’s, Rice’s and Hillerborg’s formulations: the crack tip
faces close smoothly (the stress intensity factor KI van-
ishes at the crack tip) and the fracture process zone is
of negligible thickness. On the other hand, the closing
stresses in the fracture process zone are constant only in
Dugdale’s model, while the size of this zone is constant
and small in comparison with the length of the main crack
only in Barenblatt’s model.

With some modifications, the cohesive crack model has
been applied to model a wide range of materials and frac-
ture mechanisms, most prominently concrete. Regarding
this material, there is a very large literature; after Hiller-
borg et al. [36] and Petterson [38], the fictitious crack
model was further applied by Wecharatana and Shah [39],
Bažant and Oh [40] and Ingraffea and Gerstle [41]. More
recently, the former terminology of Cohesive Crack Model
has been reproposed by Carpinteri [4, 21, 23, 42], Carpin-
teri et al. [37, 43, 44] and the model has been used with
this terminology by a number of researchers (for instance,
Carpinteri and Valente [45], Cen and Maier [46], Elices et
al. [47], among others). Developments in this area have
been described by Elices et al. [48], Planas et al. [49]
and Bažant [50]. A comprehensive overview of concrete
structures analyzed by means of the cohesive model is
given by Carpinteri and Ferro [51]. However, the cohe-
sive model has been applied succesfully to model differ-
ent materials, such as polymers; Tijssens [52] modelled
materials with hard aggregates in a visco-plastic matrix,
whilst Tijssens et al. [53] addressed the craze formation
in polymers. Regarding metals, very fundamental work
on this subject was performed by Needleman [54, 55],
Tvergaard and Hutchinson [56–58], and Tvergaard [59].
Further work on crack extension in metallic materials has
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been published by Lin [60] and Lin et al. [61, 62]. Re-
cently, several issues were also addressed by means of the
Cohesive Crak Model, e.g. dynamic fracture (Xu and
Needleman [63] and Zavattieri and Espinosa [64]), time
dependent fracture processes (Tijssens [52], Allen and
Searcy [65]), and also near-threshold fatigue behaviour
(Deshpande et al. [66]).

Thus, the cohesive model has been proved to be effec-
tive in the description of several problems and with differ-
ent materials. One of the key issues in the application of
this model is the choice of the material law within the co-
hesive zone. It is in fact clear that the traction-separation
law is not known a priori and may change strongly for dif-
ferent materials. In the above cited papers, cohesive laws
have been used with different traction-separation formu-
lations. Several investigations focus on the effect of the
shape of the traction-separation function on the result-
ing fracture behaviour [48, 53, 55, 56]. Tvergaard and
Hutchinson [56, 57] came to the conclusion that this ef-
fect can be relatively weak.

Eventually, in the last few years, in order to explain
the size effects upon the parameters of the cohesive crack
model, Carpinteri [10, 11] applied fractal geometry con-
cepts and described the influence of the microstructural
disorder typical for most of quasi-brittle materials. The
fractal approach was further developed by Carpinteri et
al. [14, 67]. Recently, an improvement of the cohesive
crack model, the so–called (scale–invariant) fractal cohe-
sive crack model (Carpinteri et al. [68]), has been pro-
posed and applied to interpret the most extensive exper-
imental tensile data from concrete specimens tested over
a broad range of scales (Carpinteri and Ferro [12], van
Mier and van Vliet [69]). This topic will be extensively
recalled in the present work, see Section 3.1.2.

2.2.1 Cohesive interpretation of the beam model

The linear elastic behaviour of a three point bending ini-
tially uncracked beam may be represented by the follow-
ing dimensionless equation:

P̃ =
4
λ3

δ̃ (25)

where the dimensionless load and central deflection are
respectively given by:

P̃ =
Pl

σuth2
(26)

δ̃ =
δl

εuh2
(27)

with l =beam span, h =beam depth, t =beam thickness.
Once the ultimate tensile strength σu is achieved at

the lower beam edge, a fracturing process in the central
cross-section is supposed to start. Such a process admits
a limit-situation like that in Fig. 5. The limit stage of the
fracturing and deformation process may be considered as
that of two rigid parts connected by the hinge A in the

upper beam edge. The equilibrium of each part is en-
sured by the external load, the support reaction and the
closing cohesive forces. The latter depend on the distance
between the two interacting surfaces: increasing the dis-
tance w, the cohesive forces decrease till they vanish for
w ≥ wc.

The geometrical similitude of the triangles ABC and
AB’C’ in Fig.5 provides:

δ

l/2
=

wc/2
x

(28)

where x is the extension of the triangular distribution of
cohesive forces. Eq. (28) can be rearranged as:

x =
wcl

4δ
(29)

The rotational equilibrium round point A is possible
for each beam part only if the moments of support reac-
tion and cohesive forces respectively are equal:

P

2
l

2
=

σuxt

2
x

3
(30)

Recalling Eq. (29), the relation between load and deflec-
tion may be obtained:

P =
σu

t
w2

c

24
1
δ2

(31)

Eq. (31) can be put into dimensionless form:

P̃ =
1
6

(
sEλ2

εuδ̃

)
(32)

While the linear Eq. (25) describes the elastic be-
haviour of the beam initially uncracked, the hyperbolic
Eq. (32) represents the asymptotical behaviour of the
same beam, totally cracked. Eq. (25) is valid only for
load values lower than that producing the ultimate ten-
sile strength at the lower beam edge:

P̃ ≤ 2
3

(33)

On the other hand, Eq. (32) is valid only for deflec-
tion values higher than that producing a cohesive zone of
extension x equal to the beam depth b:

x ≤ h (34)

From Eqs. (29) and (34) it follows:

δ̃ ≥ sEλ2

2εu
(35)

The bounds (33) and (35), upper for load and lower
for deflection respectively, can be transformed into two
equivalent bounds, both upper for deflection and load.
Eqs. (25) and (33) provide:

δ̃ ≤ λ3

6
(36)
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whereas Eqs. (32) and (35):

P̃ ≤ 2
3

(37)

Conditions (33) and (37) are identical. Therefore, a sta-
bility criterion for elastic-softening beams may be ob-
tained comparing Eqs. (35) and (36). When the two
domains are separated, it is presumable that the two P−δ
branches - linear and hyperbolic - are connected by a reg-
ular curve (Fig. 6a). On the other hand, when the two
domains are partially overlapped, it is well-founded to
suppose them as connected by a curve with highly nega-
tive or even positive slope (Fig. 6b).

Unstable behaviour and catastrophical events (snap-
back) may be possible for:

sEλ2

2εu
≤ λ3

6
(38)

and the brittleness condition for the three point bending
geometry becomes:

sE

εuλ
≤ 1

3
(39)

Even in this case, the system is brittle for low brittleness
numbers sE , high ultimate strains and large slendernesses
λ.

It is therefore evident that the relative brittleness for a
structure is dependent on loading condition and external
constraints, in addition to material properties, size-scale
and slenderness. For instance, uniaxial tension is more
unstable than three point bending: B ≤ 1/2 (Carpinteri
[70]), whilst in bending B ≤ 1/3.

As previously discussed, the global brittleness of the
beam can be defined as the ratio of the ultimate elastic
energy contained in the body to the energy dissipated by
fracture:

Brittleness =
1
2Puδu

GF S
=

1
18σuεuhtl

GF ht
=

1
18B

(40)

Such a ratio is higher than unity when:

sE

εuλ
≤ 1

18
(41)

Eq. (41) represents a stricter condition for global struc-
tural brittleness compared with Eq. (39).

2.3 Mode I problems

The analyses discussed in this section concern the be-
haviour of concrete elements in Mode I conditions (Three
Point Bending Test – TPBT). For reasons of symmetry,
the crack trajectory is known a priori. The numerical re-
sults, based on the cohesive model, were obtained using
the Finite Element Code FR.ANA. (FRacture ANAly-
sis Carpinteri [4, 21, 23], Carpinteri et al. [37], Carpinteri
[42], Carpinteri et al. [43, 44]).

An extensive series of analyses was carried out from
1984 to 1989 by A. Carpinteri and co-workers, and some

of the results obtained are mentioned later [4, 21, 23,
37, 42–44]. The experimental results can be found
in Colombo and Limido [71], Bocca et al. [72] and in
the RILEM report [73]. The cases described in the ref-
erence papers regard three `/h ratios (4, 8 and 16), and
four a0/h ratios (0.00, 0.10, 0.30, 0.50), see, for instance,
Figs. 10 and 14. For each ratio, the response was ana-
lyzed for different values of the brittleness number, sE ,
ranging from 2× 10−2 to 2× 10−5.

As can be seen from the diagrams, the brittleness num-
ber sE has a decisive effect on the structural response of
the element: by increasing sE , the behaviour of the ele-
ment changes from brittle to ductile, as already stated.
Hence, the structural response is not described by the
parameters σu, GF and h independently, but rather by
a combination of these parameters, as expressed by the
brittleness number sE .

A comparison between the results obtained with the
Finite Element Method and those provided by the
Boundary Element Method can be found in Cen and
Maier [46] and Maier et al. [74]. The agreement between
the results is excellent: both implementations of the co-
hesive model are able to describe snap-back phenomena.

2.3.1 Numerical implementation

If a three point bending slab of elastic-softening mate-
rial is considered, the displacement discontinuities on the
center line may be expressed as follows:

w(x) =
∫ h

0

K(x, y)σ(y)dy + C(x)P + Γ(x)

for 0 ≤ x < h

(42)

where K and C are the influence functions of cohesive
forces and external load respectively, and Γ are the crack
openings due to the specimen weight. If a stress-free
crack of length a has developed with a cohesive zone of
length ∆a, the following additional conditions are to be
taken into account:

σ(y) = 0 for 0 ≤ y ≤ a (43a)

σ(y) = σu

(
1− w(y)

wc

)
for a ≤ y ≤ a + ∆a

(43b)

w(x) = 0 for a + ∆a ≤ x ≤ h
(43c)

Eqs. 42 and 43 can be rearranged as follows:

w(x) =
∫ a+∆a

a

K(x, y)
(

1− w(y)
wc

)
σudy

+
∫ h

a+∆a

K(x, y)σ(y)dy + C(x)P + Γ(x) (44a)

for 0 ≤ x ≤ (a + ∆a) (44b)
w(x) =0 (44c)

for (a + ∆a) ≤ x < h (44d)
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The function σ(y) depends on the distribution w(x) and
on the external load P . Therefore, for each value of P ,
Eq. (44b) represents an integral equation for the un-
known function w. On the other hand, the beam deflec-
tion is given by:

δ =
∫ h

0

C(y)σ(y)dy + DP P + Dγ (45)

where DP is the deflection for P = 1 and Dγ is the de-
flection due to the specimen weight.

