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Abstract

The fractal approach to the mechanics of materials with a multiscale microstructure provides an elegant and unified

explanation of the size effects the cohesive crack model parameters are subjected to. Aim of this paper is to collect the

most recent developments of the fractal approach by Carpinteri and co-workers to damage and fracture of quasi-brittle

materials. The first part shows how fractal patterns in the tensile failure of concrete specimens can be derived from the

grain size distribution of the aggregates constituting the material. Once the concrete microstructure is analyzed, the

geometrical and mechanical fractal quantities are highlighted. In terms of these quantities, a fractal cohesive crack

model is proposed and its size-independence is proven. In the middle part of the paper, new mathematical operators

from fractional calculus are introduced and applied to write the differential equations valid for fractal mechanical

quantities and domains. The static and kinematic equations as well as the principle of virtual work for media with a

fractal microstructure are obtained. The new mathematical formalism is applied to simple cases in order to obtain

analytical results, such as the size effect upon strength in bending tests. The last part of the paper is devoted to the

geometrical multifractal extensions of the scaling laws previously obtained. A multifractal scaling law (MFSL) for

the critical displacement is proposed: together with the MFSLs for tensile strength and fracture energy, it completes the

description of the size effects upon the cohesive crack model parameters.
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1. Introduction

The problem of scaling is of central importance in any physical theory. In the field of structural me-
chanics, the study of scale effects is acquiring a prominent role, due to the need for a proper prediction of

the mechanical properties in large-sized structures, based on the available test data. The development of

high-performance materials, coupled with more and more restrictive safety rules, also requires a more

precise knowledge of the structural behaviour of large-sized structures.
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In solid mechanics, a distinction has to be made between the structural scale effects and the size effects on

the (apparent) mechanical quantities. Regarding the first effect, a transition from ductile to brittle be-

haviour can be evidenced when the size of the structure increases [1,2]. This kind of scale effect is detected in

all the engineering materials (e.g. the brittleness of the Liberty ships compared to the ductility of Griffith�s
glass filaments). As the size of the structure increases, a more catastrophic failure is expected, since the rate

of energy release due to fracture is progressively higher than the rate of energy consumption on the crack

surface. Dimensional Analysis is perhaps the best tool to get a first physical insight into this phenomenon.

While, in fact, the energy release rate scales with the structure size according to ½L�3, the energy dissipated

on the crack surface scales according only to ½L�2. Carpinteri and Chiaia [3] demonstrated that this di-

mensional competition is smoothed when energy dissipation occurs also in the volume, as it is the case of

process zones where damage and plasticity occur.

We can therefore conclude that the structural scale effect is mainly due to the localization of damage in
the failure process of structures composed by quasi-brittle materials. Nowadays, the most used model to

describe damage localization in materials with disordered microstructure (also called quasi-brittle or

concrete-like materials) is the cohesive crack model, introduced by Hillerborg et al. [4]. According to Hil-

lerborg�s model, the material is characterized by a stress–strain relationship (r–e), valid for the undamaged

zones, and by a stress–crack opening displacement relationship (r–w, the cohesive law), describing how the

stress decreases from its maximum value ru to zero as the distance between the crack lips increases from

zero to the critical displacement wc. The area below the cohesive law represents the energy GF spent to

create the unit crack surface [4].
Unfortunately, uniaxial tensile tests on dog-bone shaped concrete specimens [5,6] have shown that the

material parameters characterizing the cohesive model are themselves functions of the structural size. This

peculiar behaviour is generally referred to as size effect.

A consistent explanation of the size effects affecting the cohesive law parameters was provided by

Carpinteri [7,8] assuming fractal damage domains. The present paper is intended to be a survey of the most

recent developments and applications of the fractal approach to quasi-brittle material fracture mechanics.

We refer the interested reader to the more specific papers quoted in the references [9–13].

In concrete structures, the hypothesis of damage domains showing fractal patterns received several
experimental confirmations (see, for instance, [14,15]). The first aim of the present paper is to provide a

theoretical explanation of the fractality of the concrete damage domains based on the aggregate size dis-

tribution (see Section 2). As is well-known, the weakest link in normal strength concrete is represented by

the interface between the cementitious matrix and the aggregates. Therefore it seems reasonable to look for

a link between the aggregate grading and the fractal features (e.g. the fractal dimension) of the damage

zones. In Section 3, attention will be focused on the computation of the fractal dimension of the region

where energy is dissipated during the failure process, while in Section 4 we will deal with the computation of

the fractal dimension of the zone where stress is transferred at the peak load.
The main discipline we will use to perform the fractal analysis is Stereology, which encompasses the

geometrical probability aspects of the problem. For what concerns the stereology applied to concrete, we

refer to the papers by Stroeven [16–18], while useful fractal concepts can be found in the book by Turcotte

[19], whose fragmentation analysis is analogous to the stereological approach we are going to develop here.

It is found that the surface of the aggregates inside the damage band where the main crack will grow in

the last stage of the tensile failure can be modelled by an invasive fractal set of dimension larger than 2.

Furthermore, we obtain the probability density function of the diameters of the intersections of the grains

with a plane parallel to the damage band; this function shows that the resistant cross-section can be
modelled by a lacunar fractal set with dimension lower than 2.

Once the fractal features of the concrete microstructure are outlined, it is straightforward to show that

both the geometrical quantities (i.e. the area of the resistant cross-section, the area of the final crack surface

and the thickness of the damage band) and the related physical quantities (i.e. the tensile strength, the
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fracture energy and the critical displacement) become nominal quantities and are, therefore, size-dependent.

On the other hand, fractal quantities should be introduced: they are the true scale-invariant material pa-

rameters. The fractal strength and fractal fracture energy were introduced by Carpinteri in 1994 [7], while

the fractal critical strain has been introduced more recently [9–11]. Moreover, in terms of these new fractal
quantities, it is possible to build a scale-independent (or fractal) cohesive crack model [11] that overcomes the

drawbacks of the original cohesive crack model. The model is summarized in Section 5.

In order to write field equations valid in fractal domains and in terms of quantities with noninteger

physical dimensions, we need a suitable mathematical tool, since a fractal function cannot be a solution of a

classical partial differential equation. The main characteristic of fractals is their irregularity over all length

scales. This irregularity is the reason for the noninteger dimensions of fractal sets and, unfortunately, it

makes them very difficult to handle analytically since the usual calculus is inadequate to describe such

structures and processes. Fractals are too irregular to have any smooth differentiable function defined on
them.

We argue that the local fractional calculus recently introduced by Kolwankar and Gangal [20] can be the

mathematical instrument we are looking for. Based on fractional calculus, they defined new mathematical

operators that appear to be useful in the description of fractal processes. It is important to emphasize that,

what seems to be really interesting in studying fractals via fractional calculus, are the noninteger physical

dimensions that arise dealing with both fractional operators and fractal sets. This means to find the same

scaling laws both from the analytic and geometric point of view.

