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SUMMARY

The bridged crack model has been demonstrated to be an efficient numerical tool for investigating the
behaviour of structural elements in bending. In the model, Linear Elastic Fracture Mechanics concepts are
used to determine the equilibrium and the compatibility equations of a beam segment subjected to bending
in presence of a mode I crack. Recently, the model has been extended to include the presence of closing
stresses as a function of the crack opening in addition to steel reinforcement closing traction. This allows
the characterization of the mechanical behaviour of fibre reinforced structural elements. Some new
techniques, recently introduced for reducing significantly the computing time in presence of cohesive
stresses, are presented in the paper and the model is extended by a criterion for detecting concrete
crushing in compression. Some experimental results are commented in this light. Copyright # 2004 John
Wiley & Sons, Ltd.
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1. INTRODUCTION

The rapid evolution of high-performance concretes and their importance in engineering
applications requires the development of computational models suitable to describe their
mechanical properties. In particular, the mechanical interaction of fibres added to the concrete
matrix is to be accounted for, extending the analysis beyond the simple durability effect or a
qualitative assertion of improved crack toughness of the matrix.

The bridged crack model has been originally proposed in References [1, 2] and in Reference [3]
for RC beams, reformulated in References [4, 5] for unreinforced concrete members with
cohesive closing stresses and extended to the simultaneous presence of both steel and fibres
reinforcements in Reference [6]. The bridged crack model applies Fracture Mechanics concepts
to the study of beams in bending. The ability of dealing at the same time with steel
reinforcements and closing stresses in the matrix results in a very flexible model, capable of
modelling a wide range of concrete materials. Moreover, while limit state analysis yields only the
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ultimate load, the bridged crack model reveals in addition scale effects, instability phenomena
and brittle–ductile transition of the structural element.

The problem has been addressed in literature by several authors with different approaches,
like finite element numerical analyses started by Hillerborg et al. [7], linear elastic fracture
mechanics models [8], cohesive crack models [9, 10]. One of the main differences between the
different models is the way the steel bar reinforcement transfers the stresses to the concrete
matrix. The influence of this mechanism into the global behaviour of the models when
simulating experimental results is not clear yet. As an example, Ruiz [10] found that the bond-
slip taking place between the concrete and the reinforcement plays a central role in determining
the peak load, but this results has been verified for lightly reinforced beams. When compared to
the experimental results reported in Reference [11] a good agreement is found for very low
reinforcement percentages, below the minimum fixed by design codes for structural members.
When the reinforcement percentage increases, the load–displacement curve differs significantly,
see Figure 11a in Reference [10]. In this light the way the force is transferred from the bars to the
matrix appears having a role in determining the minimum reinforcement of a beam, but maybe
not in the general case.

In the present model the bar traction has been considered as applied on the crack faces, and a
rigid-plastic constitutive law for the bar has been used. The traction is spread over the bar
diameter to eliminate the singularity arising from the application of a pair of concentrated
forces.

In the paper the theoretical model is briefly recalled and the computational problem of an
effective evaluation of the cohesive stresses is addressed. In fact, the interaction between the bar
traction and the cohesive stresses requires a complex iteration structure accounting for the
general, user-defined, cohesive law at the same time. This is reflected into a considerably larger
computing time compared to the case when only steel bars or cohesive stresses are present. A
very significant reduction in the computing time can be obtained analysing the integration
domains of the terms accounting for the cohesive contribution.

The problem of introducing a limit to the compressive stresses in the concrete is introduced in
this paper and the percentage of steel reinforcement inducing concrete crushing is determined.
This is reformulated as an upper limit to the value of the brittleness number characterizing the
bridged crack model. In the paper two different approaches are presented: in the first, this limit
is established by limit state analysis and is restricted to absence of cohesive stresses. In the
second, the concept of non-dimensional maximum compressive stress is introduced, and
influence functions are determined based on LEFM models. The latter method allows
accounting for cohesive stresses distributed on the crack edges, and is therefore able to assess the
influence of fibres in concrete crushing collapse. Some experimental results are simulated and
commented.