A numerical procedure is implemented to simulate a
loading process where the parameter incremented step
by step is the fictitious crack depth. Real (or stress-free)
crack depth, external load and deflection are obtained
at each step after an iterative computation. The closing
stresses acting on the crack surfaces are replaced by nodal
forces (Fig. 7). The intensity of these forces depends on
the opening of the fictitious crack, w, according to the
σ − w constitutive law of the material (Fig. 4). When
the tensile strength σu is achieved at the fictitious crack
tip (Fig. 7), the top node is opened and a cohesive force
starts acting across the crack, while the fictitious crack
tip moves to the next node.

With reference to the three point bending test (TPBT)
geometry in Fig. 8, the nodes are distributed along the
potential fracture line. The coefficients of influence in
terms of node openings and deflection are computed by
a finite element analysis where the fictitious structure in
Fig. 8 is subjected to (n+1) different loading conditions.

Consider the TPBT in Fig. 9 with the initial crack tip
in the node k. The crack opening displacements at the n
fracture nodes may be expressed as follows:

{w} = [K]{F}+ {C}P + {Γ} (46)

being:

- {w} the vector of the crack opening displacements,

- [K] the matrix of the coefficients of influence (nodal
forces),

- {F} the vector of the nodal forces,

- {C} the vector of the coefficients of influence (external
load),

- P the external load,

- {Γ} the vector of the crack opening displacements due
to the specimen weight.

On the other hand, the initial crack is stress-free and
therefore:

Fi = 0 for i = 1, 2, . . . , (k − 1) (47a)

while at the ligament there is no displacement disconti-
nuity:

wi = 0 for i = k, (k + 1), . . . , n (47b)

Eqs. (46) and (47) constitute a linear algebraical sys-
tem of 2n equations and 2n unknowns, i.e., the elements
of vectors {w} and {F}. If load P and vector {F} are
known, it is possible to compute the beam deflection, δ:

δ = {C}T {F}+ DP P + Dγ (48)

After the first step, a cohesive zone forms in front of the
real crack tip (Fig. 9), say between nodes j and l. Then
Eqs. (47) are replaced by:

Fi = 0 for i = 1, 2, . . . , (j − 1)

(49a)

Fi = Fu

(
1− wi

wc

)
for i = j, (j + 1), . . . , l

(49b)

wi = 0 for i = l, (l + 1), . . . , n
(49c)

where Fu is the ultimate strength nodal force (Fig. 7):

Fu = h
σu

m
(50)

Eqs. (46) and (49) constitute a linear algebraical system
of (2n + 1) equations and (2n + 1) unknowns, i.e., the
elements of vectors {w} and {F} and the external load
P .

At the first step, the cohesive zone is missing (l =
j = k) and the load P producing the ultimate strength
nodal force at the initial crack tip (node k) is computed.
Such a value P1, together with the related deflection δ1

computed through Eq. (48) gives the first point of the
P − δ curve.

At the second step, the cohesive zone is between the
nodes k and (k +1), and the load P2 producing the force
Fu at the second fictitious crack tip (node k + 1) is com-
puted. Eq. (48) then provides the deflection δ2. At the
third step, the fictitious crack tip is in the node (k + 2),
and so on. The present numerical program simulates a
loading process where the 0 parameter is the fictitious
crack depth.

On the other hand, real (or stress-free) crack depth,
external load and deflection are obtained at each step
after an iterative procedure.

The program stops with the untieing of the node n
and, consequently, with the determination of the last
couple of values Fn and δn. In this way, the complete
load-deflection curve is automatically plotted by the com-
puter.

2.3.2 Numerical simulations

Strain localization and apparent strength of ini-
tially uncracked slabs

Some dimensionless load-deflection diagrams for a con-
crete-like material are plotted in Fig. 10, with a0/h =
0.0, εu = 0.87 · 10−4, ν = 0.1, t = h, l = 4h, and by
varying the non-dimensional number sE .
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The specimen behaviour is brittle (snap-back) for low
sE numbers, i.e., for low fracture toughnesses GF , high
tensile strengths, σu, and/or large sizes, h. For sE .
10.45 · 10−5, the P − δ curve presents positive slope in
the softening branch and a catastrophical event occurs
if the loading process is deflection-controlled. Such in-
denting branch is not virtual only if the loading process
is controlled by a monotonically increasing function of
time (Fairhurst et al. [75], Rokugo et al. [76]) like, for
example, the displacement discontinuity across the crack
(Biolzi et al. [77]). On the other hand, Eq. (39) gives:
sE ≤ 11.60 · 10−5. Such a condition reproduces that
shown in Fig. 10 very accurately, whereas Eq. (41) ap-
pears too severe. When the post-peak behaviour is kept
under control up to the complete structure separation,
the area delimited by load-deflection curve and deflection-
axis represents the product of fracture energy, GF , and
initial cross-section area, ht.

The maximum loading capacity PCohes of initially un-
cracked specimens with l = 4h is obtained from Fig.
10. On the other hand, the maximum load of ultimate
strength is given by:

PU.S. =
2
3

σuth2

l
(51)

The values of the ratio PCohes/PU.S. may also be regarded
as the ratio of the apparent tensile strength σf (given by
the maximum load PCohes and applying Eq. (51)) to the
true tensile strength σu (considered material constant).
It is evident from Fig. 11 that the results of the cohe-
sive crack model tend to those of the ultimate strength
analysis for low sE values:

lim
sE→0

PCohes = PU.S. (52)

Therefore, only for comparatively large specimen sizes
the tensile strength σu can be obtained as σu = σf .
With the usual laboratory specimens, always an apparent
strength higher than the true one is found.

As a limit case, for the size h → 0 or fracture energy
GF → ∞ (elastic–plastic material in tension), i.e., for
sE →∞, the apparent strength σf → 3σu. In fact, in the
centre of the beam, the uniform stress distribution (Fig.
12) produces a plastic hinge with a resistant moment
which is twice the classical moment of the bi-rectangu1ar
limit stress distribution (elastic-perfectly plastic material
in tension and compression).

The fictitious crack depth at the maximum load is plot-
ted as a function of 1/sE in Fig. 13. The brittleness in-
crease for sE → 0 is evident also from this diagram, the
process zone at dP/dδ = 0 tending to disappear (brittle
collapse), whereas it tends to cover the whole ligament for
sE → ∞ (ductile collapse). On the other hand, the real
(or stress-free) crack depth at the maximum load is al-
ways zero for each value of sE . This means that the slow
crack growth does not start before the softening stage.
Therefore, neither the slow crack growth occurs nor the
cohesive zone develops before the peak, when sE → 0.

Recalling once again Figs. 11 and 13, it is possible
to state that, the smaller the brittleness number sE is,
the more accurate the snap-back is in reproducing the
perfectly-brittle ultimate strength instability (a0/h = 0).

Cohesive crack propagation and fictitious fracture
toughness of initially cracked slabs

The mechanical behaviour of three point bending slabs
with initial cracks is investigated on the basis of the same
cohesive numerical model presented in the preceding sec-
tion. Some dimensionless load-deflection diagrams are
represented in Fig. 14, for a0/h = 0.5, εu = 0.87 · 10−4,
ν = 0.1, t = h, l = 4h, and by varying the brittle-
ness number sE . The initial crack makes the specimen
behaviour more ductile than in the case of initially un-
cracked specimen. For the set of sE numbers considered
in Fig. 14, the snap-back does not occur.

The area delimited by load-deflection curve and the
deflection axis represents the product of fracture energy,
GF , and initial ligament area, (h − a0)t. The areas un-
der the P − δ curves are thus proportional to the re-
spective sE numbers, in Fig. 10 as well as in Fig. 14.
This simple result is due to the assumption that energy
dissipation occurs only on the fracture surface, whereas
in reality energy is also dissipated in a damage volume
around the crack tip, as assumed by Carpinteri and Sih
[78] and proved by Cedolin et al. [79].

The maximum loading capacity PCohes according to
the cohesive crack model, is obtained from Fig. 14. On
the other hand, the maximum load PL.E.F.M. of brittle
fracture can be obtained from the Linear Elastic Frac-
ture Mechanics relation, Eq. (10), with KIC = [GF E]1/2

(plane stress condition).
The values of the ratio PCohes/PL.E.F.M. are reported

as functions of the inverse of the brittleness number in
Fig. 15. Such a ratio may also be regarded as the ratio of
the fictitious fracture toughness (given by the maximum
load PCohes) to the true fracture toughness (considered
as a material constant).

It is evident that, for low sE numbers, the results of
the Cohesive crack model tend to those of Linear Elastic
Fracture Mechanics:

lim
sE→0

PCohes = PL.E.F.M. (53)

and therefore, the maximum loading capacity can be pre-
dicted applying the simple condition KI = KIC . It ap-
pears that the true fracture toughness KIC of the mate-
rial can be obtained only with very large specimens. In
fact, with the laboratory specimens, a fictitious fracture
toughness lower than the true one is always measured, as
in Carpinteri [19, 21, 26], Barr and Bear [80], Ingraffea
and Saouma [81], Kasperkiewicz et al. [82], Li and Liang
[83], Li et al. [84], Shah [85], Walsh [86], Zaitsev and
Kovler [87], Ziegeldorf et al. [88], Carpinteri and Valente
[89].
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3 The fractal model

Before entering the details of fractal fracture mechanics
applied to heterogeneous and disordered materials, a brief
review of the applications of fractal geometry concepts to
material science is addressed. Nevertheless, the following
list of references is not at all complete, since this research
field is nowadays very spread inside the scientific commu-
nity.

It was Mandelbrot himself who applied the new con-
cept from his book [90] to the fracture profiles of metals
[91]. After this paper, the attempts to apply fractals to
fracture have grown exponentially. To quote some of the
first papers devoted to characterize fractal damage and
fracture in metals, we can cite the papers by Kleiser &
Bocek [92] about slip lines and by Dauskart, Haubensak
and Ritchie [93] about fracture surfaces.

Inside this field, we can distinguish three different as-
pects: the first one deals with the methods to compute
the fractal dimension of the fracture surfaces, the second
one is devoted to the analysis of the correlation between
fractal features and microstructural properties whereas
the third aspect tries to highlight the consequences of
fractality onto the mechanical behavior of materials.