We devote Section 6 to the classical fractional calculus and to the definitions of the local fractional
operators, i.e. the local fractional derivative and the fractal integral. In Section 7, we apply the fractal

integral to the computation of the flexural tensile strength of a concrete beam. Its size effect will be

highlighted.

Then, by using local fractional calculus, in Section 8 we propose new static and kinematic field equations

for solids deformable on a fractal subset. For what is shown in Sections 2–4, concrete could be considered

such a material. We will write the field equations for the 1D and the 3D problem. The 1D problem, i.e. the

case of the fractal bar, will be explicitly solved in Section 9 and the size effect upon its deformability will be

briefly discussed.
Finally, Section 10 considers the extension of the scaling laws previously introduced to the geometrical

multifractal case. Geometrical multifractality (i.e. self-affinity) must be introduced when a very broad range

of scales has to be analyzed. In fact, the effect of the fractality of the concrete microstructure loses im-

portance by increasing the structural size: this is well described by self-affine sets, where there is a transition

from a fractal regime at the smallest scale to an Euclidean regime at the largest scale. In the latter case, the

size effects caused by fractality disappear. In Section 10, besides the multifractal scaling laws (MFSLs) for

fracture energy and tensile strength already introduced by Carpinteri and co-workers [21,22], a multifractal

scaling law for the critical displacement is proposed and discussed.
2. The aggregate cumulative sieve curve and the related grain size probability distribution function

In the present section as well as in Sections 3 and 4, we will perform a stereological (and fractal) analysis

of concrete microstructure based on the papers by Stroeven [16–18]. More details of the following com-

putations will be published in [13].

The basis for the dimensional characterization of the concrete aggregates is the sieve analysis. The sieve

curve describes the weight fraction W ðdÞ of the aggregates passing through a sieve with d-wide mesh.

Thanks to its good packing property, the most common sieve curve used to prepare concrete is the so-called

F€uuller curve: W ðdÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d=dmax

p
. Henceforth we will refer to the F€uuller aggregate size cumulative distribu-

tion. Furthermore, we will assume the aggregates to be spheres of diameter d comprised between a
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maximum value, dmax ¼ 20 mm, and a minimum value, dmin ¼ 0:2 mm (hence dmin=dmax ¼ 1=100). In large

buildings, the largest aggregate size is usually proportional to the size of the structure: in dams, for instance,

dmax can be set equal to 120 mm.

It can be easily shown [17] that the F€uuller sieve curve can be expressed in terms of probability density
function (PDF) as follows:
f ðdÞ ¼ 2:5
d2:5
min

d3:5
ð1Þ
where f ðdÞdd is the fraction of grains with diameter belonging to the interval ½d; d þ dd� andR dmax

dmin
f ðdÞdd ¼ 1. Eq. (1) shows clearly that the number of small particles is higher than that of large ones,

since the former must fill the gaps between the latter. We will denote by dV; d2
V; d

3
V the first three moments of

the PDF (1). The first moment represents the average diameter in the concrete volume, while the second and

third are proportional to the average grain surface and volume, respectively.

In order to study the weakening effect of the aggregates in the stress transfer mechanism inside concrete,

the size distribution of the particles on a cutting plane is requested. To fix the ideas, let us refer to a concrete

cube of side b cut by a plane a as shown in Fig. 1, where, for the sake of clarity, only a few particles have

been drawn. We denote by NV and NP respectively the number of grains inside the volume and the number
of grains intersected by the plane a. Denoting by gðdÞ the PDF of the grain diameters intersected by the

plane a, it is possible to prove the following relationships:
NP ¼
Z dmax

dmin

d
b
NV f ðdÞdd ¼ NV

b
dV ð2Þ

gðdÞ ¼ d

dV
f ðdÞ ð3Þ
Interestingly, the first moment of Eq. (3) (i.e. the average diameter dP of the particles intersecting the plane

a) is higher than the average diameter in the bulk dV. In the literature this phenomenon is called coarsening.

Eventually, wishing to find the relationship between the concrete volume and the number of grains inside
it, we need one more parameter, i.e. the volume fraction fa of the aggregates. This fraction must be rather
Fig. 1. A concrete specimen: grain distribution in the bulk and on a plane a.
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high, since the aim is a good particle packing but also a sufficient fluidity of the mixture when the concrete is

cast. In normal strength concrete the aggregates occupy about three fourth of the total volume; i.e.

fa ’ 0:75. The total number of particles inside the cube of side b is, therefore,
NV ¼ fab3

ðp=6Þd3
V

ð4Þ
This means that, when the above data are considered, the particles inside 1 m3 of concrete are about

4 billion!
3. Fractal analysis of the aggregate–matrix interface

As will be shown in Section 5, according to the fractal approach, the size effect on the fracture energy can

be explained only if the domain where energy is dissipated is fractal. If it is not, no size effect should be

expected.

We will make two different hypotheses about the region where dissipation takes place and we will

perform a fractal analysis of this region. With fractal analysis we mean essentially the computation of the
fractal dimension of a given set. The easiest way to do it, is to measure the area of the set at different

resolution levels and to study how the measure varies increasing the resolution. If it diverges, the set is an

invasive fractal (i.e. with a dimension larger than 2); if it tends to zero, it is a lacunar fractal (i.e. with a

dimension lower than 2); if it converges to a finite value different from zero, it is simply an Euclidean

surface. The exponent of the power law describing the graph of the measure vs. the resolution represents the

difference from 2 of the fractal dimension of the given set. For the sake of simplicity, the resolution level will

be identified by the grain diameter itself, even if, formally, the resolution should be the inverse of the di-

ameter. For instance, a resolution of level d means to be able to capture the contribution of particles whose
diameter is larger than or equal to d.

Now, let us consider the simple scheme of uniaxial tensile test of the normal strength concrete specimen

drawn in Fig. 2b. As experimentally detected, we assume the crack to be intergranular; i.e. no grain breaks.

The grains remain bonded to the side of the specimen containing their larger side. We further assume the

portion of the crack that lies in the cementitious matrix to be flat.
Fig. 2. Concrete specimen tensile test: intergranular crack (a) and damage band (b).
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We make two different hypotheses about the energy dissipation region: the former assumes this region to

be the crack surface (Fig. 2a), whereas the latter assumes, as dissipation zone, the surface of all the grains

included in a damage band of thickness a (Fig. 2b).