2. THE BRIDGED CRACK MODEL

The bridged crack model can be applied for evaluating the monotonic bending of a cracked
reinforced concrete beam assuming as control parameter the crack depth at a fixed cross section.
The model accounts for both the main reinforcement (steel bars) and a secondary reinforcement.
The latter can be physically interpreted as the non-linear tension behaviour of the concrete or
the presence of reinforcement fibres.

Copyright # 2004 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2004; 28:000–000
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Linear Elastic Fracture Mechanics is assumed for the matrix with a crack propagation
condition ruled by the comparison of the stress intensity factor KI to the matrix toughness KIC:
The stress intensity factor is computed from the solutions reported in the stress intensity factors
handbooks [12, 13].

The adopted model scheme is reported in Figure 1 along with the used symbols: the section
width b and height h; the crack depth a; the positions of the steel bars c and the relevant traction
Pi: The geometric dimensions are converted into non-dimensional quantities, after dividing by
the height h: The non-dimensional crack depth is denoted by x ¼ a=h and z ¼ x=h represents the
generic non-dimensional abscissa from the bottom part of the cross section.

The distribution of the discrete forces Pi and the continuous ones s applied to the crack
surfaces represent the bridging mechanism of the steel bars and cohesive stresses, respectively.
The non-dimensional position of the ith steel reinforcement is denoted by zi ¼ ci=h; while sðwÞ
represents the constitutive relation of the cohesive and/or fibres traction, w being the crack
opening at a generic point along the crack. The function sðwÞ is assumed to be zero for w greater
than the critical value wc: Its actual expression can be derived from experimental results or
model codes.

The constitutive relation for the reinforcement bars is assumed as rigid-plastic with no upper
limit to the maximum deformation. The maxima for the bridging actions are defined by the
ultimate traction PPi

¼ Aisy for the bars and by the ultimate stress s0 ¼ gsu for the fibres (or
matrix), Ai being the ith bar area, g the volumetric percentage of fibres, sy and su the minimum
between yielding and sliding stress for the bars and fibres, respectively.

With reference to Figure 1, let KI be the stress intensity factor at the crack tip. By the
superposition principle, it is given by the sum of the stress intensity factors KIM due to the
bending moment, KIi due to the m reinforcement bar traction Pi and KIs due to the distributed
closing stresses sðwÞ along the crack [6, 14]

KIC ¼ KIM �
Xm
i¼1

KIi � KIs ð1Þ

where the stress intensity factors can be expressed in the form

KIM ¼
MF

bh1:5
YMðxÞ ð2Þ

a

h

MM

L         0

b

ci

As

wc

1h 2h

P
3

2
PP
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Figure 1. Model scheme of a cracked beam cross section.
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KIi ¼
Pi

bh0:5
YPðx; ziÞ ð3Þ

KIs ¼
Xnc
i¼1

1

bh0:5

Z z2i

z1i

s0ðwðzÞÞYPðx; zÞbh dz ð4Þ

and the functions YM and YP; are reported in References [4, 12, 13]. In (4) nc is the number
of cohesive zones, where s0ðwÞ=0: These zones are defined over the intervals ½z1i ; z2i �;
i ¼ 1; . . . ; nc:

Function s0ðwðzÞÞ can be assumed to represent an homogenized constitutive law for
both the closing stresses due to the plain concrete cohesion and the bridging action of
the fibres.

The value of KIC in (1) may be determined by the RILEM procedure TC89-FMT [15].
Note that, when the closing stresses due to the matrix and fibres are present, the model
allows to consider a cohesive crack option as well, as described in References [4, 6].