For what concerns the first aspect, the reader is re-
ferred to the paper by Charkaluc [94] where the different
methods are analyzed critically and compared: the com-
pass method, the Minkowski method, the box counting
method, the variation method, the slit island method.
Theoretically, all the methods yield the same values of
the fractal dimension. On the other hand, the result can
change when applied to specific cases: it is therefore of
the maximum importance to find the suitable method be-
fore trying to find a correlation between fractal fracture
properties and mechanical features.

About the second aspect, i.e. the link between mi-
crostructure and fractal sets, we can cite, among the oth-
ers, the papers by Carpinteri et al. [95, 96] for what con-
cerns aggregative materials and the paper by Panin et
al. [97] about metal mesostructure.

The third aspect is the most theoretical one. It tries
to answer the question: ”What are the mechanical con-
sequences of the presence of a fractal crack?”. Answering
the former question will be the subject of the following
section. Particularly, it will be shown that the first con-
sequence is the presence of size effects. Beyond the efforts
of the present authors (begun with the paper [10]), and
the pioneering work by Mosolov [98], we have to cite the
work done by Borodich [99], showing how microcracks can
give rise to fractal patterns, the paper by Balankin [100]
dealing with self affine cracks and the strong theoretical
contribution by Panagiotopoulos [101]. More recently,
a further development has been provided by Yavari et
al. [102], who pointed out how, in the presence of a frac-
tal crack, the basic modes of fracture are six instead of
the usual three.

Finally, from an experimental point of view, it is worth
noting that the fracture surfaces usually cannot be de-

scribed by simple self-similar fractal sets. In general a
better description can be achieved by means of self-affine
fractal sets [100] or by a multifractal analysis [103]. Fo-
cusing the attention only to concrete-like materials, the
literature is nevertheless rather large: here we can cite
[9, 104] among the first papers and [105] among the most
recent ones.

In what follows, we will analyze the effect of fractal
patterns in the failure mechanism of materials with a het-
erogeneous microstructure, i.e. the fractal features are as-
sumed a priori. Since the structural behavior of this kind
of materials is usually described by the cohesive crack
model, we will show how this model can be updated in
order to take into account the rising of fractal patterns,
giving birth to the so-called fractal cohesive crack model
[68].

3.1 The effect of the microstructural dis-
order

Dealing with direct tension tests of unnotched specimens,
it is clear that, according to the cohesive crack model pre-
sented in the previous Section, no size effect should rise.
Nevertheless, their presence received several experimen-
tal confirmations.

The explanation of the size effects upon tensile frac-
ture properties of concrete specimens, especially in di-
rect tension tests, is an ongoing matter of discussion in-
side the scientific community. A sound approach to this
problem has been proposed by Carpinteri since 1994 by
means of fractal geometry. Carpinteri [10, 11] applied
fractal geometry concepts to describe the influence of the
microstructural disorder typical of most of quasi-brittle
materials. The basic concepts of the fractal approach
were further developed by Carpinteri et al. [14, 67] . Re-
cently, an improvement of the cohesive crack model, the
(scale-invariant) fractal cohesive crack model (Carpinteri
et al. [68]), was proposed and applied to the most impor-
tant tensile experimental data from concrete specimens
tested in a broad range of scales (Carpinteri and Ferro
[12], van Mier and van Vliet [69]).

3.1.1 The fractal approach

The fundamental reason of size effect rising in quasi-
brittle material structures is damage localization. In
the previous sections we showed how the cohesive crack
model is able to catch this peculiar behaviour in the bend-
ing configuration. For other configurations, the reader is
referred to the review paper of Carpinteri et al. [106].
More in detail, the cohesive crack model is able to sim-
ulate those tests where high stress gradients are present,
i.e. tests on pre-notched specimens. In these cases, the
cohesive crack model captures the ductile-to-brittle tran-
sition occurring by increasing the size of the structure.
On the other hand, smaller but nevertheless relevant size
effects are encountered in uniaxial tension tests on dog-
bone shaped specimens, where much smaller stress gra-
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dients are present. In this case, size effects should be in-
herent to the material behavior rather than to the stress-
intensification.

Apart from the tests carried out by Bažantand Pfeif-
fer [107] in a limited scale range (1:4), uniaxial tensile
tests on dog-bone shaped specimens were performed by
Carpinteri and Ferro [12], with controlled boundary con-
ditions, in a scale range 1:16, and by van Mier and van
Vliet [69], with rotating boundary conditions, in a scale
range 1:32. The tests, in both cases, proved that the
physical parameters characterizing the cohesive law are
scale-dependent, thus showing the limits of Hillerborg’s
model. By increasing the size of the specimen, the peak
of the cohesive law decreases while the tail rises. In other
words, the tensile strength decreases while the fracture
energy as well as the critical displacement increase.

A consistent explanation of the size effects affecting the
cohesive law parameters in direct tension test was pro-
vided by Carpinteri [10, 11] and by Carpinteri et al. [68]
assuming fractal damage domains. This hypothesis is
motivated by the disorder characterizing the microstruc-
ture of most of quasi-brittle materials in a broad range of
scales. Size effects in tests without high stress gradients
can therefore be seen as a consequence of the heteroge-
neous microstructure of concrete and rocks. Since the
flaw distribution in quasi-brittle materials is often self-
similar (i.e. it looks the same at different magnification
levels), the microstructure can be correctly modelled by
fractal sets.

Fractal sets are characterized by non-integer dimen-
sions (Feder [5]). For instance, the dimension α of a
fractal set in the plane can vary between 0 and 2. Ac-
cordingly, increasing the measure resolution, its length
tends to zero if its dimension is smaller than 1 or tends
to infinity if it is larger. In these cases, the length is a
nominal, useless quantity, since it diverges or vanishes as
the measure resolution increases. A finite measure can be
achieved only using non-integer quantities, such as meters
raised to α.

Analogously, if the stress and strain localization occurs
in a fractal damaged zone, the nominal quantities (ulti-
mate strength, critical strain, fracture energy) depend on
the resolution used to measure the set where stress, strain
and energy dissipation take place. In the limit of a very
high measure resolution, the stress and the strain should
be infinite, while the dissipated energy should be zero.
Finite values can be obtained only introducing fractal
quantities, i.e. mechanical quantities having non-integer
physical dimensions. On the other hand, if the measure
resolution is fixed, the nominal quantities undergo size
effects. More specifically, the fractal strain localization
explains the observed increasing tail of the cohesive law
as the specimen size increases (see van Mier and van Vliet
[108]), i.e., it clarifies the scaling of the critical displace-
ment wc. Similarly, the fractal stress localization explains
the experimentally observed decreasing peak of the cohe-
sive law while increasing the specimen size, i.e., it clarifies
the scaling of the tensile strength σu. Finally, the scaling

of the fracture energy is a consequence of the invasive
fractality of the set where energy dissipates (i.e. the frac-
ture surface or a damaged band). According to the fractal
approach, the scaling of the cohesive law parameters are
represented by power laws whose exponents are linked by
a relation.

Without entering the details, we want to stress that
the hypothesis of the fractal damage domain in quasi-
brittle material failure is not a mathematical abstraction,
since fractal patterns have been detected in several ex-
periments (see, for instance, Carpinteri et al. [109, 110]).
Furthermore, for what concerns the concrete case, an-
other explanation of the fractal features of the damaged
zones has been recently derived from the analysis of the
aggregate size distribution (Carpinteri et al. [95], Carpin-
teri and Cornetti [111]). This stereological analysis con-
firmed the range of the values of the strength and frac-
ture energy power law exponents previously conjectured
by Carpinteri upon dimensional analysis arguments [11].

The analyses of the fracture surfaces have shown that
the fractal behavior is more evident at the smaller scales.
At the larger scales, the disorder and its influence onto
the mechanical properties seem to diminish. While classi-
cal (i.e. self-similar) fractal sets cannot catch this trend,
the self-affine fractals can. The scaling laws previously
derived have been therefore extended to the self-affine
case, leading to the definition of the multifractal scaling
laws (Carpinteri and Chiaia [112, 113]) for the strength
(Carpinteri et al. [67, 114]), for the fracture energy (Car-
pinteri and Chiaia [14, 115]), and, more recently, for the
critical displacement (Carpinteri et al. [95]). In this re-
search field, these concepts have been applied not only to
tensile tests, but also to explain the R-curve material be-
havior (Carpinteri and Chiaia [116]) and to interpret the
results of bending (Carpinteri et al. [117]) and compres-
sion (Carpinteri et al. [118]) tests. Finally, Konstantinidis
et al. [119], Efraimidis et al. [120] compared the size effect
prediction provided by the fractal approach with the one
given by the gradient theory approach.

Another important research direction has been re-
cently opened by Carpinteri and Cornetti [121]. They
have tried to generalize the classical differential equations
of the continuum mechanics to fractal media. Since frac-
tal functions, because of their irregularity, cannot be so-
lution of any differential equations, they argued that suit-
able mathematical operators should replace the integro-
differential operators of the classical calculus (Carpinteri
and Mainardi [122]). The attention was drawn to the
local fractional calculus operators recently introduced by
Kolwankar [123] stemming from fractional calculus. Frac-
tional calculus is the branch of the calculus dealing with
integrals and derivative of any order. The interested
reader is referred to the following specific papers: Carpin-
teri et al. [124, 125, 126]. Here we just want to point out
that the order of differentiation is linked to the fractal
dimension of the domain where the differential equations
hold and that, by local fractional calculus, the authors
succeeded in proving the Principle of Virtual Work for
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fractal media.
We saw that the cohesive model parameters are size-

dependent. In order to get true material parameters, we
are forced to introduce quantities with anomalous (non-
integer) physical dimensions: the fractal tensile strength,
the fractal critical strain and the fractal fracture energy.
Thanks to their non-integer physical dimensions, they in-
trinsically include the fractal dimensions of the sets where
stress, strain and energy dissipation localize.

In the next section, we will focus our attention upon
these fractal mechanical quantities, in terms of which it
is possible to define a scale-invariant cohesive law, which
represents a true material property. Together with the
linear elastic constitutive law valid for the undamaged
part of the material, these two laws define a material
model that we call the (size-independent) fractal cohesive
crack model. The model will be applied to the results of
the tests carried out by Carpinteri and Ferro [127] and by
van Mier and van Vliet [69], in order to prove the sound-
ness of the fractal approach to the size effect prediction.

3.1.2 Scale-independent cohesive crack model

In order to introduce the fractal cohesive crack model,
we have to consider separately the size effects upon the
three parameters characterizing the cohesive law.

