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Abstract. Instability phenomena occurring in the microstructure of micro-structured composites are numerically investigated.
To this aim, an interface constitutive law is proposed to describe both decohesion and contact at bi-material interfaces. These
formulations are implemented in the FE code FEAP. Then, by applying dimensional analysis, the nondimensional parameters
governing the macroscopic response of the composite are identified. According to this model, transverse debonding with respect
to the fiber direction is simulated and the transition from snap-back instability in case of coarse fiber diameters, to a stable
mechanical response for finer reinforcements is quantified. These results provide a possible quantitative explanation to the role
played by the size of the reinforcement on the instability phenomena experimentally observed during superplastic deformation.
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1. Introduction

The mechanical behavior of micro-structured composites has been experimentally and theoretically
proven to be strongly dependent on the size of the reinforcement. In other words, keeping constant the
reinforcement volumetric fraction and the mechanical properties of the constituent materials, size ef-
fects on the mechanical response are observed by varying the diameter of the fibers/particles. From the
technological point of view, an important example where this size effect is noticed is represented by
superplasticity. Superplastic behavior is defined as “the ability of a polycrystalline material to exhibit, in
a generally isotropic manner, very high tensile elongations before failure” [1]. The occurrence of super-
plasticity has been experimentally reported in a very wide range of metallic alloys [2,3], intermetallics
[4] and ceramics [4]. More recently, the field of superplasticity has been expanded beyond the tradi-
tional metallic alloys to include evidence of superplastic-like behavior in a very wide range of new and
advanced materials, such as metal and ceramic matrix composites [5].

Over the last two decades, a lot of attention has been devoted to examining and attempting to explain
the physical mechanisms which occur during superplastic deformations. From experiments it is well-
established that, when accommodation processes are not rapid enough to meet the requirements imposed
by boundary sliding, then stresses which develop at fiber boundaries are not relaxed in a sufficiently
rapid way and cavities might nucleate at the interface between matrix and reinforcement. Consequently,
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sharp cracks and interface fractures are frequently observed [3] and this is considered as one of the most
limiting factors for achieving superplastic elongations [5].

Several empirical strategies have been proposed from the current experimental understanding of cav-
ity nucleation. The most effective solution to maintain microstructural stability during the superplastic
forming process is the reduction of the reinforcement size, since finer particle/fiber sizes appear to be
beneficial in limiting cavitation [6]. Investigations on the process of void growth and coalescence are
traditionally proposed in the Literature on the basis of the representative material volume concept (see,
e.g., [7]). In these studies, plane strain models of a representative cell of the material are considered and
it is assumed that small inclusions are weakly bonded so that the material inhomogeneities can be treated
as pre-existing microvoids. As a consequence, these models neglect the interaction between the material
inhomogeneities and the surrounding matrix which certainly influences the onset of the cavitation phe-
nomenon. Clearly, a detailed understanding of these mechanisms and an explanation of this size effect
is a prerequisite for any meaningful extension of superplasticity to new advanced materials.

An attempt to explain the origin of this phenomenon is proposed in this paper. To this aim, the problem
of interface debonding between Al matrix and SiC fibers/particles in the transverse plane is addressed.
The material microstructure is numerically modeled using the finite element method, as previously pro-
posed by Wriggers et al. [8]. Numerical tests are carried out by adding special purpose features to the
basic finite element code FEAP (courtesy of Prof. R.L. Taylor). In our approach, zero-thickness inter-
faces are treated as special contact elements and a nonlinear interface constitutive law is introduced to
capture the nonlinear behavior of the interfaces under both tension and compression. Hence, depend-
ing on the status of the interface, e.g. bonded or debonded, cohesive or microscopical contact laws are
invoked. The adopted geometrical contact formulation is based on the well-known node-to-segment al-
gorithm as employed in [8]. Steps forward with respect to the numerical method proposed in [8] are
represented by the more sophisticate nonlinear interface constitutive law and by the implementation of
the virtual node technique. This method has been recently proposed by Zavarise et al. [9] to achieve
a fine discretization of the interface decoupled from that of the continuum. This permits the accurate
analysis of multiple inclusion problems with a limited number of unknowns.