Let r be the bar reinforcement percentage and define the brittleness numbers N
ð1Þ
P ; Nð2Þ

P and
the critical crack opening for the cohesive stresses *wwc as

N
ð1Þ
P ¼ r

syh0:5

KIC
ð5Þ

N
ð2Þ
P ¼ g

suh0:5

KIC
ð6Þ

*wwc ¼
Ewc

KICh0:5
ð7Þ

Substituting (3) and (4) in (1), the following non-dimensional equilibrium equation is
obtained

*MMF ¼
1

YMðxÞ
1þN

ð1Þ
P

Xm
i¼1

*rri *PPiYPðx; ziÞ þN
ð2Þ
P

Xnc
i¼1

Z z2i

z1i

*ss0ð *wwÞYPðx; zÞ dz

 !
ð8Þ

where

*MMF ¼
MF

KICbh1:5
; *PPi ¼

Pi

PPi

; *rri ¼
ri
r
; *ss0 ¼

s0ðwðzÞÞ
gsu

ð9Þ

The equilibrium equation (8) gives the bending propagation moment as a function of the bar
traction and of the closing stresses. These quantities depend on the crack opening profile by
means of the constitutive equations.

The crack opening at a general non-dimensional abscissa z can be determined by summing the
three contributions of the bending moment, bars traction and closing stresses. The non-
dimensional opening, evaluated at the crack propagation bending moment M ¼ MF; has the
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following expression:

*ww ¼ *wwM � *wwP � *wws ¼ 2 *MMF

Z x

z
YMðxÞYPðx; zÞ dx

� 2N
ð1Þ
P

Xm
i¼1

*rri *PPi

Z x

maxðz;ziÞ
YPðx; ziÞYPðx; zÞ dx

� 2N
ð2Þ
P

Xnc
i¼1

Z x

h1ðzÞ

Z h2ðxÞ

z1i

*ss0YPðh2ðxÞ; yÞ dyYPðx; zÞ dx ð10Þ

where

h1ðzÞ ¼ maxðz; z1i Þ; h2ðxÞ ¼ minðx; z2i Þ ð11Þ

By introducing the rigid-plastic constitutive equation for the bars, the displacement evaluated
at z ¼ zi; i ¼ 1; . . . ;m equals zero if PPi

� Pi50; i.e. if 1� *PPi50: Let H be the Heaviside step-
function. The diagonal matrix ½HP� ¼ diagðHð1� *PPiÞÞ; i ¼ 1; . . . ;m allows for expressing the
vector of the openings at the reinforcement bars as

f *wwg ¼ ½HP�ðf*llMg *MM � ½*ll�f *PPg � f *wwsgÞ ð12Þ

where the elements of the above vectors and matrices are ði; j ¼ 1; . . . ;mÞ

f*llMgi ¼ 2

Z x

zi

YMðxÞYPðx; ziÞ dx ð13Þ

½*ll�ij ¼ 2N
ð1Þ
P *rrj

Z x

maxðzi ;zjÞ
YPðx; ziÞYPðx; zjÞ dx ð14Þ

f *wwsgi ¼ *wwsðziÞ ð15Þ

Equation (12), with *MM given by (8), is a non-linear integral equation in the unknowns *ww; nc;
½z1i ; z2i �; i ¼ 1; . . . ; nc: Its solution for a fixed crack depth x allows for the determination of the
opening function, the crack propagation bending moment *MMF through (8) and the relative
rotation of the cross section, given in non-dimensional form by

*ff ¼f
Eh0:5

KIC
¼ *ffM �

Xm
i¼1

*ffI � *ffs

¼ 2 *MMF

Z x

0

Y2
MðzÞ dz� 2N

ð1Þ
P

Xm
i¼1

*rri *PPi

Z x

zi

YPðz; ziÞYMðzÞ dz

� 2N
ð2Þ
P

Xnc
i¼1

Z x

z1i

Z h2ðxÞ

z1i

*ss0YPðh2ðxÞ; yÞ dyYMðxÞ dx ð16Þ

with h2ðxÞ given by (11).
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3. EFFICIENT EVALUATION OF THE CLOSING STRESSES CONTRIBUTION

The opening contributions *wws and the rotation *ffs due to the closing stresses arising from the
traction resistance of the matrix and/or of the fibres, Equations (10), (16), can be evaluated by
solving two double integrals. By dropping the constant terms and assuming

g2 ¼ maxðz1;minðx; z2Þ � dÞ ð17Þ

g1 ¼ minðx;maxðz; z1Þ þ dÞ ð18Þ

h2ðxÞ ¼ minðx; z2Þ ð19Þ

the two integrals present the following form:

If ¼
Z x

z1

Z g2

z1

*ss0ðyÞYPðh2ðxÞ; yÞ dyYMðxÞ dx ð20Þ

Iw ¼
Z x

g1

Z g2

z1

*ss0ðyÞYPðh2ðxÞ; yÞ dyYPðx; zÞ dx ð21Þ

d being the cut-off defined in Reference [5] to eliminate the singularity of the integrals.
Physically it represent the extent of the zone where the force due to the steel bar spreads, and

can be easily connected to the bar diameter. A practical example of its determination is reported
in Reference [6].

Integrals (20) and (21) may be evaluated by iterated integrals library routines, allowing for the
computation of integrals having the general form:Z b

a

Z g2ðxÞ

g1ðxÞ
f ðx; yÞ dy dx ð22Þ

g1ðxÞ and g2ðxÞ being the functions giving the lower and upper limits for the innermost integral.
Adaptive quadrature for (22) is usually computationally expensive, being constructed through
two nested adaptive quadratures for univariate functions. This solves the general problem, but
generates very inefficient arrangements of the quadrature points when applied to standard
domains.

By observing the integration limit functions in (20) and (21) it is however noted that the
integration domains can be expressed as an assemblage of standard rectangular and triangular
domains. The integration limit functions are represented in Figure 2 for If and in Figure 3 for
Iw: The integral Iw refers to the evaluation of the crack opening at an abscissa z for a stress
distribution in the interval ½z1; z2�: In the figures the dashed line inside the domain represent the
part where the integrand function diverges.

The quadrature can be much more efficient when carried out by standard quadrature rules on
rectangular and triangular domains [16] or adaptive libraries [17] for standard regions. The
speedup in the computation by comparing the IMSL iterated integral routine vs the Cools
package with the above approach has been observed about a factor of 100.
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Figure 2. Rotation integration domain, Equation (20).
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Figure 3. Crack opening integration domains in the cases: (a) z5z1; (b) z15z5z2; and (c) z > z2: Opening
evaluated at z; Equation (21).
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4. CONCRETE CRUSHING AND MAXIMUM REINFORCEMENT

4.1. Limit state analysis approach

The bridged crack model described so far does not include any criterion for accounting for the
strength of the concrete in compression. This limit can be introduced by limit state analysis
(CEB-FIB model) and is restricted to absence of cohesive stresses.

In the limit state analysis model, the crushing of concrete in bending is attained when the
deformation reaches the critical value ecu ¼ 0:0035: Concrete is simulated by a non-linear law,
which may be simplified assuming a rectangular stress block in compression, whose height is
0:8d; d being the distance of the neutral axis from the upper edge of the rectangular section. The
maximum compressive stress in concrete is given in this model by 0:85scu; where scu is the
compressive strength of concrete. This is illustrated in Figure 4, where all the quantities used in
the present derivation are defined as well.

With reference to Figure 4, the following equations hold:

* linear deformation field

es ¼
d � x

x
ecu ð23Þ

* equilibrium (rotation and translation)

M ¼ b0:8x0:85scuðd � 0:4xÞ � ssZAsðd � z0Þ ð24Þ

ssAs ¼ b0:85scu0:8xþ ssZAs ð25Þ

where Z ¼ A0
s=As: The steel bars are assumed with linear elastic behaviour till the yielding stress

sy; when the strain ey is reached. Then, perfectly plastic behaviour up to the rupture strain esu is
assumed (usually esu ¼ 0:01).

Some observations are done now, allowing for a solution of the above equations in closed
form. First of all, as the strain in concrete is fixed to the crushing value, the problem has solution
only for a tension reinforcement area greater than a minimum value Asc to be determined.
Moreover for any As > Asc a different value of the bending moment M at crushing is obtained.
A qualitative plot of the bending moment as a function of the neutral axis position is sketched in
Figure 5, and it is observed a monotonically increasing function of the position x: As a

A

A’s

s

x

z’

z

εcu

1

εs

εs

s

σs

cu0.85  σ

0.8x

σ

b

’

h d

’

Figure 4. CEB-FIB simplified model for a rectangular section in bending.