Let us start analyzing the size effect upon the ten-
sile strength considering a concrete specimen subjected
to tension (Fig. 16a). Recent experimental results about
porous concrete microstructure (Carpinteri et al. [110]) as
well as a stereological analysis of concrete flaws (Carpin-
teri and Cornetti [111]) led us to believe that a consistent
modelling of damage in concrete can be achieved by as-
suming that the rarefied resisting sections in correspon-
dence of the critical load can be represented by stochastic
lacunar fractal sets with dimension 2−dσ (dσ ≥ 0). From
fractal geometry, we know that the area of lacunar sets
is scale-dependent and tends to zero as the resolution
increases: the tensile strength should be infinite, which
is meaningless. Finite measures can be obtained only
with non-integer (fractal) dimensions. For the sake of
simplicity, let us represent the specimen resistant cross-
section as a Sierpinski carpet built on the square of side b
(fig. 16b). The fractal dimension of this lacunar domain
is 1.893 (dσ = 0.107). The assumption of Euclidean do-
main characterizing the classical continuum theory states
that the maximum load F is given by the product of the
strength σu times the nominal area A0 = b2, whereas, in
our model, F equals the product of the (Hausdorff) frac-
tal measure (Feder [5]) A∗res ∼ b2−dσ of the Sierpinski
carpet times the fractal tensile strength σ∗u (Carpinteri
[10]):

F = σuA0 = σ∗uA∗res (54)

where σ∗u presents the anomalous physical dimensions
[F ][L]−(2−dσ). The fractal tensile strength is the true ma-
terial constant, i.e., it is scale-invariant. From Eq. (54)

we obtain the scaling law for tensile strength:

σu = σ∗ub−dσ (55)

i.e. a power law with negative exponent −dσ. Eq. (55)
represents the negative size effect on tensile strength, ex-
perimentally revealed by several authors. Experimental
and theoretical results allow us to affirm that dσ can
vary between the lower limit 0 - canonical dimensions
for σ∗u and absence of size effect on tensile strength –
and the upper limit 1/2 – σ∗u with the dimensions of a
stress-intensity factor and maximum size effect on tensile
strength (as in the case of LEFM).

Secondly, let us consider the work W necessary to
break a concrete specimen of cross section b2 (Fig. 16a).
It is equal to the product of the fracture energy GF times
the nominal fracture area A0 = b2. On the other hand,
the surface where energy is dissipated is not the flat cross-
section: it is the crack surface, whose area Adis diverges
as the measure resolution tends to infinity because of its
roughness at every scale. Therefore the fracture energy
should be zero, which is meaningless. Finite values of
the measure of the set where energy is dissipated can be
achieved only via non-integer fractal dimension. For the
sake of simplicity, let us represent the crack surface as a
Von Kock surface built on the square of side b (Fig. 16c).
The fractal dimension of this invasive domain is 2.262,
i.e. 2 + dG (dG = 0.262). The classical cohesive crack
model states that the failure work W is given by the
product of the fracture energy GF times the nominal area
A0 = b2, whereas, in our model, W equals the product
of the fractal (Hausdorff) measure A∗dis ∼ b2+dG of the
Von Kock surface times the fractal fracture energy G∗F
Carpinteri [10]:

W = GF A0 = G∗F A∗dis (56)

GF = G∗F bdG (57)

G∗F is the true scale invariant material parameter, whereas
the nominal value GF is subjected to a scale effect de-
scribed by a positive power law.

Now we turn our attention to the deformation inside
the zone where damage localizes (the so-called damaged
band). We assume that the strain field presents fractal
patterns. This could appear strange at a first glance; on
the contrary, fractal strain distributions are rather com-
mon in material science. For instance, in some metals,
the so-called slip-lines develop with typical fractal pat-
terns (Kleiser and Bocek [92]). Fractal crack networks
develop also in dry clay or in old paintings under tensile
stresses due to shrinkage. Thus, as representative of the
damaged band, consider now the simplest structure, a bar
subjected to tension (Fig. 17a), where, at the maximum
load, dilation strain tends to concentrate into different
softening regions, while the rest of the body undergoes
elastic unloading.

Assume, for instance, that the strain is localized at
cross-sections whose projections onto the longitudinal
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axis are provided by the triadic Cantor set, whose dimen-
sion is ln 2/ ln 3 = 0.639; the displacement function at
rupture can be represented by a Cantor staircase graph,
sometimes also called devil’s staircase (Fig. 17a). The
strain defined in the classical manner is meaningless in
the singular points, as it diverges. This drawback can
be overcome by introducing a fractal strain. Let us in-
dicate with 1 − dε (dε ≥ 0) the fractal dimension of the
lacunar projection of the damaged sections (in this case
dε = 0.361). According to the fractal measure of the dam-
age line projection, the total elongation wc of the band
at rupture must be given by the product of the Hausdorff
measure b∗ ∼ b(1−dε) of the Cantor set times the critical
fractal strain ε∗c , while in the classical continuum theory
it equals the product of the length b times the critical
strain εc:

wc = εcb = ε∗cb
(1−dε) (58)

εc = ε∗cb
−dε (59)

where ε∗c has the anomalous physical dimension [L]dε .
The fractal critical strain is the true material constant,
i.e. it is the only scale-invariant parameter governing the
kinematics of the damaged band. On the other hand,
Eq. (58) states that the scaling of the critical displace-
ment is described by a power law with positive exponent
(1−dε). The fractional exponent dε is intimately related
to the degree of disorder in the mesoscopic damage pro-
cess. When dε varies from 0 to 1, the kinematical control
parameter ε∗c moves from the canonical critical strain εc –
of dimension [L]0 – to the critical crack opening displace-
ment wc – of dimension [L]1. Therefore, when dε = 0 (dif-
fused damage, ductile behaviour), one obtains the classi-
cal response, i.e. collapse governed by the strain εc, in-
dependently of the bar length. In this case, continuum
damage mechanics holds, and the critical displacement wc

is subjected to the maximum size effect (wc ∝ b). On the
other hand, when dε = 1 (localization of damage onto
isolated sections, brittle behaviour) fracture mechanics
holds and the collapse is governed by the critical open-
ing displacement wc, which is size-independent as in the
cohesive model.

The three size effect laws (55), (57), (58) of the co-
hesive law parameters are not completely independent
one of the other. In fact, there is a relation among the
scaling exponents that must be always satisfied. This
means that, when two exponents are given, the third fol-
lows from the first two. In order to get this relation,
suppose, for instance, to know dσ and dε. Generalizing
Eqs. (55) and (58) to the whole softening regime, we get
σ = σ∗b−dσ and w = ε∗b(1−dε). These relationships can
be considered as changes of variables and applied to the
integral definition of the fracture energy:

GF =
∫ wc

0

σdw = b1−dε−dσ

∫ ε∗c

0

σ∗dε∗ = G∗F b1−dε−dσ

(60)
Eq. (60) highlights the effect of the structural size on the
fracture energy, as Eq. (57) does. Therefore, comparing

Eqs. (57) and (60), we get the relation among the expo-
nents:

dσ + dε + dG = 1 (61)

Note that, from a physical point of view, the geometrical
relationship (61) states that, after the peak load, the en-
ergy is dissipated over the infinite lacunar sections where
softening takes place inside the damaged band (Fig. 17b).
This statement is not the same of considering the crack
surface (Fig. 16c) as the region where dissipation takes
place. It is nevertheless equivalent since it yields the same
power law scaling (57), the fractal dimensions of the dis-
sipation domains being larger than 2 in both cases.

While dε can get all the values inside the interval [0, 1],
dσ and dG tend to be comprised between 0 and 1/2 (brow-
nian disorder). Eq. (61) provides a strict restriction to
the maximum degree of disorder, confirming that the sum
of dσ and dG is always lower than 1, as previously as-
serted by Carpinteri [11] through dimensional analysis
arguments.

It is interesting to note how, from Eq. (60), the fractal
fracture energy G∗F can be obtained as the area below the
fractal softening stress-strain diagram (Fig. 18b). During
the softening regime, i.e. when dissipation occurs, σ∗ de-
creases from the maximum value σ∗u to 0, while ε∗ grows
from 0 to ε∗c . In the meantime, the nondamaged parts of
the bar undergo elastic unloading (Fig. 18a). We call the
σ∗- ε∗ diagram the scale-independent or fractal cohesive
law. Contrarily to the classical cohesive law, which is
experimentally sensitive to the structural size, this curve
should be an exclusive property of the material, it being
able to capture the fractal nature of the damage process.
The couple of constitutive laws σ- ε and σ∗- ε∗ (Fig. 18)
defines the size-invariant (fractal) cohesive crack model.

The model has been applied to the data obtained in
1994 by Carpinteri and Ferro [12, 127] for tensile tests
on dog-bone shaped concrete specimens of various sizes
under controlled boundary conditions (Fig. 19a). They
interpreted the size effects on the tensile strength and
the fracture energy by fractal geometry. Fitting the ex-
perimental results, they found the values dσ = 0.14 and
dG = 0.38. Some of the σ-ε (stress vs. strain) and σ-w dia-
grams are reported respectively in Fig. 19b and Fig. 19c,
where w is the displacement localized in the damaged
band, obtained by subtracting, from the total one, the
displacement due to elastic and anelastic pre-peak defor-
mation. Eq. (61) yields dε = 0.48, so that the fractal
cohesive laws can be plotted in Fig. 19d. As expected,
all the curves related to the single sizes tend to merge in
a unique, scale-independent cohesive law. The overlap-
ping of the cohesive laws for the different sizes proves the
soundness of the fractal approach to the interpretation of
concrete size effects.

More recently, van Mier and van Vliet [69] accu-
rately performed tensile tests on dog-bone shaped con-
crete specimens over a wide scale range (1:32) under ro-
tating boundary conditions (Fig. 21a). In Fig. 21b, the
stress vs. strain diagrams are reported for different spec-
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imen sizes: note the ductile-to-brittle transition repre-
sented by the steeper negative softening slope for the
larger sizes. Moreover, Van Mier and Van Vliet plot-
ted the cohesive law for specimens of different sizes and
found that, increasing the specimen size, the peak of the
curve decreases whereas the tail rises (van Mier and van
Vliet [108]). In other words σu decreases whereas wc and
GF increases, thus confirming the prediction of the fractal
model.