For what concerns the former hypothesis, we see from Fig. 2a that the crack surface is composed by the
surface of the cementitious matrix plus the surface of the grains. The area occupied by the matrix is simply

equal to the fraction (1� fa) of the cross-section, while, increasing the measure resolution, more and more

grains can be detected: hence the measure of the crack surface increases with the resolution. An upper

bound for the portion of the crack area occupied by the grains is the sum S of the areas of the surfaces of all

the grains cut by the plane of the crack, whose distribution is given by Eq. (3). S is a function of the

resolution d according to
Fig. 3.

of the
SðdÞ ¼
Z dmax

d
NPgðdÞpd2 dd ¼ 5pNPd2:5

mind
0:5
max

dV
1

 
�

ffiffiffiffiffiffiffiffiffi
d

dmax

s !
ð5Þ
As d tends to zero (infinite resolution), SðdÞ converges to a finite value (see Fig. 3). As stated above, this

means that the crack surface is not a fractal set: it is simply a rough surface. Therefore, no size effect over

the fracture energy should appear. Since this is not the case, we reject the former hypothesis and consider

the latter one, according to which energy is dissipated over the interface between the matrix and the grains

included in a a-wide damage band (Fig. 2b). In this case the area AdisðdÞ of all the interfaces is
AdisðdÞ ¼
Z dmax

d

a
b
NVpd2f ðdÞdd ¼ 5p

a
b
NVd2

min

ffiffiffiffiffiffiffiffi
dmin

d

r"
�

ffiffiffiffiffiffiffiffiffi
dmin

dmax

s #
ð6Þ
where, for the sake of simplicity, we have assumed a specimen height equal to b. As the resolution increases

(d tends to zero), AdisðdÞ diverges. This means that, in a certain range of scales, the set represented by the

interfaces shows an invasive fractal trend. In addition, as is shown in Fig. 3 where S and Adis vs. measure

resolution are plotted in a bilogarithmic, dimensionless diagram (assuming a equal to 3dmax), Eq. (6) is very

well approximated, for not too low resolutions, according to a power law with the exponent equal to )0.5:
this fact allows us to state that the aggregate surface inside the damage band can be modelled by an invasive

fractal set of dimension 2.5. The model is therefore able to predict the size effect on fracture energy, as will

be pointed out in Section 5.
Bilogarithmic and dimensionless plot of the area S of the grains belonging to the fracture surface (gray line) and of the area Adis

aggregate–matrix interface inside the damage band (black line) vs. measure resolution.
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Finally, let us consider that there are experiments that lead to believe the latter hypothesis to be more

realistic than the former one, even if less intuitive. For instance, acoustic emission analyses during tensile

testing performed by Shah on concrete specimens [23] showed that several damage phenomena take place

inside the bulk all along the failure process. While at an early stage of loading they are spread all over the
volume, near and after the peak load damage phenomena concentrate in a narrow band where, at the

ultimate stage of the softening regime, the main crack appears. For these reasons, Ba�zzant and Oh [24]

developed their crack band model. Our model is however more complex, since we consider damage to be

fractal-like inside the damage band.
4. Fractal analysis of the cementitious matrix cross-section

Now we turn our attention to the stress transfer inside the damage band of the concrete specimen

subjected to a tensile load (Fig. 2b). As stated in the previous section, we assume that, inside the damage

zone, microcracks develop all around the aggregate near by the peak load. Therefore, the size distribution

of the circular intercepts of the grains with the plane of the section (Fig. 4a) could be considered as rep-

resenting the size distribution of the initial bond cracks that have weakened the cross-section in an early
stage of loading [16].

Denoting by / the diameter of the circle intersected by the section plane cutting a grain of diameter d
(see Fig. 4b), the following relation holds:
Fig. 4.

particl
y ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 � /2

q
2

ð7Þ
where y is the distance of the center of the spherical grain from the plane of the cross-section. Based on the

PDF gðdÞ of the diameters d of the particles intersected by a plane––see Eq. (3)––we intend to obtain the

PDF rð/Þ of the diameters / of the circles belonging to the cross-section. The total number of circles
belonging to the section is obviously NP––see Eq. (2). The number of circles with diameter comprised

between / and / þ d/ is given by the sum of the compound events to find a particle with diameter d P /
whose center shows a distance from the section plane comprised between y and y þ dy. Since we deal with
continuous distributions, the sum, in mathematical terms, is an integral between / and dmax, if / P dmin, and

between dmin and dmax, if / < dmin. On the other hand, the probability that the center of a sphere lies at a

distance y from the section plane is 2dy=d ð06 y6 d=2Þ. Therefore the number of circles with diameter

comprised between / and / þ d/ is
Cross-section of a concrete specimen: 2D distribution of the grain circles intersected by the section plane (a) and detail of a

e (b).
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NPrð/Þd/ ¼
Z dmax

dmin ;/
NPgðdÞ

2dy
d

dd ð8Þ
The link between y and / is given by Eq. (7). Eq. (3) as well as the differentiation of Eq. (7) lead to the

following result for the PDF rð/Þ:
rð/Þ ¼

/

dV

Z dmax

dmin

f ðdÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 � /2

q dd if 06/ < dmin

/

dV

Z dmax

/

f ðdÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 � /2

q dd if dmin 6/6 dmax

8>>>>><
>>>>>:

ð9Þ
In the case of the F€uuller sieve curve, f ðdÞ is given by Eq. (1) and no analytical solutions can be found for

function rð/Þ. However, an accurate numerical integration can be performed by means of the Gauss–

Chebyshev quadrature formula [13]. The result is plotted in Fig. 5. Note that function rð/Þ is continuous
over the whole domain of existence, even if it has a singularity for / ¼ dmin.

We are now able to compute the area Ares occupied by the cementitious matrix on a generic cross-section

varying the measure resolution. As stated above, this area represents the true resistant cross-section at the

peak load, since the bond cracks fully develop around the grains inside the damage band.
The area of the matrix (the black portion of Fig. 4a) can be found by subtracting from the nominal area

b2 of the cross-section the area occupied by the grains. Increasing the measure resolution (i.e. decreasing /),
more and more grains can be detected and subtracted from the nominal area. That is
Aresð/Þ ¼ b2 �
Z dmax

/
NPrð/Þ

p/2

4
d/ ð10Þ
Upon substitution of Eqs. (2) and (4) and dividing by b2, we get
Aresð/Þ
b2

¼ 1� 3fadV

2d3
V

Z dmax

/
rð/Þ/2 d/ ð11Þ
Performing a numerical evaluation of rð/Þ, the dimensionless matrix area (11) can be plotted in Fig. 6. In

the same figure we plotted also the graph of the area of a deterministic fractal set of dimension 1.67, which

is exactly a power law. The two curves are very close. We can therefore conclude that the resistant cross-
Fig. 5. Probability density function of the diameters of the grain circles intersected by the plane of the cross-section.



Fig. 6. Dimensionless area of the resistant cross-section (black line) and of a deterministic lacunar fractal set (gray line) vs. measure

resolution.
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section inside the damage band can be realistically modelled by a lacunar fractal set of dimension 1.67.

Hence the model is able to predict the size effect on the tensile strength, as will be pointed out in Section 5.