To reduce the number of numerical simulations, the main dimensionally independent quantities whose
variations characterize the macroscopic behavior of the composite are preliminary identified by applying
the Dimensional Analysis and the Buckingham’s Π Theorem (see, e.g., [10,11]). Then, by varying the
Carpinteri’s brittleness number and keeping the reinforcement volumetric fraction and the interface me-
chanical parameters constant, the homogenized mechanical response of the composites is numerically
predicted.

According to this parametric analysis, it is shown that the snap-back instability in the computed ho-
mogenized stress–strain curve, typical of relatively large inclusions, disappears by reducing their sizes.
A threshold size of the inclusions corresponding to the transition from catastrophic snap-back events
to stable softening branches is also predicted. This value is in close agreement with the experimentally
observed threshold size for the activation of superplastic flow in metal matrix composites. As a result,
a direct connection between the internal instability phenomenon and the size of the reinforcement is
established.

2. Generalized interface constitutive law

Linear Elastic Fracture Mechanics has proven to be a useful tool for solving fracture problems, pro-
vided that a crack-like notch or flaw exists in the body and the nonlinear zone ahead of the crack tip is
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negligible. These conditions are not always fulfilled and, both for metallic and cementitious materials,
among others, the size of the nonlinear zone due to plasticity or microcracking is not negligible with
respect to other dimensions of the cracked geometry. The localized damaged material may be modeled
as a pair of surfaces with no volume between them and its action can be replaced by an equivalent trac-
tion on the surfaces. Following Dugdale [12] and Barenblatt [13], this idea has been extensively applied
to materials which are commonly classified as quasi-brittle such as glassy, polymers, rocks, reinforced
ceramics, concrete and composites. Carpinteri, introducing the terminology cohesive model, applied this
method to the study of ductile–brittle transition and snap-back instability in concrete [10,11].

More recently, a cohesive zone model for metal matrix composites (MMC) has been proposed by Tver-
gaard [14] and it is adopted in this paper since the behavior of MMCs is investigated. In this formulation,
a measure of the interface opening, λ, is given by:

λ =

√(
gN

lNc

)2

+
(

gT

lTc

)2

, (1)

where gN and gT denote, respectively, the normal and the tangential separation at the interface. Parame-
ters lNc and lTc represent the critical values for the normal and the tangential gap. They correspond to the
separation for which cohesive forces transmitted through the interface vanish, i.e. a complete debonding
takes place. Normal and tangential cohesive tractions are given as functions of interface opening in the
process zone:

σN =
gN

lNc
P (λ), σT = γ

gT

lTc
P (λ), (2)

where P (λ) is defined as [14]:

P (λ) =




27
4

σmax
(
1 − 2λ + λ2), for 0 � λ � 1,

0, otherwise.
(3)

In Eq. (3) the parameter σmax denotes the peak value of the normal cohesive traction before the soft-
ening branch. Moreover, γ = τmax/σmax represents the ratio between the peak values of normal and
tangential tractions that can be separately specified in the model. For the sake of simplicity, in the sequel
we shall consider γ = 1, as already assumed in [14]. Cohesive tractions are depicted as a function of the
components of the interface separation in Fig. 1.

As far as the compressed region of the interface is concerned, the transfer of stresses from the matrix
to the inclusion is modeled using a contact formulation. This approach can be also used to describe the
behavior of the debonded region of the interface when subjected to contact due to cyclic loading. The
unilateral contact problem imposes the condition gN = 0 and FN < 0. If there is a gap between the
bodies and the interface is completely debonded, then the relations gN > 0 and FN = 0 hold. To enforce
these unilateral constraint conditions, a penalty method can be applied. According to this approach,
for a given value of the penetration function, gN, the corresponding normal force, FN, is computed as
the product of a penalty parameter, Cp, and the current value of the penetration. Clearly, the unilateral
constraint condition is recovered only for values of the penalty parameter tending to infinity (see Fig. 2a).
However, large values of the penalty parameter may lead to ill-conditioned problems [15].
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(a) (b)

Fig. 1. (a) Nondimensional normal and (b) tangential cohesive tractions vs. nondimensional normal and tangential gaps.