An analysis of the data obtained by van Mier and van
Vliet [69] according to the fractal cohesive model is pre-
sented now. We considered the average values obtained
for the different specimen sizes. The data of the smallest
specimen size (D = 50 mm) were not considered, since,
as stated by the authors, secondary effects are present
(e.g. the influence of the largest grains and the wall effect)
that bias the results. Furthermore, the authors were not
able to obtain the whole tail of the softening branch for
the specimens of the larger sizes. In order to obtain the
value of the fracture energy, they completed the cohesive
laws via a linear extrapolation. This procedure, although
rigorous, leads to an underestimate of the computed frac-
ture energy since it does not respect the concavity of the
curve. Therefore, we decided to complete the cohesive
law diagrams in a somehow arbitrary way maintaining
the concave shape for all the specimen sizes (Fig. 21c).
Observing the interceptions of the curves with the axes,
it is evident that the higher is the peak, the shorter is the
tail.

Linear regressions in the bilogarithmic plots of tensile
strength and fracture energy vs. specimen cross section
size were performed (Fig. 20). We found respectively a
fractal fracture energy G∗F equal to 9.22×10−2Nmm−1.09

and a fractal tensile strength σ∗u equal to 6.42 Nmm−1.82,
with fractal exponents dG = 0.09 and dσ = 0.18. The cor-
relation coefficients were found to be respectively RG =
0.995 and Rσ = 0.990; their values close to unity prove
the soundness of the power law scaling. The relation
(61) among the scaling exponents yields dε = 0.73, so
that the fractal cohesive laws can be plotted in Fig. 21d.
Once again the superposition of the different plots de-
notes the validity of the fractal cohesive model. Partic-
ularly, note the low scattering of the interceptions with
the vertical and horizontal axes in respect to the ones of
Fig. 21c: they represent respectively the fractal critical
strain ε∗c and the fractal tensile strength σ∗u, while the
area subtended by the fractal cohesive law diagrams pro-
vides G∗F . An even clearer representation is reported in
Fig. 22, where different scales are used for low or high
values of both the axes coordinates.

3.2 Local fractional calculus and fractal
functions

Once the multiscale microstructure geometry has been
described and the fractal mechanical quantities defined,
we need suitable mathematical instruments to write dif-
ferential equations in terms of such quantities and upon

such irregular domains.
As is well-known, fractals cannot be handled by classi-

cal calculus. No fractal function can be the solution of a
classical differential equation. Therefore, it is argued that
a new calculus should be developed which intrinsically in-
cludes a fractal structure (Carpinteri and Mainardi [122]).
Recently Kolwankar [123], based on fractional calculus,
defined new mathematical operators – the local fractional
derivative and the fractal integral – that appear to be use-
ful in the description of fractal processes. It is important
to emphasize that, what seems to be really interesting
in studying fractals via fractional calculus, are the non-
integer physical dimensions that arise dealing with both
fractional operators and fractal sets. This means to find
the same scaling laws both from the analytic and geo-
metric point of view.

Let us consider the classical fractional calculus. While
classical calculus treats integrals and derivatives of in-
teger order, fractional calculus is the branch of mathe-
matics dealing with the generalization of integrals and
derivatives to all real (and even complex) orders. There
are various definitions of fractional differentio-integral op-
erators, not necessarily equivalent to each other. A com-
plete list of these definitions can be found in the fractional
calculus treatises: Oldham and Spanier [128], Miller and
Ross [129], Samko et al. [130], Podlubny [131]. These def-
initions have different origins. The most frequently used
definition of a fractional integral of order q (q > 0) is due
to Riemann-Liouville and is a straightforward generaliza-
tion to noninteger values of Cauchy formula for repeated
integration:

d−qf(x)
[d(x− a)]−q

=
1

Γ(q)

∫ x

a

f(y)
(x− y)1−q

dy (62)

¿From this formula, it appears logical to define the frac-
tional derivative of order n − 1 < q < n (n integer) as
the n-th integer derivative of the (n − q)-th fractional
integral:

dqf(x)
[d(x− a)]q

=
1

Γ(n− q)
dn

dxn

∫ x

a

f(y)
(x− y)q+1−n

dy (63)

Once these definitions are given, it is natural to write
differential equations in terms of such quantities. In the
last decade, many fractional differential equations have
been proposed and solved. They include relaxation equa-
tions, wave equations, diffusion equations, etc (Mainardi
[132]). In these generalizations, one replaces the usual
time derivatives of integer order by fractional ones. In
such a way, by varying the order of derivation, it is possi-
ble to obtain a continuous transition between completely
different models of the mathematical physics. Of course,
when q is not a positive integer, the fractional deriva-
tive (63) is a nonlocal operator since it depends on the
lower integration limit a. The chain rule, the Leibniz rule,
the composition law and other properties have been stud-
ied for fractional derivatives (Oldham and Spanier [128]).
Looking for a link between fractional calculus and frac-
tals, it is worthwhile to cite the following scaling property
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(for a = 0):
dqf(bx)
[dx]q

= bq dqf(bx)
[d(bx)]q

(64)

It means that the fractional differentio-integral operators
are subjected to the same scaling power laws the quanti-
ties defined on fractal domains are subjected to (q being
the fractal dimension). For the scaling property in the
case a 6= 0, see Oldham and Spanier [128].

Recently, another important result has been achieved
concerning the maximum order of fractional differentia-
bility for nonclassical differentiable functions. Let us ex-
plain this property for two kinds of functions: the Weier-
strass function and the Cantor staircase. The first one is
continuous but nowhere differentiable. The singularities
are locally characterized by the Hölder exponent, which
is everywhere constant and equal to a certain value s,
0 < s < 1. It is possible to prove that the graph of
this function is fractal with a box-counting dimension
equal to 2 − s and hence greater than 1. Although frac-
tal, the Weierstrass function admits continuous fractional
derivatives of order lower than s. Hence, there is a direct
relationship between the fractal dimension of the graph
and the maximum order of differentiability: the greater
the fractal dimension, the lower the differentiability. We
have already encountered a Cantor staircase in Section
3.1.2. This kind of function (Fig. 17a) can be obtained
(see Feder [5]) as the integral of a constant mass density
upon a lacunar fractal set belonging to the interval [0, 1].
The result is a monotonic function that grows on a frac-
tal support; elsewhere it is constant. The devil’s stair-
cases are not fractal since they present a finite length;
on the other hand, they have an infinite number of sin-
gular points characterized by a Hölder exponent equal
to the fractal dimension of the support. Schellnhuber
and Seyler [133] proved that the Cantor staircases admit
continuous fractional derivatives of order lower than the
fractal dimension of the set where they grow.

From a physical point of view, some efforts have been
spent to apply space fractional differential equations to
the study of phenomena involving fractal distributions in
space. Here we quote Giona and Roman [134], who pro-
posed a fractional equation to describe diffusion on frac-
tals, and Nonnenmacher [135], who showed that a class
of Lévy type processes satisfies an integral equation of
fractional order. This order is also the fractal dimension
of the set visited by a random walker whose jump size
distribution follows the given Lévy distribution.

Recently, a new notion called local fractional derivative
(LFD) has been introduced with the motivation of study-
ing the local properties of fractal structures and processes
(Kolwankar and Gangal [136]). The LFD definition is ob-
tained from (63) introducing two “corrections” in order to
avoid some physically undesirable features of the classical
definition. In fact, if one wishes to analyze the local be-
haviour of a function, both the dependence on the lower
limit a and the fact that adding a constant to a function
yields a different fractional derivative should be avoided.
This can be obtained subtracting from the function the

value of the function at the point where we want to study
the local scaling property and choosing as the lower limit
that point itself. Therefore, restricting our discussion to
an order q comprised between 0 and 1, the LFD is defined
as the following limit (if it exists and is finite):

Dqf(y) = lim
x→y

dq[f(x)− f(y)]
[d(x− y)]q

, 0 < q ≤ 1 (65)

In Kolwankar and Gangal [136] it has been shown that the
Weierstrass function is locally fractionally differentiable
up to a critical order α between 0 and 1. More precisely,
the LFD is zero if the order is lower than α, does not
exist if greater, while exists and is finite only if equal
to α. Thus, the LFD shows a behaviour analogous to
the Hausdorff measure of a fractal set. Furthermore, the
critical order is strictly linked to the fractal properties
of the function itself. In fact, Kolwankar and Gangal
[136] showed that the critical order α coincides with the
local Hölder exponent s (which depends, as we have seen,
on the fractal dimension), by proving the following local
fractional Taylor expansion of the function f(x) of order
q < 1 (for q > 1, see Kolwankar and Gangal [137, 138])
for x → y:

f(x) = f(y) +
Dqf(y)
Γ(q + 1)

(x− y)q + Rq(x− y) (66)

where Rq(x − y) is a remainder, negligible if compared
with the other terms. Let us observe that the terms in the
right hand side of Eq. (66) are nontrivial and finite only if
q is equal to the critical order α. Moreover, for q = α, the
fractional Taylor expansion (66) gives us the geometrical
interpretation of the LFD. When q is set equal to unity,
one obtains from (66) the equation of a tangent. All the
curves passing through the same point y with the same
first derivative have the same tangent. Analogously, all
the curves with the same critical order α and the same Dα

form an equivalence class modelled by xα. This is how
it is possible to generalize the geometric interpretation of
derivatives in terms of “tangents”.