Copyright # 2004 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2004; 28:000–000

A. CARPINTERI, G. FERRO AND G. VENTURA8

NAG:372

1

3

5

7

9

11

13

15

17

19

21

23

25

27

29

31

33

35

37

39

41

43

45



UNCORRECTED P
ROOF

consequence, because of the equilibrium, the bending moment at concrete crushing is a
monotonically increasing function of the tension reinforcement area As: When x ! d; As ! 1
while the reinforcement stress decreases to zero.

The minimum bending moment producing the crushing collapse of concrete is therefore
obtained when the maximum allowable strain eyu in the tension reinforcement is present. This
condition is assumed here, being both a safe and optimal design condition at the same time.

It will be therefore assumed As ¼ Asc: The value of Asc can be computed by the condition that
the deformation and stress in the tension steel are the rupture ones, i.e. es ¼ esu; ss ¼ sy: From
(23) the neutral axis position is determined as

x ¼
ecu

esu � ecu
h ð26Þ

and, upon substitution of the usual values for the maximum strains

x ¼ 0:259 h ð27Þ

A final consideration holds for the stresses in the compression reinforcement steel. It is
observed that for usual beam geometries ðz05hÞ and steel type, the compression reinforcement
yields significantly before concrete crushing, so that s0s ¼ sy can be assumed.

The minimum reinforcement area inducing concrete crushing failure is obtained after
substitution of (27) into (25)

Asc ¼
0:176

1� Z
bd

scu
sy

; Z51 ð28Þ

From this equation, observing that h ¼ d þ z1 and dividing by bh both terms, the critical
reinforcement area ratio rsc is obtained, and upon substitution into the brittleness number
definition it follows:

N
ð1Þ
PH ¼ 0:176

1� z1
1� Z

scuh0:5

KIC
; Z51 ð29Þ

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

x/d

 x/d  (1− 0.4  x/d  ) 

Figure 5. Trend of the bending moment curve as a function of the non-dimensional neutral axis position.
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In Figure 6 a plot of N
ð1Þ
PH is reported assuming the data scu ¼ 48:2 Nmm�2; KIC ¼

63:4 Nmm�3=2; z1 ¼ 0:1; Z ¼ 0; 0:2; 0:4; by varying the cross section height between 50 and
500 mm:

The value NPH represents the upper limit of applicability for the bridged crack model both for
beams with single or double reinforcement. Beams having N

ð1Þ
P > N

ð1Þ
PH will exhibit failure for

concrete crushing.
On the other hand the model allows for the determination of the minimum reinforcement so

that the rupture is ductile. This has been determined in Reference [18], where the authors
introduced the following relation between the minimum brittleness number N

ð1Þ
PC and the

compressive strength of concrete:

N
ð1Þ
PC ¼ 0:1þ 0:0023scu ð30Þ

scu being expressed as N=mm2: A beam having a brittleness number lower than the
limit expressed by (30) exhibits a brittle failure because of insufficient reinforcement. In
this case, when the crack develops at the lower edge and crosses the reinforcement,
it is immediately yielded and strained to rupture, so that the peak load is higher than the
yielding branch.

Consequently, a region of brittleness number values where a beam has ductile behaviour is
naturally defined as

N
ð1Þ
PC5N

ð1Þ
P 5N

ð1Þ
PH ð31Þ

0 100 200 300 400 500

0

1

2

3

4

5

N
P

H

Single reinforcement
Double reinforcement (0.2)
Double reinforcement (0.4)

Cross section height (mm)

Figure 6. Maximum brittleness number for single and double reinforced beams.
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4.2. Fracture mechanics approach