Finally, let us consider that the fractal dimension of the resistant cross-section given by the analysis of

Eq. (11) depends on the volume fraction occupied by the aggregates, fa. More in detail, for very high values
of the volume fraction (fa ’ 0:9) the fractal dimension tends to the value 1.5, while for low values of fa it
tends to 2, i.e. the dimension of an Euclidean surface. In other words, aggregates are the cause of multiscale

character inside the concrete microstructure. Eliminating the aggregates, both the fractal features and the

related power laws describing the size effects of mechanical properties disappear (see Section 5).
5. Size-independent cohesive crack model

In the present section, the geometrical results of the fractal analysis of damage domains performed in the

previous sections will be exploited to explain the size effects upon the mechanical quantities characterizing

the cohesive law (Fig. 9b) observed during experiments [5–7]. Besides, a fractal cohesive model independent

of the structural size will be proposed [11].

First of all, let us consider the work W necessary to break a concrete specimen (Fig. 2b) of cross-section

b2. It is equal to the product of the fracture energy GF times the nominal fracture area A0 ¼ b2. On the other

hand, we assumed that the surface where energy is dissipated is not the flat cross-section: it is the surface of
the aggregates inside the damage band (Fig. 7c), whose area Adis diverges as the measure resolution tends to

infinity––see Eq. (6). Therefore the fracture energy should be zero, which is meaningless. Finite values of

the measure of the set where energy is dissipated can be achieved only via the fractal (Hausdorff) measure

[25] of the considered set, A	
dis 
 b2:5, to which the fractal fracture energy G	

F corresponds [7]
W ¼ GFA0 ¼ G	
FA

	
dis

GF 
 G	
Fb

0:5
ð12Þ
G	
F is the true scale invariant material parameter, whereas the nominal value GF is subjected to a scale effect

described by a positive power law.

A similar argument holds for the tensile strength. The maximum tensile load F is equal to the product of

the strength ru times the nominal area A0 ¼ b2. On the other hand, we showed that the surface of the

resistant cross-section is not the whole section: it is the portion of the surface occupied by the cementitious
matrix (Fig. 7a), whose area Ares tends to zero as the measure resolution tends to infinite––see Eq. (11).



Fig. 7. Fractal localization of stress (a), strain (b), energy dissipation (c).
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Therefore, the strength should be infinite, which is meaningless. Finite values of the measure of the set

where stress is transferred can be achieved only via the fractal (Hausdorff) measure [25] of the considered
set, A	

res 
 b1:5, to which the fractal strength r	
u corresponds [7]
F ¼ ruA0 ¼ r	
uA

	
res

ru 
 r	
ub

�0:5
ð13Þ
r	
u is the true scale invariant material parameter, whereas the nominal value ru is subjected to a scale effect

described by a negative power law. The absolute value 0.5 for the exponents of the power laws (12) and (13)

is an upper bound, since they were derived according to the hypothesis that all the bond interfaces fail

inside the damage band. More generally, therefore, the two power laws should be re-written as
GF 
 G	
Fb

þdG ð14Þ

ru 
 r	
ub

�dr ð15Þ
where (2þ dG) and (2� dr) are respectively the invasive and lacunar fractal dimensions of the domains
where energy is dissipated and stress is transferred. The two scaling exponents dG and dr depend on the

material and the kind of test. On the other hand, as we have shown, they are always positive and comprised

between 0 and 1=2. Finally, notice that the fractal fracture energy G	
F and the fractal tensile strength r	

u

show anomalous physical dimensions: respectively ½FL�½L��ð2þdGÞ and ½F �½L��ð2�drÞ.

Now we turn our attention to the deformation inside the damage zone. We assume that the strain field

presents fractal patterns. This could appear strange at a first glance; on the contrary, fractal strain dis-

tributions are rather common in material science. For instance, in some metals, the so-called slip-lines

develop with typical fractal patterns [26]. Also fractal crack networks develop in dry clay or in old paintings
under tensile stresses due to shrinkage. Thus, as representative of the damaged band, consider now the

simplest structure, a bar subjected to tension (Fig. 7b), where, at the maximum load, dilation strain tends to

concentrate into different softening regions, while the rest of the body undergoes elastic unloading.

Assume, for instance, that the strain is localized at cross-sections whose projections onto the longitudinal

axis are provided by the triadic Cantor set, whose dimension is ln 2= ln 3 ¼ 0:6391; the displacement

function at rupture can be represented by a Cantor staircase graph, sometimes also called devil�s staircase
(Fig. 7b). The strain defined in the classical manner is meaningless in the singular points, as it diverges. This

drawback can be overcome by introducing a fractal strain. Let us indicate with 1� de (de P 0) the fractal
dimension of the lacunar projection of the damaged sections (in this case 0.6391). According to the fractal
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measure of the damage line projection, the total elongation wc of the band at rupture must be given by the

product of the Hausdorff measure b	 
 bð1�deÞ of the Cantor set times the critical fractal strain e	c , while in

the classical continuum theory it equals the product of the length b times the critical strain ec:
wc ¼ ecb 
 e	cb
ð1�deÞ

ec 
 e	cb
�de

ð16Þ
where e	c has the anomalous physical dimension ½L�de . The fractal critical strain is the true material constant,

i.e. it is the only scale-invariant parameter governing the kinematics of the fractal band. On the other hand,
Eq. (16) states that the scaling of the critical displacement is described by a power law with positive ex-

ponent ð1� deÞ. The fractional exponent de is intimately related to the degree of disorder in the mesoscopic

damage process. When de varies from 0 to 1, the kinematical control parameter e	c moves from the canonical

critical strain ec––of dimension ½L�0––to the critical crack opening displacement wc––of dimension ½L�1.
Therefore, when de ¼ 0 (diffused damage, ductile behaviour), one obtains the classical response, i.e. collapse

governed by the strain ec, independently of the bar length. In this case, continuum damage mechanics holds,

and the critical displacement wc is subjected to the maximum size effect (wc 
 b). On the other hand, when

de ¼ 1 (localization of damage onto isolated sections, brittle behaviour) fracture mechanics holds and the
collapse is governed by the critical opening displacement wc, which is size-independent as in the cohesive

model.

The three size effect laws (14)–(16) of the cohesive law parameters are not completely independent one of

the other. In fact, there is a relation among the scaling exponents that must be always satisfied. This means

that, when two exponents are given, the third follows from the first two. In order to get this relation,

suppose, for instance, to know dr and de. Generalizing Eqs. (15) and (16) to the whole softening regime, we

get r 
 r	b�dr and w 
 e	bð1�deÞ. These relationships can be considered as changes of variables and applied

to the integral definition of the fracture energy:
GF ¼
Z wc

0

rdw 
 b1�de�dr

Z e	c

0

r	 de	 ¼ G	
Fb

1�de�dr ð17Þ
Eq. (17) highlights the effect of the structural size on the fracture energy, as Eq. (14) does. Therefore,

comparing Eqs. (14) and (17), we get the relation among the exponents:
dr þ de þ dG ¼ 1 ð18Þ
Note that, from a physical point of view, the geometrical relationship (18) states that, after the peak load,

the energy is dissipated over the infinite lacunar sections where softening takes place inside the damage

band (Fig. 7a–c). While de can get all the values inside the interval ½0; 1�, dr and dG tend to be comprised

between 0 and 1=2 (Brownian disorder). Eq. (18) provides a strict restriction to the maximum degree of

disorder, confirming that the sum of dr and dG is always lower than 1, as previously asserted by Carpinteri

through dimensional analysis arguments [8].