The solution of the simple differential equation
df/dx = 1[0,x] gives the length of the interval [0, x]. The
solution is nothing but the integral of the unit function.
Wishing to extend this idea to the computation of the
measure of fractal sets, it can be seen immediately that
the fractional integral (62) does not work, as it fails to
be additive because of its nontrivial kernel. On the other
hand, Kolwankar [139] proved that a fractional measure
of a fractal set can be obtained through the inverse of the
LFD defined as:

aD
−α
b f(x) = lim

N→∞

N−1∑

i=0

f(x∗i )
d−α1dxi(x)

[d(xi+1 − xi)]
−α (67)

where [xi, xi+1], i = 0, . . . , N − 1, x0 = a and xN = b,
provide a partition of the interval [a, b] and x∗i is some
suitable point chosen in the subinterval [xi, xi+1], while
1dxi is the unit function defined on the same subinter-
val. Kolwankar called aD

−α
b f(x) the fractal integral of
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order α of f(x) over the interval [a, b]. The simple local
fractional differential equation Dαf(x) = g(x) has not
a finite solution when g(x) is constant and 0 < α < 1.
Interestingly, the solution exists if g(x) has a fractal sup-
port whose Hausdorff dimension d is equal to the frac-
tional order of derivation α. Consider, for instance, the
triadic Cantor set C, built on the interval [0, 1], whose
dimension is d = ln 2/ ln 3. Let 1C(x) be the function
whose value is one in the points belonging to the Cantor
set upon [0, 1], zero elsewhere. Therefore, the solution of
Dαf(x) = 1C(x) when α = d is f(x) = aD

−α
b 1C(x). Ap-

plying (67) with x0 = 0 and xN = x and choosing x∗i to
be such that 1C(x∗i ) is maximum in the interval [xi, xi+1],
one gets (Kolwankar and Gangal [138]):

f(x) = 0D
−α
x 1C(x) = lim

N→∞

N−1∑

i=0

F i
C

(xi+1 − xi)α

Γ(1 + α)

=
SC(x)

Γ(1 + α)

(68)

where F i
C is a flag function that takes value 1 if the in-

terval [xi, xi+1] contains a point of the set C and 0 oth-
erwise. SC(x) is the Cantor (devil’s) staircase (Fig. 17a),
i.e. a function almost everywhere flat except on an infinite
number of singular points corresponding to the underly-
ing Cantor set where it grows from 0 to 1. Moreover, Eq.
(68) introduces the fractional measure of a fractal set we
were looking for: for the Cantor set C it is defined as
Fα(C) = 0D

−α
1 1C(x). In fact Fα(C) is infinite if α < d,

and 0 if α > d. For α = d, we find Fα(C) = 1
Γ(1+α) , since

SC(1) = 1. This measure definition yields the same value
as the dimension predicted by the Hausdorff measure, the
difference being represented only by a different value of
the normalization constant. Eventually, from Eq. (68), it
follows that the fractional measure of a generalized Can-
tor set C

[a,b]
α of dimension α built over the interval [a, b]

of the x-axis is:

Fα(C [a,b]
α ) = aD

−α
b 1

C
[a,b]
α

(x) =
(b− a)α

Γ(1 + α)
(69)

where 1
C

[a,b]
α

is the function equal to 1 if x ∈ C
[a,b]
α , to 0

elsewhere.

3.2.1 Size effects on tensile and flexural
strength

As a first application of the local fractional operator in-
troduced in Section 3.2, let us compute the tensile and
flexural strength of a concrete specimen, for the sake of
simplicity of unit thickness (Figs. 23 and 24). For load
levels close to the peak, the resistant ligament BB′ is
fractal-like [111]; therefore the stress field must be fractal
too. Our aim is to obtain the nominal tensile and flexural
strengths of a concrete beam and their size effect, under
the following simplifying assumptions:

• the beam breaks when the fractal stress reaches its
maximum value σ∗u;

• the resistant ligament BB′ can be modelled by a
Cantor set C

[0,b]
α of fractal dimension α, 0 < α =

ln 2
ln( 2p

p−1 )
≤ 1, obtained by an iterative procedure

starting from the segment [0, b] and eliminating at
each step the segment fraction 1/p from its middle;

• the fractal stress distributions at failure are respec-
tively constant and linear over the ligament for ten-
sile and bending tests:

σ∗(x) = σ∗u × 1
C

[0,b]
α

(x) (70)

σ∗(x) =
(

x

b/2
− 1

)
σ∗u × 1

C
[0,b]
α

(x) (71)

When the specimen is subjected to an axial load
(fig. 23), from the previous assumptions and Eq. (69),
we have that failure occurs when:

Fu = 0D
−α
b

[
σ∗u × 1

C
[0,b]
α

(x)
]

=
σ∗ubα

Γ(1 + α)
(72)

where Fu is the ultimate load. Assuming as responsible of
the rupture the nominal strength σu = Fu/b , we would
find that σu is no longer an exclusive property of the
material but is size-dependent. In fact, from Eq. (72) we
have:

(σu)tens =
σ∗u

Γ(1 + α)
b−(1−α) (73)

where we put the subscript “tens” to remind that it is
the nominal strength calculated in direct tension tests.
Equation (73), obtained via local fractional calculus for-
malism, is equivalent to Eq. 55, derived by Carpinteri
[10], provided that 1− α = dσ.

The local fractional calculus formalism allows us to ob-
tain also the flexural strength and its size effect (Fig. 24).
In order to get the ultimate bending moment, we have to
perform the integration upon the fractal ligament C

[0,b]
α

of the fractal stress distribution (71). For simple func-
tions such as (71), fractal integrals can be obtained via
mathematical series. Details can be found in Carpinteri
et al. [126]. For the present case, the result is:

Mu = 0D
−α
b

[(
x

b/2
− 1

)
σ∗u × 1

C
[0,b]
α

(x)
]

=
σ∗ub1+α

2 Γ(1 + α)

(21/α − 1
21/α + 1

) (74)

Notice that the ultimate bending moment increases with
the size more slowly than the classical beam theory pre-
dicts (∼ b2). Since σu = 6Mu/b2 is the nominal flexural
strength, a comparison with Eq. (74) yields its size effect:

(σu)flex = 3
(21/α − 1

21/α + 1

)σ∗ub−(1−α)

Γ(1 + α)

= 3
(21/α − 1

21/α + 1

)
(σu)tens

(75)

where we have used Eq. (55) and put the subscripts to
distinguish the nominal strength calculated in bending
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and tensile tests. The nominal flexural strength decrease
with size has the same power law exponent of the ten-
sile one (Eq. (73)); nevertheless the nominal strengths
differ because of the presence in Eq. (75) of a numeri-
cal coefficient whose value varies from 1 to 3 as α varies
from 1 to 0. More in detail, it appears that the nominal
flexural strength is always higher than the tensile one ex-
cept in the Euclidean case α = 1, when they are equal.
While the scaling exponent is a function only of the frac-
tal dimension of the ligament, the numerical coefficient is
affected also by the fractal set describing the ligament it-
self. However, what is important is that, while the fractal
strength σ∗u is an exclusive property of the material, the
nominal strength depends also on the size, as observed
by Carpinteri et al. [117], as well as on the test geometry,
as Eq. (75) clearly shows.

3.2.2 The fractal bar

In the present section, we intend to solve a simple case
using the mathematical results of Section 3.2. Our aim
is to show that experimental diagrams (see, for instance,
Kleiser and Bocek [92]) such as the one of Fig. 17a can
be obtained also analytically. More details can be found
in Carpinteri and Cornetti [121].

Thus, let us consider a uniaxial model (Carpinteri and
Cornetti [121]), hereafter called fractal Cantor bar, ac-
cording to Feder’s terminology [5], i.e. a bar of length b
deformable on a fractal subset of dimension (1−dε). The
bar axis is z. The bar is clamped in z = 0, whereas a ten-
sile load N is applied at its end z = b (Fig. 25). A strain
field will arise that is zero almost everywhere except in
an infinite number of points (corresponding to the de-
formable subset) where it is singular. The displacement
singularities can be characterized by the LFD of order
equal to the fractal dimension α = 1− dε of the domain
of the singularities, the unique value for which the LFD
is finite and different from zero (the critical value). This
computation is equivalent to Eq. (58), passing from the
global to the local level. Therefore, we can define analyt-
ically the fractal strain ε∗ as the LFD of order α of the
displacement:

ε∗(z) = Dαw(z) (76)

Let us observe that, in Eq. (76), the noninteger physi-
cal dimensions [L]dε of ε∗ are introduced by the LFD,
whereas in Eq. (58) they are a geometrical consequence
of the fractal dimension of the localization domain.

Without losing generality, let us assume the de-
formable subset to be the triadic Cantor set C

[0.b]
α built

on [0, b], α = ln2/ln3. In order to compute the displace-
ment function w(z), we need the proper constitutive law.
Here, for the sake of simplicity, we use a linear elastic re-
lation and assume dσ = dε: in this case the coefficient of
proportionality between fractal stress and fractal strain
coincides with the one between the nominal quantities,
i.e. it is the Young’s modulus E. In symbols: σ∗ = Eε∗.

For equilibrium reasons, the internal axial force is con-
stant and equal to N throughout the bar. By the general-

ization of Eq. (55) to any load level and the constitutive
link, we get a fractal strain ε∗ equal to N/EA∗res over
the deformable subset, 0 elsewhere. Hence the kinematic
equation (76) becomes:

Dαw(z) =
N

EA∗res

1
C

[0,b]
α

(z) (77)

Introducing the dimensionless quantities w̃ = w/b, z̃ =
z/b (z̃ ∈ [0, 1]), we can apply the scaling property ex-
pressed by Eq. (64), which is valid also for the LFD, to
get Dαw(z) = b1−αDαw̃(z̃). Eq. (77) can therefore be
expressed in dimensionless form as follows:

Dαw̃(z̃) =
N

EA∗resb
1−α

1C(z̃) (78)

where C is the triadic Cantor set built on [0, 1] as indi-
cated in Section 3.2. In this form, the solution of the
differential equation (78) can be obtained directly from
Eq. (68):

w̃(z̃) =
N

EA∗resb
1−α

SC(z̃)
Γ(1 + α)

(79)

where, as explained in Section 3.2, SC(x) is the Cantor
staircase built on the interval [0, 1] and rising from 0 to
1. Recovering the physical quantities yields:

w(z) =
Nb∗

EA∗res

SC(
z

b
) (80)

where b∗ = bα

Γ(1+α) is the fractional measure of the de-
formable subset. Equation (80) is plotted in fig. 25. Let
us emphasize that the Cantor staircase, introduced geo-
metrically in Section 3.1.2, is now obtained analytically.
Furthermore, notice that Eq. (80) provides important in-
formation about the size effect affecting the global defor-
mation. In fact we find that the free end displacement
w(b) is equal to Nb∗

EA∗res
, i.e. w(b) ∼ bα. This means that

the displacement increases less than linearly with the bar
length, as in the case of classical elastic bodies. From the
point of view of the overall deformation ε = w(b)/b, we
get ε ∼ b−(1−α): it decreases with size as a consequence
of the strain localization on a lacunar fractal subset.

What has been done in the one-dimensional case can
be formally extended in the three-dimensional case for
a generic fractal medium [124]. Moreover, the finite el-
ement method can be extended also to such a medium
by means of the so-called fractal splines. The interested
reader is referred to [140] for further details.