(a) (b)

Fig. 2. (a) Comparison between different contact compliance laws. (b) Example of normal force vs. normal gap diagram for the
Majumdar and Bhushan contact model.

Hence, a more sophisticate and efficient approach is adopted here by defining a contact stiffness based
on microscopical contact models. Such micromechanical laws are strongly nonlinear and are usually
based either on statistical or on fractal descriptions of the rough debonded interfaces. These formula-
tions provide a nonlinear relationship between the normal force and the corresponding normal gap (see
Fig. 2a):

FN = Cgm
N , (4)

where parameter m depends on the deformation assumptions of the profiles in contact. Instead of making
an attempt to list the variety of approaches in the literature, we refer the reader to a survey in [16]. In
this analysis we adopt the fractal contact model by Majumdar and Bhushan [17] in which the contact
law depends on the deformation of the asperities (see [17] for more details about the estimation of
the input parameters). An example of the contact compliance law obtained according to this model is
proposed in Fig. 2b, where three possible deformation regimes may occur depending on the roughness
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of the interface: (1) plastic deformations only; (2) plastic deformations and, then, elasto-plastic ones;
(3) elasto-plastic deformations only.

3. Finite element formulation

Interfaces are modeled by a contact formulation which can handle cohesive forces. Contact constraints
are enforced using the modified penalty method. Depending on the contact status, an automatic switching
procedure is adopted in order to choose between cohesive and contact models. According to the node-
to-segment contact strategy, it is possible to compute, for each node along the master contact surface, the
normal and the tangential gaps that are measures of the relative displacements of the fiber with respect
to the matrix (see Fig. 3).

During interface opening, i.e. for gN > 0, the normal and the tangential gaps are introduced in Eq. (1)
and the condition λ � 1 is checked. If this inequality holds, then cohesive tractions are computed
according to Eq. (2) and multiplied by the corresponding area of influence belonging to each Gauss
point. Otherwise, no tractions are considered. During closure, i.e. for gN � 0 since the penalty method
allows a small penetration of the contact surfaces, contact forces are computed according to Eq. (4).

In both cases, contributions of cohesive and contact forces are added to the global virtual work equa-
tion:

δW = A(FNδgN + FTδgT), (5)

where the symbol A denotes an assembly operator for all the interface nodes either inside the process
zone or in contact.

A main difficulty with the analysis, stemming from the contact constraints, is that the debonded sur-
faces are unknown a priori, and the corresponding boundary value problem must be solved with an
iterative method. The Newton–Raphson solution procedures commonly used for solving nonlinear prob-
lems require the determination of the tangent stiffness matrix. Consistent linearization of the equation
set (5) leads to:

∆δWd =
(

∂FN

∂gN
∆gN +

∂FN

∂gT
∆gT

)
δgN +

(
∂FT

∂gT
∆gN +

∂FT

∂gT
∆gT

)
δgT + FN∆δgN + FT∆δgT, (6)

Fig. 3. Detail of the FE mesh around the interface region with a scheme indicating the normal and the tangential gaps for a
generic node.
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where symbols δ and ∆ denote, respectively, variations and linearizations. In Eq. (6) the normal and the
tangential forces are given by either the cohesive formulation or the contact model. Linearizations and
variations of the normal and the tangential gaps can be found in [15], as well as the discretized version
of these expressions for a direct implementation in the FE formulation.