It is interesting to note how, from Eq. (17), the fractal fracture energy G	
F can be obtained as the area

below the fractal softening stress–strain diagram (Fig. 8b). During the softening regime, i.e. when dissi-

pation occurs, r	 decreases from the maximum value r	
u to 0, while e	 grows from 0 to e	c . In the meantime,

the nondamaged parts of the bar undergo elastic unloading (Fig. 8a). We call the r	–e	 diagram the scale-

independent or fractal cohesive law. Contrarily to the classical cohesive law, which is experimentally sen-

sitive to the structural size, this curve should be an exclusive property of the material, it being able to

capture the fractal nature of the damage process.

The model has been applied to the data obtained in 1994 by Carpinteri and Ferro [5,28] for tensile tests

on dog-bone shaped concrete specimens of various sizes under controlled boundary conditions (Fig. 9a).
They interpreted the size effects on the tensile strength and the fracture energy by fractal geometry. Fitting



Fig. 8. Fractal cohesive model.

Fig. 9. Tensile tests on dog-bone shaped concrete specimens (a) by Ferro [27]: cohesive law diagrams (b), fractal cohesive law dia-

grams (c).
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the experimental results, they found the values dr ¼ 0:14 and dG ¼ 0:38. Some of the r–w diagrams are

reported in Fig. 9b, where w is the displacement localized in the damage band, obtained by subtracting,

from the total one, the displacement due to elastic and anelastic pre-peak deformation. Eq. (18) yields

de ¼ 0:48, so that the fractal cohesive laws can be plotted in Fig. 9c. As expected, all the curves related to

the single sizes tend to merge in a unique, scale-independent cohesive law. The overlapping of the cohesive
laws for the different sizes proves the soundness of the fractal approach to the interpretation of concrete size

effects.

More recently, van Mier and van Vliet [6] accurately performed tensile tests on dog-bone shaped con-

crete specimens over a wide scale range (1:32) under rotating boundary conditions (Fig. 11a). They plotted

the cohesive law for specimens of different sizes and found that, increasing the specimen size, the peak of the
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curve decreases whereas the tail rises [30]. In other words, ru decreases whereas wc and GF increases, thus

confirming the prediction of the fractal model.

A preliminary analysis of the data obtained by van Mier and van Vliet [6] has been performed according

to the fractal cohesive model. We considered the average values obtained for the different specimen sizes.
The data of the smallest specimen size (D ¼ 50 mm) were not considered, since, as stated by the authors,

secondary effects are present (e.g. the influence of the largest grains and the wall effect) that bias the results.

Furthermore, the authors were not able to obtain the whole tail of the softening branch for the specimens of

the larger sizes. In order to obtain the value of the fracture energy, they completed the cohesive laws via a

linear extrapolation. This procedure, although rigorous, leads to an underestimate of the computed fracture

energy since it does not respect the concavity of the curve. Therefore, we decided to complete the cohesive

law diagrams in a somehow arbitrary way maintaining the concave shape for all the specimen sizes (Fig.

11b). Observing the intersections of the curves with the axes, it is evident that the higher is the peak, the
shorter is the tail.

Linear regressions in the bilogarithmic plots of tensile strength and fracture energy vs. specimen cross-

section size were performed (Fig. 10). We found respectively a fractal fracture energy G	
F equal to

9:22� 10�2 Nmm�1:09 and a fractal tensile strength r	
u equal to 6.42 Nmm�1:82, with fractal exponents

dG ¼ 0:09 and dr ¼ 0:18. The correlation coefficients were found to be respectively RG ¼ 0:995 and

Rr ¼ 0:990; their values close to unity prove the soundness of the power law scaling. The relation (18)

among the scaling exponents yields de ¼ 0:73, so that the fractal cohesive laws can be plotted in Fig. 11c.

Once again the superposition of the different plots denotes the validity of the fractal cohesive model.
Particularly, note the low scattering of the intersections with the vertical and horizontal axes in respect to

the ones of Fig. 11b: they represent respectively the fractal critical strain e	c and the fractal tensile strength

r	
u, while the area subtended by the fractal cohesive law diagrams provides G	

F. An even clearer repre-

sentation is reported in Fig. 12, where different scales are used for low or high values of both the axes

coordinates.

To conclude the first part of the paper, it is worth observing how fractal patterns and related size effects,

often detected in concrete tensile tests, can be seen as a consequence of the aggregate size distribution.

Through stereological concepts and fractal analyses, we gave a theoretical description of the role of the
aggregate in the tensile failure of concrete specimens. This seems particularly interesting, since, as pointed

out recently [31], the aggregate is the cause of the tougher behavior of concrete with respect to mortar and

hardened cement paste. Further experiments and analyses in this direction should be carried out in order to

highlight the effects of aggregate grading and aggregate volume fraction.
Fig. 10. Tensile strength (a) and fracture energy (b) vs. specimen size: experimental data by van Vliet [29] and linear interpolation in the

bilogarithmic plot.
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6. Local fractional calculus and fractal functions

Once the multiscale microstructure geometry has been described and the fractal mechanical quantities

defined, we need suitable mathematical instruments to write differential equations in terms of such quan-
tities and upon such irregular domains.

As is well-known, fractals cannot be handled by classical calculus. No fractal function can be the so-

lution of a classical differential equation. Therefore, it is argued that a new calculus should be developed

which intrinsically includes a fractal structure [32]. Recently Kolwankar [33], based on fractional calculus,

defined new mathematical operators––the local fractional derivative and the fractal integral––that appear

to be useful in the description of fractal processes. It is important to emphasize that, what seems to be really

interesting in studying fractals via fractional calculus, are the noninteger physical dimensions that arise

dealing with both fractional operators and fractal sets. This means to find the same scaling laws both from
the analytic and geometric point of view.