3.3 Multifractal scaling laws

If specimens of different sizes, made of the same material,
are tested in uniaxial tension, experiments show that the
fractal scaling of σu and GF is strictly valid only in a
limited scale range, where the fractal dimensions of the
supporting domains can be considered to be constant. As
the size increases, in fact, the concept of geometrical mul-
tifractality, strictly connected with the characteristics of
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self-affine fractals (Carpinteri [11]), implies the progres-
sive vanishing of fractality (dσ → 0, dG → 0) with a cor-
responding homogeneization of the domains. Intuitively,
since the microstructure of a disordered material is the
same, independently of the macroscopic specimen size,
the influence of disorder on the mechanical properties es-
sentially depends on the ratio between a characteristic
material length lch and the external size b of the spec-
imen. Therefore, the effect of microstructural disorder
on the mechanical behaviour of materials becomes pro-
gressively less important at the largest scales. At the
smallest scales, Carpinteri [11] observed that a Brownian
disorder seems to be the highest possible, yielding, re-
spectively for invasive and lacunar morphologies, fractal
scaling exponents equal to +1/2 and −1/2. Notice that
the stereological analysis of the concrete microstructure
performed in the next Sections will agree perfectly with
these values, considering them as an upper bound to con-
crete surface roughness and lacunarity.

On the basis of these physical and geometrical argu-
ments, two Multifractal Scaling Laws (MFSL) have been
proposed recently, respectively for fracture energy and
tensile strength (Carpinteri and Chiaia [14], Carpinteri
et al. [67]), which can be written in the following analyt-
ical form:

GF (b) = G∞F
[
1 +

lch

b

]−1/2

(81)

σu(b) = ft

[
1 +

lch

b

]1/2

(82)

These scaling laws are both two-parameters models,
where the asymptotic value of the nominal quantity (G∞F
or ft), corresponding respectively to the highest nom-
inal fracture energy and to the lowest nominal tensile
strength, is reached only in the limit of infinite sizes.
The dimensionless term into square brackets, which is
controlled by the characteristic length lch, represents
the variable influence of disorder on the mechanical be-
haviour. Note the perfect similitude between the two
scaling laws, where the only difference is the sign of the
Brownian exponent, ±1/2, respectively related to an in-
vasive or to a lacunar topology. In the bilogarithmic di-
agrams, shown in Fig. 26, the transition from the fractal
scaling regime to the Euclidean one is evident, the tran-
sition scale being represented by the point of abscissa
ln lch.

The scaling behaviour of the kinematical parameters
shows that the critical nominal strain εc decreases as the
bar length increases – see Eq. (58). As shown analyt-
ically in Section 3.2.2, by increasing the size, the bar
progressively loses its deformation capacity (or ductility)
and tends to a more brittle behaviour. For a given mate-
rial, the fractal exponent dε increases with the size of the
bar, from the value dε = 0 (homogeneous deformation)
to dε = 1 (highly localized deformation). In the limit of
very large and very small sizes, the collapse kinematics
will be ruled respectively by a pure opening displacement
(w∞c ) of a single crack or by a pure dilation (ε0

c).

The displacement diagrams corresponding to the two
limit cases are reported in Fig. 27. In the case of short
bars, the elongation is linearly increasing along the bar
(Fig. 27a). In the case of long bars, strain develops only
in correspondence of one (or a finite number of) cross-
section where the displacement presents a sharp discon-
tinuity, resembling a step function (Fig. 27b). The inter-
mediate case is represented by the Cantor staircase plot
of Fig. 17a, analyzed in the previous section. In the limit
cases of extremely short or extremely long bars, the criti-
cal fractal strain ε∗c holds respectively the physical dimen-
sion of a canonical strain ([L]0) or that of a displacement
([L]1). In other words, the collapse occurs at small scales
when the strain ε attains its limit value (ε0

c), whereas, at
large scales, when a threshold value w∞c for the displace-
ment w is reached; in the intermediate situations, when
the anomalous ratio between displacement and length of
the bar raised to a fractal exponent (wc/b1−dε) reaches
its critical value ε∗c .

In perfect analogy with the MFSLs for tensile strength
and fracture energy – see Eqs. (81) and (82) – a new
Multifractal Scaling Law can be proposed for the criti-
cal strain εc . The lack of complete similarity implies
that an internal length lch is present also in the kine-
matics of damage. Thereby, the previous (monofractal)
scaling relation (58) has to be modified by considering
the exponent dε smoothly variable with the structural
size. Since the influence of microstructural disorder is
higher for smaller sizes, it seems reasonable to put dε

equal to zero for very short bars (maximum disorder, that
is, damage diffused throughout the volume, correspond-
ing to ductile behaviour), and dε = 1 for very long bars
(maximum order, that is, localization of fracture on a
single cross-section, corresponding to brittle behaviour).
If the critical strain εc is plotted vs. the bar length b in
the bilogarithmic diagram, two asymptotes are revealed.
The first, valid for b → 0, is horizontal, i.e. no size effect
affects εc for very short bars (dε = 0). The second, valid
for very long bars (b → ∞), presents a −45o slope, cor-
responding to the maximum size effect (dε = 1) on εc .
The Multifractal Scaling Law for the critical strain can
thus be written as:

εc(b) = ε0
c

[
1 +

b

lch

]−1

(83)

where ε0
c is the asymptotic value of the critical strain,

valid for the smallest sizes, and lch is the characteristic
length, depending on the material microstructure and on
the test geometry. Eq. (83) can be expressed equivalently
in terms of critical displacement:

wc(b) = w∞c

[
1 +

lch

b

]−1

(84)

provided that ε0
c = w∞c /lch. In a bilogarithmic plot, the

critical displacement increases with a unit slope at the
smallest sizes, while becomes constant at the largest ones.
Together with Eqs. (81) and (82), Eq. (84) completes
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the description of the size effects upon the cohesive law
parameters.

Equation (83), plotted in Fig. 28, closely resembles
(apart from the large-size slope) Bažant’s size effect law
for strength (Bažant[141]). Even if the physical assump-
tions are very different, it is interesting to observe some
similarities between the two scaling laws. The horizontal
asymptote for small sizes, for example, is provided by an
intrinsic limit strength in the case of Bažant’s law and
by an intrinsic limit strain in Eq. (83). Both assump-
tions can be traced to classical continuum mechanics ar-
guments. In addition, both the nominal strength, accord-
ing to Bažant’s law, and the nominal ultimate strain, ac-
cording to the MFSL, tend to zero for very large sizes.
This is due, in both cases, to localization, i.e. to a col-
lapse governed by Fracture Mechanics. On the other
hand, in the case of Bažant’s law, this trend is physi-
cally sound only for geometrically similar notched struc-
tures, whereas, in the case of unnotched structures, a
constant limit strength is attained for very large sizes –
see Eq. (82).

In conclusion, the fundamental relation among the
three fractional exponents, Eq. (61), specialized at the
various scales, can be written as:

MACROSCALE : dσ
∼= dG ∼= 0, dε

∼= 1 (85)
MESOSCALE : dε + dσ + dG = 1 (86)

MICROSCALE : dσ
∼= dG ∼= 1/2, dε

∼= 0 (87)

equation (61) being valid in all cases. The three MFSLs
(81), (82) and (84) for extremely small structures (b → 0)
become respectively:

GF =
G∞F√
lch

b1/2, σu = (ft

√
lch) b−1/2, wc =

w∞c
lch

b

(88)
A comparison between these expressions and Eqs. (57),
(55), (58) leads to:

G∗F =
G∞F√
lch

, σ∗u = ft

√
lch, ε∗c =

w∞c
lch

(89)

the scaling exponents being given by Eq. (87). Eqs. (89)
point out the link between the scale- invariant parameters
governing concrete tensile failure at extremely small and
large scales.

In order to summarize all the above remarks, the limit
values of the scaling exponents and of the scale-invariant
parameters ε∗c , σ∗u, G∗F are concisely described in table 1.
Observe that at large scales they coincide with the co-
hesive law parameters, i.e. the critical crack opening dis-
placement, the tensile strength and the fracture energy,
whereas at small scales their physical dimensions change,
because of the presence of a power of the characteristic
material length.
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[141] Z.P. Bažant. Size effect in blunt fracture:concrete, rock,
metal. Journal of Engineering Mechanics (ASCE), 110:518–
535, 1984.

[142] G. Ferro. Effettti di Scala sulla Resistenza a Trazione dei
Materiali. PhD thesis, Politecnico di Torino, 1994.

[143] M. R. A. Van Vliet. Size Effect in Tensile Fracture of Con-
crete and Rock. PhD thesis, Technical University of Delft,
2000.

23



List of Tables

1 Values of the scaling exponents and of the size- independent material parameters for extremely small

or large structures. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

24



Small Structures Large Structures

Fractal Damage Fracture Mechanics

dε = 0 dσ = 1/2 dG = 1/2 dε = 1 dσ = 0 dG = 0

Diffused

damage.

Uniform

strain in the

bulk.

Ductility.

Fractal

lacunar

resisting

cross-section

at the peak

load.

Energy

dissipated

on a fractal

invasive

domain.

Damage

localized on

a finite

number of

cross-

sections.

Brittleness.

Two-

dimensional

resisting

cross-section.

Energy

dissipated

on localized

surfaces.

ε∗c =
w∞c
lch

σ∗u = ft

√
lch G∗F =

G∞F√
lch

ε∗c = w∞c σ∗u = ft G∗F = G∞F

[L]0 [F ][L]−1.5 [FL][L]−2.5 [L] [F ][L]−2 [FL][L]−2

Table 1: Values of the scaling exponents and of the size- independent material parameters for extremely small or

large structures.