While in the former section concrete crushing is determined through limit state analysis, here
this phenomenon is analysed by Fracture Mechanics concepts leading to a formal development
more consistent with the bridged crack model. The basic concept is to express the stress state at
the upper edge of the cracked section as the sum of the contribution due to the bending moment
and the one of the forces acting on the crack edges

sc ¼ sMc þ
Xm
i¼1

sPi
c þ ssc ð32Þ

Note explicitly that, although (32) is formally similar to (1), the stress given by (32) is
computed at the upper edge of the beam, not at the crack tip. Therefore, in the present
approach, the compressive stress is assumed increasing above the crack tip and having its
maximum at the top edge. Concrete crushing will be detected by comparing this stress to a
maximum admissible value. It is known [19] that, when concrete is close to crushing the stress
block may present its maximum in between the crack tip and the top edge. In this light the
hypothesis here assumed may be regarded as safe, and a lower collapse load may be obtained
when concrete crushing is involved. On the other hand, this collapse mechanism is usually
avoided in real applications because of the brittleness of the structural collapse.

By introducing two new non-dimensional functions YM
s and YP

s ; the above contributions can
be written as

sMc ¼
M

bh2
YM

s ðxÞ ð33Þ

sPi
c ¼

Pi

bh
YP

s ðx; ziÞ ð34Þ

ssc ¼
1

bh

Xnc
i¼1

Z z2i

z1i

s0ðwðyÞÞYP
s ðx; yÞ dy ð35Þ

To rewrite Equations (33)–(35) in non-dimensional form, the definition of brittleness numbers
and of non-dimensional bending moment M ¼ *MMKICbh

1:5 and traction Pi ¼ *PPibhsyri are
introduced, and being

Pi

bh
¼

*PPibhsyri
bh

N
ð1Þ
P

KIC

rsyh0:5
¼ N

ð1Þ
P

KIC

h0:5
ri
r

*PPi ð36Þ

s0
bh

¼ N
ð2Þ
P

KIC

gsuh0:5
s0
bh

¼ N
ð2Þ
P

KIC

bh1:5
s0
gsu

¼ N
ð2Þ
P

KIC

bh1:5
*ss0 ð37Þ

it follows that

sMc ¼
KIC

h0:5
YM

s ðxÞ *MM ð38Þ

sPi
c ¼

KIC

h0:5
N

ð1Þ
P

ri
r
YP

s ðx; ziÞ *PPi ð39Þ

ssc ¼ N
ð2Þ
P

KIC

bh1:5

Xnc
i¼1

Z z2i

z1i

*ss0ðwðyÞÞYP
s ðx; yÞ dy ð40Þ
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Consequently the following non-dimensional stresses *ssc are defined as

*ssMc ¼ sMc
h0:5

KIC
¼ YM

s ðxÞ *MM ð41Þ

*ssPi
c ¼ sPi

c

h0:5

KIC
¼ N

ð1Þ
P YP

s ðx; ziÞ *rri *PPi ð42Þ

*sssc ¼ ssc
bh1:5

KIC
¼ N

ð2Þ
P

Xnc
i¼1

Z z2i

z1i

*ss0ðwðyÞÞYP
s ðx; yÞ dy ð43Þ

so that

sMc ¼
KIC

h0:5
*ssMc ð44aÞ

sPi
c ¼

KIC

h0:5
*ssPi
c ð44bÞ

ssc ¼
KIC

bh1:5
*sssc ð44cÞ

and Equation (32) can be expressed in non-dimensional form:

*ssc ¼ *ssMc þ
Xm
i¼1

*ssPi
c þ *sssc ð45Þ

The determination of the functions YM
s and YP

s is carried out by finite elements analysis and
applying a non-linear regression of the numerical data. A cracked beam segment is considered,
subjected to a bending moment at the ends or to a force along the crack edges. In these two
configurations, the stress sc is evaluated discretizing half of the beam and using adaptive
meshing, Figure 7.