Let us consider the classical fractional calculus. While classical calculus treats integrals and derivatives of

integer order, fractional calculus is the branch of mathematics dealing with the generalization of integrals

and derivatives to all real (and even complex) orders. There are various definitions of fractional differentio-
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integral operators, not necessarily equivalent to each other. A complete list of these definitions can be found

in the fractional calculus treatises [34–37]. These definitions have different origins. The most frequently used
definition of a fractional integral of order q (q > 0) is due to Riemann–Liouville and is a straightforward

generalization to noninteger values of Cauchy formula for repeated integration:
d�qf ðxÞ
½dðx� aÞ��q ¼

1

CðqÞ

Z x

a

f ðyÞ
ðx� yÞ1�q dy ð19Þ
From this formula, it appears logical to define the fractional derivative of order n� 1 < q < n (n integer) as

the nth integer derivative of the ðn� qÞth fractional integral:
dqf ðxÞ
½dðx� aÞ�q ¼

1

Cðn� qÞ
dn

dxn

Z x

a

f ðyÞ
ðx� yÞqþ1�n dy ð20Þ
Once these definitions are given, it is natural to write differential equations in terms of such quantities. In

the last decade, many fractional differential equations have been proposed and solved. They include re-

laxation equations, wave equations, diffusion equations, etc. [38]. In these generalizations, one replaces the
usual time derivatives of integer order by fractional ones. In such a way, by varying the order of derivation,
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it is possible to obtain a continuous transition between completely different models of the mathematical

physics. Of course, when q is not a positive integer, the fractional derivative (20) is a nonlocal operator since
it depends on the lower integration limit a. The chain rule, the Leibniz rule, the composition law and other

properties have been studied for fractional derivatives [34]. Looking for a link between fractional calculus
and fractals, it is worthwhile to cite the following scaling property (for a ¼ 0):
dqf ðbxÞ
½dx�q ¼ bq

dqf ðbxÞ
½dðbxÞ�q ð21Þ
It means that the fractional differentio-integral operators are subjected to the same scaling power laws the

quantities defined on fractal domains are subjected to (q being the fractal dimension). For the scaling

property in the case a 6¼ 0, see [34].

More recently, another important result has been achieved concerning the maximum order of fractional

differentiability for nonclassical differentiable functions. Let us explain this property for two kinds of
functions: the Weierstrass function and the Cantor staircase. The first one is continuous but nowhere

differentiable. The singularities are locally characterized by the H€oolder exponent, which is everywhere

constant and equal to a certain value s, 0 < s < 1. It is possible to prove that the graph of this function is

fractal with a box-counting dimension equal to 2� s and hence greater than 1. Although fractal, the

Weierstrass function admits continuous fractional derivatives of order lower than s. Hence, there is a direct

relationship between the fractal dimension of the graph and the maximum order of differentiability: the

greater the fractal dimension, the lower the differentiability. We have already encountered a Cantor

staircase in Section 5. This kind of function (Fig. 7b) can be obtained [25] as the integral of a constant mass
density upon a lacunar fractal set belonging to the interval ½0; 1�. The result is a monotonic function that

grows on a fractal support; elsewhere it is constant. The devil�s staircases are not fractal since they present a

finite length; on the other hand, they have an infinite number of singular points characterized by a H€oolder
exponent equal to the fractal dimension of the support. Schellnhuber and Seyler [39] proved that the Cantor

staircases admit continuous fractional derivatives of order lower than the fractal dimension of the set where

they grow.

From a physical point of view, some efforts have been spent to apply space fractional differential

equations to the study of phenomena involving fractal distributions in space. Here we quote Giona and
Roman [40], who proposed a fractional equation to describe diffusion on fractals, and Nonnenmacher [41],

who showed that a class of L�eevy type processes satisfies an integral equation of fractional order. This order

is also the fractal dimension of the set visited by a random walker whose jump size distribution follows

the given L�eevy distribution.

Recently, a new notion called local fractional derivative (LFD) has been introduced with the motivation

of studying the local properties of fractal structures and processes [42]. The LFD definition is obtained from

(20) introducing two ‘‘corrections’’ in order to avoid some physically undesirable features of the classical

definition. In fact, if one wishes to analyze the local behaviour of a function, both the dependence on the
lower limit a and the fact that adding a constant to a function yields a different fractional derivative should

be avoided. This can be obtained subtracting from the function the value of the function at the point where

we want to study the local scaling property and choosing as the lower limit that point itself. Therefore,

restricting our discussion to an order q comprised between 0 and 1, the LFD is defined as the following limit

(if it exists and is finite):
Dqf ðyÞ ¼ lim
x!y

dq½f ðxÞ � f ðyÞ�
½dðx� yÞ�q ; 0 < q6 1 ð22Þ
In [42] it has been shown that the Weierstrass function is locally fractionally differentiable up to a critical

order a between 0 and 1. More precisely, the LFD is zero if the order is lower than a, does not exist if
greater, while exists and is finite only if equal to a. Thus, the LFD shows a behaviour analogous to the
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Hausdorff measure of a fractal set. Furthermore, the critical order is strictly linked to the fractal properties

of the function itself. In fact, Kolwankar and Gangal [42] showed that the critical order a coincides with the

local H€oolder exponent s (which depends, as we have seen, on the fractal dimension), by proving the fol-

lowing local fractional Taylor expansion of the function f ðxÞ of order q < 1 (for q > 1, see [20,43]) for
x ! y:
f ðxÞ ¼ f ðyÞ þ Dqf ðyÞ
Cðqþ 1Þ ðx� yÞq þ Rqðx� yÞ ð23Þ
where Rqðx� yÞ is a remainder, negligible if compared with the other terms. Let us observe that the terms in

the right-hand side of Eq. (23) are nontrivial and finite only if q is equal to the critical order a. Moreover,

for q ¼ a, the fractional Taylor expansion (23) gives us the geometrical interpretation of the LFD. When q
is set equal to unity, one obtains from (23) the equation of a tangent. All the curves passing through the

same point y with the same first derivative have the same tangent. Analogously, all the curves with the same
critical order a and the same Da form an equivalence class modelled by xa. This is how it is possible to

generalize the geometric interpretation of derivatives in terms of ‘‘tangents’’.

The solution of the simple differential equation df =dx ¼ 1½0;x� gives the length of the interval ½0; x�. The
solution is nothing but the integral of the unit function. Wishing to extend this idea to the computation of

the measure of fractal sets, it can be seen immediately that the fractional integral (19) does not work, as it

fails to be additive because of its nontrivial kernel. On the other hand, Kolwankar and Gangal [44] proved

that a fractional measure of a fractal set can be obtained through the inverse of the LFD defined as
aD�a
b f ðxÞ ¼ lim

N!1

XN�1

i¼0

f ðx	i Þ
d�a1dxiðxÞ

dðxiþ1 � xiÞ½ ��a ð24Þ
where ½xi; xiþ1�, i ¼ 0; . . . ;N � 1, x0 ¼ a and xN ¼ b, provide a partition of the interval ½a; b� and x	i is some

suitable point chosen in the subinterval ½xi; xiþ1�, while 1dxi is the unit function defined on the same sub-

interval. Kolwankar called aD�a
b f ðxÞ the fractal integral of order a of f ðxÞ over the interval ½a; b�. The simple

local fractional differential equation Daf ðxÞ ¼ gðxÞ has not a finite solution when gðxÞ is constant and