The discretization of the interface is carried out according to the virtual node technique [9]. The basic
idea underling this method consists in changing the integration scheme usually adopted in node-to-
segment contact elements. In this formulation the cohesive/contact contribution to the stiffness matrix
and the internal force vector are in fact integrated on the contact element through a n-point Gauss
integration scheme instead of a classical two end modes formula, which corresponds to a simpler 2-point
Newton–Cotes integration. In this way, an arbitrary number of Gauss points can be specified inside each
contact element placed along the interface, regardless of the discretization used for the continuum. This
method permits to achieve a fine discretization of the interface, where the interface constitutive law
exhibits a strong nonlinearity, without refining the discretization of the continuum. This permits to reach
significant benefits in reducing the computing time. Concerning the continuum discretization, standard
two-dimensional isoparametric plane-strain bilinear elements are used.

4. Size effects on the internal instability phenomena

The problem of interface debonding between inclusions and matrix is investigated in a representative
cell of a MMC. Mechanical parameters are chosen to represent an aluminium alloy 2124-SiC whisker-
reinforced material, as reported in [6,14]:

Em = 60 GPa,

Ef = 340 GPa,

νm = 0.3,

νf = 0.18,

σy = 300 MPa,

(7)

where subscripts (f) and (m) refer, respectively, to the fibers and to the matrix, E and ν denote the
Young’s modulus and the Poisson’s ratio of the constituent materials and σy is the aluminium yield
stress.

In order to focus on the effect of the nonlinear behavior of the interface on the mechanical response,
in this stage materials are assumed to be linear elastic. This simplified hypothesis will be removed in
the sequel. Cohesive parameter lNc is assumed equal to 0.06 µm, like in [6] for Al-SiC composites. In
addition, parameter σmax is set equal to σy.

According to Carpinteri [11], Dimensional Analysis is applied in order to define the dimension-
ally independent quantities whose variations characterize the macroscopic behavior. Considering a
displacement-controlled load case in which a horizontal displacement, ∆u, is applied to the vertical
sides of the elementary cell of the composite, we suppose the existence of the following relationship:

F = Π
(

σy, b, Gi
IC

, ∆u,
σmax

σy
,

Ef

Em
,

Vf

Vf + Vm
, νf, νm

)
, (8)

where F is the resultant horizontal load applied to the vertical sides of the elementary cell of the com-
posite, b is the size of the square cell and Gi

IC is the interface fracture energy. The ratio between the
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volume of the fiber and the total volume of the cell, Vf/(Vf +Vm), represents the reinforcement volumet-
ric fraction. The dimensions of the parameters in Eq. (8) can be expressed in the Length–Force–Time
class: [σy] = FL−2, [b] = L, [Gi

IC] = FL−1 and [∆u] = L. Considering σy and b as the dimensionally
independent parameters, Dimensional Analysis leads to:

σ1

σy
= Π

(
Gi

IC

σyb
, ε1,

σmax,0

σy
,

Ef

Em
,

Vf

Vf + Vm
, νf, νm

)
, (9)

where the homogenized horizontal stress, σ1, is given by F/(σyb), whereas the horizontal deformation,
ε1, is computed as ∆u/b. From the governing nondimensional quantities in Eq. (9) it is possible to recog-
nize the Carpinteri’s brittleness number [11], sE = Gi

IC/(σyb). This number was originally proposed to
quantify the scale interaction between plastic collapse and brittle fracture in homogeneous concrete com-
posites. This parameter is herein extended in a straightforward way to interface problems by replacing
the material fracture energy with the interface fracture energy, Gi

IC.
Keeping constant the reinforcement volumetric fraction and by assuming scale-invariant mechanical

parameters, it is possible to investigate on the mechanical response of the composite by varying the
size, b, of the cell. The experimental assessment of the hypothesis of the scale–invariant interface fracture
toughness will be proposed in the sequel. As a consequence of this scaling, the inclusion diameter scales
as b and, from the engineering point of view, higher values of the brittleness number, sE, correspond to
a material with finer reinforcement.