(a) (b)

Figure 7. Two F.E. models used for the evaluation of: (a) sMc ; and (b) sPc : The short, uniform arrows,
represent the constraints along the symmetry axis.
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The two evaluated functions are

YM
s ðxÞ ¼ �5:997þ 3:269 x�

5:400 x

ð1� xÞ2
� 16:311 x2 � 3:721 x3 ð46Þ

YP
s ðx; zÞ ¼

x� z

ð1� xÞ2
ð�10:286þ 10:959 x� 6:112 x2 � 9:574 zþ 13:509 x z� 3:835 z2Þ ð47Þ

The above development allows for evaluating the maximum compressive stress in the concrete
considering the effect of closing stresses distributed on the crack faces. This result cannot be
obtained with the traditional analysis showed in the previous section. A plot of the non-
dimensional stress, Equation (45), versus the crack depth x is shown in Figure 8. For the sake of
comparison to experimental results presented in the next section, the figure refers to the case
where no distributed closing stresses are present, i.e. N

ð2Þ
P ¼ 0; NP ¼ N

ð1Þ
P =0: The curves present

a slope discontinuity when yielding of the reinforcing bars occur. In the following section it will
be shown how the upper limit NPH ; Equation (31), can be derived from Figure 8 with reference
to results of experimental tests.
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Figure 8. Non-dimensional maximum compressive stress in the upper part of the cross section as a
function of the crack depth x:
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5. EXPERIMENTAL RESULTS

The behaviour predicted by inequality (31) has been confirmed by the experimental
results provided by Bosco and Carpinteri [20]. The authors examine three series of reinforced
beams by varying the cross section and the reinforcement area. The tests were performed
on 35 beams of classes A, B and C, with cross-sectional area equal to 100� 100; 100� 200
and 200� 400 mm; respectively, Figure 9, and concrete properties scu ¼ 48:2 Nmm�2;
KIC ¼ 63:4 Nmm�3=2: The examined reinforcement percentages are 0:12%; 0:25%; 0:50%;
1:00%; 2:00%: The beams are labelled with the letter of the series, the reinforcement percentage
and, occasionally, with the slenderness ratio L=h; e.g. A025-6 means a series A beam with
0:25% reinforcement and L=h ¼ 6: In Figure 10 the brittleness numbers computed for
the experimental tests are plotted together with the value of NPC ; Equation (30), and the curves
of NPH computed by limit state analysis, NPH(LS), Equation (29), and by the bridged crack
model, NPH(BC). The latter curve, NPH(BC), has been derived from Figure 8. In fact, in the
present case, the maximum non-dimensional stress in the concrete as a function of the cross
section height (44) is

*ssc ¼

ffiffiffi
h

p
KIC

sc ð48Þ

In Figure 11 the non-dimensional maximum stress value, computed with the above
material data and cross section heights h ¼ 50; 100; 200; 300; 400; 500 mm; intersects the x vs
*ssc curves. The *ssc curves are drawn for several values of N

ð1Þ
P ; and each one presents a slope

discontinuity when the steel reinforcement yields. Then, for a given height, the limit condition
occurs when at the same time the maximum value of *ssc is attained and the reinforcement
yields. The brittleness number in this situation is NPH and has been determined graphically
from the family of curves with varying N

ð1Þ
P ; Figure 11. These values are plotted in Figure 10 as

the solid curve NPH(BC). The comparison to the limit analysis approach (dashed line) evidences

Figure 9. Geometry of the beams tested by Carpinteri et al. (1999).
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a similar trend, but the Bridged Crack model is able to account for the presence of fibres or
cohesion of the matrix and its different dimensional effect, Equations (44). This topic is currently
under development.
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Figure 11. Determination of the brittleness number NPH :
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Figure 10. Brittleness numbers for the tested beams and curve of concrete crushing limit N
ð1Þ
PH :
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The experimental results confirm that all the beams above the NPH curve failed
experimentally because of concrete crushing, Figure 12, while the beams with NP5NPC failed
for insufficient reinforcement, Figure 13. All the above concepts about minimum and maximum
reinforcement can be immediately translated into minimum and maximum reinforcement area,
the brittleness number N

ð1Þ
P being proportional to this quantity. Equating the definition of N

ð1Þ
P

to Equation (29), and considering the data from Figure 11 and Equation (30), two curves are
determined enclosing the reinforcement percentages for a given section height so that the
mechanical behaviour is ductile. This is shown in Figure 14 for both the limit state (LS, dashed
curve) and bridged crack (BC, solid curve) approaches. The small oscillations observed in the
figure are due to the graphical procedure used to extract the NPH values from the parametric
curves in Figure 11.