0 < a < 1. Interestingly, the solution exists if gðxÞ has a fractal support whose Hausdorff dimension d is

equal to the fractional order of derivation a. Consider, for instance, the triadic Cantor set C, built on the
interval ½0; 1�, whose dimension is d ¼ ln 2= ln 3. Let 1CðxÞ be the function whose value is one in the points

belonging to the Cantor set upon ½0; 1�, zero elsewhere. Therefore, the solution of Daf ðxÞ ¼ 1CðxÞ when

a ¼ d is f ðxÞ ¼ aD�a
b 1CðxÞ. Applying (24) with x0 ¼ 0 and xN ¼ x and choosing x	i to be such that 1Cðx	i Þ is

maximum in the interval ½xi; xiþ1�, one gets [20]
f ðxÞ ¼ 0D�a
x 1CðxÞ ¼ lim

N!1

XN�1

i¼0

F i
C

ðxiþ1 � xiÞa

Cð1þ aÞ ¼ SCðxÞ
Cð1þ aÞ ð25Þ
where F i
C is a flag function that takes value 1 if the interval ½xi; xiþ1� contains a point of the set C and 0

otherwise. SCðxÞ is the Cantor (devil�s) staircase (Fig. 7b), i.e. a function almost everywhere flat except on an

infinite number of singular points corresponding to the underlying Cantor set where it grows from 0 to 1.

Moreover, Eq. (25) introduces the fractional measure of a fractal set we were looking for: for the Cantor set

C it is defined as FaðCÞ ¼ 0D�a
1 1CðxÞ. In fact FaðCÞ is infinite if a < d, and 0 if a > d. For a ¼ d, we find

FaðCÞ ¼ 1=Cð1þ aÞ, since SCð1Þ ¼ 1. This measure definition yields the same value as the dimension

predicted by the Hausdorff measure, the difference being represented only by a different value of the

normalization constant. Eventually, from Eq. (25), it follows that the fractional measure of a generalized
Cantor set C½a;b�

a of dimension a built over the interval ½a; b� of the x-axis is
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FaðC½a;b�
a Þ ¼ aD�a

b 1
C½a;b�

a
ðxÞ ¼ ðb� aÞa

Cð1þ aÞ ð26Þ
where 1
C½a;b�

a
is the function equal to 1 if x 2 C½a;b�

a , to 0 elsewhere.

In Section 8, we will need the formula of fractal integration by parts. Therefore, let us consider now two

continuous functions f ðxÞ and gðxÞ defined upon ½a; b� with a zero first derivative except at the points

belonging to the same lacunar fractal set C where they present an H€oolder exponent a equal to the dimension

of the fractal support (i.e. f ðxÞ and gðxÞ are Cantor staircase type functions). Based on Eq. (23), it can be

proved that, in the singular points x 2 C: (i) the product function hðxÞ ¼ f ðxÞgðxÞ has the same H€oolder
exponent a, unless both the factor functions have zero value; (ii) the LFD of order a of hðxÞ can be
computed using the classical rule for the differentiation of the product:
DahðxÞ ¼ f ðxÞDagðxÞ þ gðxÞDaf ðxÞ ð27Þ
Performing now, for both the sides of Eq. (27), a fractal integration of order a upon ½a; b� yields the fractal

integration by parts we are searching
aD�a
b ½f ðxÞDagðxÞ� ¼ ½hðbÞ � hðaÞ� � aD�a

b ½gðxÞDaf ðxÞ� ð28Þ
7. Size effects on tensile and flexural strength

As a first application of the local fractional operator introduced in Section 6, let us compute the tensile
and flexural strength of a concrete specimen, for the sake of simplicity of unit thickness (Figs. 13 and 14).

For load levels close to the peak, we showed that the resistant ligament BB0 is fractal-like because of the

aggregate grading; therefore the stress field must be fractal too. Our aim is to obtain the nominal tensile and

flexural strengths of a concrete beam and their size effect, under the following simplifying assumptions:
Fig. 13. Direct tensile test on a concrete specimen (a) and fractal stress distribution over the resistant ligament (b).



Fig. 14. Three point bending test concrete specimen (a) and fractal stress distribution over the resistant ligament (b).
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• the beam breaks when the fractal stress reaches its maximum value r	
u;

• the resistant ligament BB0 can be modelled by a Cantor set C½0;b�
a of fractal dimension a,
0 < a ¼ ln 2

ln
2p

p � 1

� � 6 1;
obtained by an iterative procedure starting from the segment ½0; b� and eliminating at each step the

segment fraction 1=p from its middle;

• the fractal stress distributions at failure are respectively constant and linear over the ligament for tensile

and bending tests:
r	ðxÞ ¼ r	
u � 1

C½0;b�
a

ðxÞ ð29Þ
r	ðxÞ ¼ x
b=2

�
� 1

�
r	
u � 1

C½0;b�
a

ðxÞ ð30Þ
When the specimen is subjected to an axial load (Fig. 13), from the previous assumptions and Eq. (26),

we have that failure occurs when
Fu ¼ 0D�a
b ½r	

u � 1
C½0;b�

a
ðxÞ� ¼ r	

ub
a

Cð1þ aÞ ð31Þ
where Fu is the ultimate load. Assuming as responsible of the rupture the nominal strength ru ¼ Fu=b,
we would find that ru is no longer an exclusive property of the material but is size-dependent. In fact, from

Eq. (31) we have
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ðruÞtens ¼
r	
u

Cð1þ aÞ b
�ð1�aÞ ð32Þ
where we put the subscript ‘‘tens’’ to remind that it is the nominal strength calculated in direct tension tests.
Eq. (32), obtained via local fractional calculus formalism, is equivalent to Eq. (15), derived by Carpinteri

[7], provided that 1� a ¼ dr.