25



List of Figures

1 Dimensionless load of crack instability versus relative crack depth . . . . . . . . . . . . . . . . . . . . 28

2 Dimensionless load of crack instability as a function of the dimensionless deflection . . . . . . . . . . 29

3 Dimensionless load of crack instability versus dimensionless crack mouth opening displacement . . . 30

4 Constitutive laws of the cohesive crack model: (a) undamaged material, (b) process zone. . . . . . . 31

5 Limit-situation of complete fracture with cohesive forces . . . . . . . . . . . . . . . . . . . . . . . . . 32

6 Load-deflection diagrams: (a) ductile and (b) brittle condition. . . . . . . . . . . . . . . . . . . . . . 33

7 Stress distribution across the cohesive zone (a) and equivalent nodal forces in the finite element mesh

(b) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

8 Finite element nodes along the potential fracture line . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

9 Cohesive crack configurations at the first (a) and (l − k + 1)-th (b) crack growth increment . . . . . 36

10 Dimensionless load vs. deflection diagrams by varying the brittleness number sE , a0/h = 0.0 . . . . 37

11 Decrease in apparent strength by increasing the specimen size . . . . . . . . . . . . . . . . . . . . . . 38

12 Constant distribution of cohesive stresses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

13 Fictitious crack depth at the maximum load as a function of the specimen size . . . . . . . . . . . . 40

14 Dimensionless load vs. deflection diagrams by varying the brittleness number sE , a0/h = 0.5 . . . . 41

15 Increase of fictitious fracture toughness by increasing the specimen size . . . . . . . . . . . . . . . . . 42

16 A concrete specimen subjected to tension (a). Fractal localization of the stress upon the resistant

cross section (b) and of the energy dissipation upon crack surface (c). . . . . . . . . . . . . . . . . . 43

17 Fractal localization of the strain (a) and of the energy dissipation inside the damaged band (b). . . . 44

18 Fractal cohesive model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

19 Tensile tests on dog-bone shaped concrete specimens (a) by Ferro [142]: stress-strain diagrams (b),

cohesive law diagrams (c), fractal cohesive law diagrams (d). . . . . . . . . . . . . . . . . . . . . . . 46

20 Tensile strength (a) and fracture energy (b) vs. specimen size: experimental data by van Vliet [143]

and linear interpolation in the bilogarithmic plot. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

21 Tensile tests on dog-bone shaped concrete specimens (a) by van Vliet [143]: stress-strain diagrams (b),

cohesive law diagrams (c), fractal cohesive law diagrams (d). The dashed lines refer to extrapolated

values. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

22 Details of the peak (a) and of the tail (c) of the cohesive law diagrams. Details of the peak (b) and

of the tail (d) of the fractal cohesive law diagrams. The dashed lines refer to extrapolated values. . . 49

23 Direct tensile test on a concrete specimen (a) and fractal stress distribution over the resistant ligament

(b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

26



24 Three point bending test concrete specimen (a) and fractal stress distribution over the resistant

ligament (b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

25 The fractal bar subjected to an axial load: the displacement field. . . . . . . . . . . . . . . . . . . . . 52

26 Multifractal Scaling Laws for tensile strength and fracture energy. . . . . . . . . . . . . . . . . . . . 53

27 Homogeneously diffused strain (a) and extremely localized deformation (b) along the bar, valid re-

spectively for small and large structures. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

28 Multifractal Scaling Law for the critical strain. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

27



0.2 0.4 0.6 0.8 1.00

0.2

0.4

0.6

0

1.0

0.2

0.3

0.4

P

u t h2

1.0

0.8

a0

h

P

a0
h

u

u

s = 0.1

Figure 1: Dimensionless load of crack instability versus relative crack depth

28



a0/h = 0.10

a0/h = 0.20

a0/h = 0.30

a0/h = 0.40

a0/h = 0.50

a0/h = 0.60

a0/h = 0.70

a0/h = 0.80

a0/h = 0.00

s = 0.2

0 2 4 6 8 10 14
0

0.1

0.2

0.3

0.4

0.5

0.6

s = 0.3

s = 0.4

s = 0.5

s = 0.6

Virtual crack
propagation (KI = KIC)
Virtual progressive
failure (  = u)

P

u t h2

0.8

u h2

Figure 2: Dimensionless load of crack instability as a function of the dimensionless deflection

29



P l

σu t h2

a/b

K
I
 = K

IC

σ = σu

w
1
 l

εu h2

Figure 3: Dimensionless load of crack instability versus dimensionless crack mouth opening displacement

30



(b)

wc

u

Opening, w

GFSt
re

ss
, 

c GF
1

2 u wc

1

E
(a)

Strain, 

u

u

St
re

ss
, 

Figure 4: Constitutive laws of the cohesive crack model: (a) undamaged material, (b) process zone.

31



P

h

wc

u

x

B

A

C

P/2 P/2B'

C'

Figure 5: Limit-situation of complete fracture with cohesive forces

32



1 2

2/3

12

2/3
1 < 2 1 > 2

(a) (b)

P̃

˜

P̃

˜

Figure 6: Load-deflection diagrams: (a) ductile and (b) brittle condition.

33



σu σu

 wc

h

  top node

m

(a) (b)

Figure 7: Stress distribution across the cohesive zone (a) and equivalent nodal forces in the finite element mesh (b)

34



h

l = 4h

h

P

node n

node i

node 1

10

FiFi

Figure 8: Finite element nodes along the potential fracture line

35



(a)

(b)

Fu
Fu

Fu Fu

P
1

P(l−k+1)

node k

node j

node l

Figure 9: Cohesive crack configurations at the first (a) and (l − k + 1)-th (b) crack growth increment

36



2.4 4.8

0.24

0.48

0
0 1.2 3.6

0.12

0.36

A B

F

G

H
I

L

M

N
O

R

E

A: sE = 2.09 10 5

B: sE = 4.18 10 5

C: sE = 6.27 10 5

D: sE = 8.36 10 5

E: sE = 10.45 10 5

F: sE = 20.90 10 5

G: sE = 41.80 10 5

H: sE = 62.70 10 5

I: sE = 83.59 10 5

L: sE = 1.04 10 3

M: sE = 2.08 10 3

N: sE = 4.18 10 3

O: sE = 6.27 10 3

P: sE = 8.36 10 3

Q: sE = 10.45 10 3

R: sE = 20.90 10 3

P

u h2

103

h

Figure 10: Dimensionless load vs. deflection diagrams by varying the brittleness number sE , a0/h = 0.0

37



0

1

2
a0

h
0.00

1/sE

0 1 2 3 4 5
Dimensionless size, h u/GF (103)

PCohes

PU.S.

, f

u

3

Figure 11: Decrease in apparent strength by increasing the specimen size

38



u
h

h/2

u h t

Mmax Mmax
MP = Mmax/2

Mu = Mmax/3

Mmax = u h t (h/2)

Figure 12: Constant distribution of cohesive stresses

39



0 1/sE

0 1 2 3 4 5

0.25

0.50

0.75

1.00

Fi
ct

iti
ou

s 
cr

ac
k 

de
pt

h
at

 m
ax

im
um

 lo
ad

a0

h
0.00

Dimensionless size, h u/GF (103)

Figure 13: Fictitious crack depth at the maximum load as a function of the specimen size

40



1.2 2.4

0.06

0.12

0
0 0.6 1.8

0.03

0.09

A: sE = 2.09 10 5

B: sE = 4.18 10 5

C: sE = 6.27 10 5

D: sE = 8.36 10 5

E: sE = 10.45 10 5

F: sE = 20.90 10 5

G: sE = 41.80 10 5

H: sE = 62.70 10 5

I: sE = 83.59 10 5

L: sE = 1.04 10 3

M: sE = 2.08 10 3

N: sE = 4.18 10 3

O: sE = 6.27 10 3

P: sE = 8.36 10 3

Q: sE = 10.45 10 3

R: sE = 20.90 10 3

A
B

C
D

E

F

G
H

I
M

RP

u h2

103

h

Figure 14: Dimensionless load vs. deflection diagrams by varying the brittleness number sE , a0/h = 0.5

41



0

100 %

50 %

75 %

25 %

Cohesive model

Linear Elastic
Fracture Mechanics

Limit analysis

0 1 2 3 4 5
1/sE

a0

h
0.50

Dimensionless size, h u/GF (103)

PCohes

PL.E.F.M.

,
PU.S.

PL.E.F.M.

Figure 15: Increase of fictitious fracture toughness by increasing the specimen size

42



b

b

F

F

(a)

(b)

(c)

Adis

*

Ares

*

Figure 16: A concrete specimen subjected to tension (a). Fractal localization of the stress upon the resistant cross

section (b) and of the energy dissipation upon crack surface (c).

43



εc* b
1–dε

(a)

(b)

0 b

w

z

F

F

F

F

b

b

Figure 17: Fractal localization of the strain (a) and of the energy dissipation inside the damaged band (b).

44



σu
σu*

σ*σ

εu

ε ε*

εc*0 0

(a) (b)

Figure 18: Fractal cohesive model.

45



0

4

8

0 0.005 0.01
0

2

4

0 100 200

 w (µm)

  
  

σ*
 (

N
/m

m
1
.8

6
)

 ε* (mm/mm
0.52

)

 σ
 (

N
/m

m
2
) b = 50 mm

b = 100 mm

b = 200 mm

3b

b4b

0

2

4

0 0.0008 0.0016

b = 50

b = 100

b = 200

 s
tr

e
s
s
, 

σ 
(N

/m
m

2
)

 strain, ε (mm/mm)

(a) (b)

(c) (d)

Figure 19: Tensile tests on dog-bone shaped concrete specimens (a) by Ferro [142]: stress-strain diagrams (b),

cohesive law diagrams (c), fractal cohesive law diagrams (d).

46



ln (0.6 D)

ln
 σ

u

ln (0.6 D)

ln
   

F

0

0.2

0.4

0.6

0.8

1

1.2

1.4

4 4.5 5 5.5 6 6.5 7 7.5 8
-2.4

-2.2

-2

-1.8

-1.6

-1.4

-1.2

-1

4 4.5 5 5.5 6 6.5 7 7.5 8

dσ = 0.18

σu = 6.42 N mm
–1.82*

d  = 0.09

  F = 9.21   10
–2

 N mm
–1.09*

(a) (b)

Figure 20: Tensile strength (a) and fracture energy (b) vs. specimen size: experimental data by van Vliet [143] and

linear interpolation in the bilogarithmic plot.
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Figure 21: Tensile tests on dog-bone shaped concrete specimens (a) by van Vliet [143]: stress-strain diagrams (b),

cohesive law diagrams (c), fractal cohesive law diagrams (d). The dashed lines refer to extrapolated values.
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Figure 22: Details of the peak (a) and of the tail (c) of the cohesive law diagrams. Details of the peak (b) and of

the tail (d) of the fractal cohesive law diagrams. The dashed lines refer to extrapolated values.
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Figure 23: Direct tensile test on a concrete specimen (a) and fractal stress distribution over the resistant ligament

(b).
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Figure 24: Three point bending test concrete specimen (a) and fractal stress distribution over the resistant ligament

(b).
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Figure 25: The fractal bar subjected to an axial load: the displacement field.
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Figure 26: Multifractal Scaling Laws for tensile strength and fracture energy.
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Figure 27: Homogeneously diffused strain (a) and extremely localized deformation (b) along the bar, valid respec-

tively for small and large structures.

54



εc

ln lch,

transition scale

ln b

fractal

regime

homogeneous

regime

1

1

ln εc

ln εc

0

Figure 28: Multifractal Scaling Law for the critical strain.
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