In the numerical simulations the reinforcement volumetric fraction is set equal to 17.8%, correspond-
ing to experimental measures in an aluminium alloy 2124-SiC whisker-reinforced material performed
by Zahid et al. [6]. Moreover, the Authors measured an average diameter of the inclusions equal to 3 µm
with a few areas in the same material with a coarser reinforcement of 10 µm diameter. Considering these
data, numerical tension tests are performed by applying a monotonic horizontal displacement loading
at the elementary cell of the composite (see Fig. 4a). The predicted mechanical behaviors are depicted
in Fig. 4b (curves A and D). More specifically, the horizontal macroscopic stress, σ1, normalized to the
aluminium yield stress, σy, is depicted as a function of the applied mean strain ε1.

For the case with a coarser reinforcement (case A in Fig. 4b) it has to be noticed that a significant
reduction in stiffness occurs when ε1

∼= 0.003. At that point, all of a sudden, debonding of some nodes
along the interface takes place, suggesting the occurrence of the snap-back instability (see the dashed part
of the curve). A similar phenomenon was also analytically observed by Piva and Viola during debonding
of aggregates in concrete composites [18]. A completely different behavior characterizes the problem
with a finer reinforcement where a stable softening branch is obtained after the peak stress (case D
in Fig. 4b). Curves B and C in Fig. 4b correspond to the macroscopic response of two other possible
configurations with intermediate diameters. These results clearly show that the snap-back instability
disappears by reducing the size of the reinforcement and that the transition from snap-back to a stable
softening branch occurs for inclusions whose diameter is approximately equal to 5 µm.

From microstructural examination of cavities during superplastic deformation, Zahid et al. [6] pro-
posed the following remarks which agree very well with our numerical results:

1. Cavities nucleate at matrix–reinforcement interfaces and most of them are located in or near the
areas with coarser inclusion diameter (d = 10 µm).

2. Cracks propagate along grain boundaries and interfaces.
3. Cavities grew rapidly in coarser particle areas, whereas their growth was slow in fine grained

regions (d = 3 µm).
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4. For most part, cavity growth is a strain-controlled phenomenon.
5. Fine, stable and uniform structure of reinforcement holds the key in achieving high strain rate

superplasticity.

Recently, Chandra and Chen [19] investigated on the origin of cavities in Al 5083 alloys. Once again,
they observed that the size of the particles plays a crucial role in determining the cavity initiation and
the further growth and coalescence. Also in this case, for larger size of second phase particles, unavoid-
able pre-existing cavities nucleate at the matrix/particle interface due to the thermo-mechanical process

(a)

(b)

Fig. 4. (a) Deformed mesh showing interface debonding with superimposed contour plot of the horizontal. (b) Nondimensional
horizontal macroscopic stress vs. horizontal deformation for MMCs characterized by different brittleness numbers.
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before superplastic deformations. The plasticity of the matrix was not considered high enough to reheal
the gap or void produced at the interfaces.

All these results are in good agreements with the numerically predicted mechanical behavior of an
elementary cell of a MMC. The existence of a threshold size which subdivides stable microstructures
from the unstable counterparts seems to be clearly confirmed.

5. Size effects on the composite material strength

From numerical stress-strain curves in Fig. 4b it is possible to recognize that the size-scale effect
influences not only the stability of interface crack propagation, but also the strength of the composite
material. In fact, by reducing the inclusion diameter, the flow stress increases. Computing from Fig. 4b
the values of the peak stress before the onset of the softening branch, the dependence of the material
strength on the inverse square root of the reinforcement diameter is shown in Fig. 5a.

In this diagram a linear trend is obtained, according to the experimentally-based Hall–Petch rela-
tionship [21,22] which suggests that, both in polycrystalline and fine reinforced materials, the strength
linearly increases with the inverse square root of the particle size.

Since it was not possible to find out experimental data in the literature on the strength of the material
under investigation, we refer to data about the hardness of Al/SiC composites with a similar composition
(10 wt% SiC instead of 17.8 vol% SiC) and with three different particle diameters (3 µm, 5 µm and
10 µm), which are shown in Fig. 5b. Clearly, the experimentally measured HRB hardness of Al/SiC
composites decreases with increase in the size of SiC particles. Since the hardness and the strength
usually obey to the same Hall–Petch relation, this result can be considered as a qualitative assessment
of our model predictions, confirming the consistency of our assumption of a constant interface fracture
energy in the considered range of fiber diameters.