For some beams of series B and C the load–displacement curves have been simulated by the
bridged crack model. The model produces as a result the values of the non-dimensional bending
moment and rotation as functions of the crack depth. For comparison with the experimental

Figure 13. Brittle failure mode (insufficient reinforcement) of the beam B012.

Figure 12. Brittle failure mode (crushing in compression) of the beam B200.
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results, these values have been converted into displacement versus load diagrams. The
conversion is realized by considering the scheme of Figure 15, where a three point bending test is
depicted. The displacement at midspan of the beam is supposed as given by the elastic part plus

L

k

P

P

P

δel

δφ

φ

Figure 15. Details of test beams and plastic hinge formation.
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Figure 14. Reinforcement percentages for ductile cross sections according to limit states (LS) and
bridged crack (BC) approaches.
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a rigid part due to the concentrated rotation of the cracked section. From the definition of non-
dimensional bending moment and rotation, we can write

MF ¼ *MMKICbh
1:5 ð49Þ

f ¼
*ffKIC

Enh0:5
ð50Þ

Consequently, the vertical load and displacement at midspan are given by

P ¼
4MF

L
ð51Þ

d ¼ del þ df ¼ MF
L2

48EnI
þ

fL
4

ð52Þ

where the inertia is related to the total cross section, L is the span length, and En ¼ E=2:2;
E being the conventional 28 days static modulus. This assumption is known in the literature, e.g.
References [21, 22], and takes into account the non-linear material behaviour in the zone ahead
of the crack tip.

The experimental and computed load vs deflection diagrams are reported in Figures 16
and 17. The numerical simulation has been carried out using the bridging option and assuming
the data reported in Reference [20]. The model is of course not able to reproduce the progressive
decrease in the tangent modulus due to concrete damage and to the formation of further
additional cracks along the span.

This effect is particularly marked in these experimental tests, chosen here to deal with the
concrete crushing problem. Other tests [11, 23] present an almost perfectly linear initial load–
displacement curve and can be reproduced much more accurately. Although the deflection is not
closely reproduced, the model is able of simulating the mechanical behaviour of the beams, and
noticeably the initially unstable behaviour of the ones with the lowest reinforcement percentage
(B025, C025), the steel yielding collapse of the beams B100 and C100, and the concrete crushing
collapse of B200 and C200.

Figure 16. Experimental and computed load vs deflection diagrams for the series B12 beams.
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Simulation results of the present model both with the bridging and cohesive options are
reported in Reference [6], where the experimental results from [23] are reproduced for both plain
and fibre reinforced concrete.

6. CONCLUSIONS

The bridged crack model has been recently extended to the simultaneous presence of
conventional steel bar reinforcement and fibres mixed into the cementitious matrix. The two
reinforcements act at different scales and influence each other in the global structural response.
Compared to classical limit state analysis, the introduction of Fracture Mechanics concepts in
the modelling of reinforced concrete members allows for determining ductile–brittle transitions,
scale effects and the contribution of fibres and, in general, non-linear matrix tensile behaviour. A
contribution for improving the numerical implementation of the model has been presented in
the paper, allowing for a much faster evaluation of the integrals accounting for the fibre/matrix
tensile behaviour. Moreover, crushing of the concrete is introduced in the model by determining
an upper bound to the brittleness number. When coupled to the results presented for the
minimum reinforcement [20], this allows for defining a ductility domain. The ductility domain
allows for designing the collapse mechanism for a beam in bending by simply evaluating its
brittleness number. This extension to the model is here presented in the general case of
simultaneous presence of fibres and steel reinforcement bars. It is however numerically tested in
the case of conventional steel bar reinforcement due to limitations in the availability of
experimental data.
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