6. Effect of matrix yielding and comparison with standard mixture rules

The simplified hypothesis of a linear elastic behavior of the matrix seems to be a reasonable assump-
tion for the study of internal instability phenomena due to interface debonding. In fact, from numerical

(a) (b)

Fig. 5. (a) Nondimensional peak stress vs. inverse square root of particle size and (b) experimental values of HRB hardness vs.
inverse square root of particle size (adapted from [20]). In both cases the suggested trends are in agreement with the Hall–Petch
relationship.
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Fig. 6. Nondimensional horizontal macroscopic stress vs. horizontal deformation for MMCs with an elastic–perfectly plastic
matrix.

results, the snap-back instability already takes place in correspondence of stress levels lower than the
matrix yield stress. This fact has been also experimentally observed during thermo-mechanical processes
before the superplastic deformation level by Chandra and Chen [19].

This simplified assumption is here removed by assuming a linear elastic reinforcement and an elastic–
perfectly plastic aluminium matrix. Keeping constant the fiber volumetric fraction, as done in the previ-
ous simulations, and by varying the fibers diameter, the macroscopic responses of these microstructures
are shown in Fig. 6. Exactly the same transition previously discussed, from snap-back instability to
stable softening branches, still occurs.

Moreover, the cohesive model is able to capture the transition from the perfectly bonded condition,
to the full debonded one. At the beginning of the simulation the interface is almost perfectly bonded
and the Tsai–Halpin mixture rule [23] provides a good estimation of the transverse composite elastic
modulus (see the dotted-dashed line in Fig. 6). On the other hand, when complete debonding takes
place, the deformation level is high enough to achieve a fully plastic behavior of the matrix. In this case,
the lower bound to the applied horizontal stress corresponds to a Poisson’s ratio approaching zero. It can
be simply computed as the yield stress multiplied by the ratio between the length of the ligament region
(perfectly debonded inclusion) and the length of the cell side (see the dashed line in Fig. 6). A Poisson’s
ratio different from zero implies that some stresses are transferred from the matrix to the reinforcement
through the contact regions, thus resulting in a higher supported horizontal stress.

7. Conclusions

The present work was undertaken to gain some insight into the role of the size of the reinforcement
on the instability phenomena experimentally observed during superplastic deformation. The numerical
approach herein presented, starting from [8], constitutes a step forward in the modeling of interface
problems in fibrous composite materials. From the mechanical point of view, a particular attention was
devoted to the interface constitutive law which holds a key role for the study of the interaction between
inclusions and matrix, under the hypothesis of finite interface strength. Moreover an efficient method, i.e.
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the virtual node technique, has been profitably used to obtain a fine discretization of the interface with
up to 100 Gauss integration points per contact element. According to this approach, the results herein
presented for a single elementary cell of the composite have been confirmed by numerical simulations
of tension tests on square meshes with 8 inclusions per side with a total number of 64 inclusions. Further
developments of this study will concern the effect of a random distribution of reinforcement instead of
a periodic arrangement.

From the engineering point of view, the independent variables governing the problem of inclusion
transverse debonding have been clearly identified according to Dimensional Analysis. Among them,
the Carpinteri’s brittleness number consistently characterizes the size-scale transition from unstable to
stable behaviors. The primary advantage of using this nondimensional parameter is that one can reduce
the number of laboratory experiments and numerical simulations needed for the characterization of the
material.

The proposed numerical results show that composites having a coarse diameter of the reinforcement
may undergo a snap-back instability. Consequently, energy dissipation occurs under deformation con-
trolled tension tests. We suppose that this instability may influence the further stages of void growth, their
interlinkage, with a subsequent more brittle global behavior of the composite and the impossibility to
reach superplastic elongations. Finally, a reasonable agreement between the numerically derived scaling
on the material strength and the experimental dependence of hardness on the size of the reinforcement
is achieved, confirming the consistency of our model assumptions.
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