The local fractional calculus formalism allows us to obtain also the flexural strength and its size effect

(Fig. 14). In order to get the ultimate bending moment, we have to perform the integration upon the fractal

ligament C½0;b�
a of the fractal stress distribution (30). For simple functions such as (30), fractal integrals can

be obtained via mathematical series. Details can be found in [12]. For the present case, the result is
Mu ¼ 0D�a
b

x
b=2

��
� 1

�
r	
u � 1

C½0;b�
a

ðxÞ
�
¼ r	

ub
1þa

2Cð1þ aÞ
21=a � 1

21=a þ 1

� �
ð33Þ
Notice that the ultimate bending moment increases with the size more slowly than the classical beam theory

predicts (
b2). Since ru ¼ 6Mu=b2 is the nominal flexural strength, a comparison with Eq. (33) yields its size

effect:
ðruÞflex ¼ 3
21=a � 1

21=a þ 1

� �
r	
ub

�ð1�aÞ

Cð1þ aÞ ¼ 3
21=a � 1

21=a þ 1

� �
ðruÞtens ð34Þ
where we have used Eq. (13) and put the subscripts to distinguish the nominal strength calculated in

bending and tensile tests. The nominal flexural strength decrease with size has the same power law exponent

of the tensile one (Eq. (32)); nevertheless the nominal strengths differ because of the presence in Eq. (34) of a

numerical coefficient whose value varies from 1 to 3 as a varies from 1 to 0. More in detail, it appears that

the nominal flexural strength is always higher than the tensile one except in the Euclidean case a ¼ 1, when
they are equal. While the scaling exponent is a function only of the fractal dimension of the ligament, the

numerical coefficient is affected also by the fractal set describing the ligament itself. However, what is

important is that, while the fractal strength r	
u is an exclusive property of the material, the nominal strength

depends also on the size, as observed by Carpinteri et al. [45], as well as on the test geometry, as Eq. (34)

clearly shows.
8. Kinematic and static equations for fractal media

As shown in Section 5, fractality plays a very important role in the mechanics of materials with a porous

and multiscale microstructure. In Section 5, we focused our attention to the softening behaviour of such

materials since we were dealing with the size effects on failure properties. Now we intend to generalize those

concepts to elastic solids deformable only on fractal subsets. As an archetype of these solids, we can

consider the Menger sponge (Fig. 15). Due to the presence of voids, cracks, and inclusions at all scales, the

domain occupied by the elastic medium is lacunar, i.e. it is a fractal set with a dimension 3� dx (dx > 0)

smaller than the topological one, 3. In the case of the Menger sponge this dimension is 2.727.
Suppose now to apply some external load to this body. Inside it, a stress–strain fractal field will take

place. The total stored energy U is given by the product of the strain energy density / times the volume V
occupied by the body. On the other hand, these are only nominal size-dependent quantities; in terms of

scale invariant quantities, U is equal to the product of the fractal elastic strain energy density /	 times the

fractal measure X	 of the deformable subset:
U ¼ /V ¼ /	X	 ð35Þ



Fig. 15. The Menger sponge as an archetype of solids deformable on a fractal subset.
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Note the anomalous physical dimensions of /	, ½FL�½L��ð3�dxÞ, and X	, ½L�3�dx . Eq. (35) is analogous to Eq.

(12), the only difference being that U is the stored elastic energy whilst W is the dissipated fracture energy.

The former is stored upon a lacunar subset of dimension 3� dx, as well as the latter is dissipated upon an

invasive subset of dimension 2þ dG. Therefore, in the case of elastic bodies deformable over fractal subsets,

the fundamental relationship (18) between the scaling exponents is still valid under the substitution of dG
with ð1� dxÞ:
dr þ de ¼ dx ð36Þ
Further details of these concepts and of what follows can be found in [9].

Aim of this section is to show how, using the local fractional calculus formalism of Section 6, it is possible

to write the static and kinematic equations of a fractally deformable body. Thus, let us start with a uniaxial

model [10], hereafter called fractal Cantor bar, according to Feder�s terminology [25], i.e. a bar of length b
deformable on a fractal subset of dimension ð1� deÞ. Suppose now to apply a tensile load along the bar axis z
(Fig. 16). A strain field will arise that is zero almost everywhere except in an infinite number of points

(corresponding to the deformable subset) where it is singular. The displacement singularities can be char-

acterized by the LFD of order equal to the fractal dimension a ¼ 1� de of the domain of the singularities, the
Fig. 16. The fractal bar subjected to an axial load: the displacement field.
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unique value for which the LFD is finite and different from zero (the critical value). This computation is

equivalent to Eq. (16), passing from the global to the local level. Therefore, we can define analytically the

fractal strain e	 as the LFD of order a of the displacement:
e	ðzÞ ¼ DawðzÞ ð37Þ

Let us observe that, in Eq. (37), the noninteger physical dimensions ½L�de of e	 are introduced by the LFD,

whereas in Eq. (16) they are a geometrical consequence of the fractal dimension of the localization domain.

Now let us turn our attention to the differential equilibrium equation, when the fractal bar is subjected to

an axial distributed load. Consider again a fiber of the specimen and suppose that the body is in equilib-

rium, z ¼ 0 and z ¼ b being its extreme cross-sections. We indicate with p	ðzÞ the axial load per unit of
fractal length acting upon the fractal bar and with NðzÞ the axial force acting on the generic cross-section

orthogonal to the z-axis. Take therefore into consideration a kinematical field (w; e	) satisfying Eq. (37) and

a static field (N ; p	). The fractal integration by parts (28) can be interpreted as the principle of virtual work

for the fractal bar. In fact, according to the fractal nature of the material microstructure, the internal virtual

work can be computed as the fractal a-integral of the product of the axial force N times the fractal strain e	

performed over the interval ½0; b�, which, according to Eqs. (37) and (28), is in its turn equal to
0D�a
b ½NðzÞe	ðzÞ� ¼ 0D�a

b ½NðzÞDawðzÞ� ¼ ½NðzÞwðzÞ�z¼b
z¼0 � 0D�a

b ½wðzÞDaNðzÞ� ð38Þ
Since the body is in equilibrium, the virtual work principle holds. Hence the right-hand side of Eq. (38)

must be equal to the external virtual work. This is true if and only if
DaNðzÞ þ p	ðzÞ ¼ 0 ð39Þ

which is the (fractional) axial static equation of the fractal bar. Observe the anomalous dimension of the
load p	, ½F �½L��ð1�deÞ, since it considers forces acting on a fractal medium.

What has been done in the one-dimensional case can be formally extended in the three-dimensional case

for a generic fractal medium [9]. As in classical continuum mechanics, one needs the introduction of the

fractal stress fr	g and fractal strain fe	g vectors to replace the corresponding scalar quantities in Eqs. (37)

and (39). Denoting with fgg the displacement vector, the kinematic equations for a fractal medium can be

expressed as
fe	g ¼ ½oa�fgg ð40Þ

where ½oa� is the kinematic fractional differential operator containing local fractional derivatives of order

a ¼ 1� de. Eq. (40) is the three-dimensional extension of Eq. (37). Analogously, Eq. (39) becomes
½oa�Tfr	g ¼ �fF	g ð41Þ

where ½oa�T is the static fractional differential operator, transposed of the kinematic one, and fF	g is the

vector of the forces per unit of fractal volume. Its physical dimensions are ½F �½L��ð3�dxÞ, as can be derived

from the dimensions of the terms at the left-hand side of Eq. (41) and from the fundamental relationship
(36) among the fractal exponents.

In order to get the expression of the principle of the virtual work for a fractal medium, we need the

extension to fractal domains of Green�s Theorem. This extension can be obtained performing a fractal

integration of order b � a of both sides of Eq. (28):
D�b
X	 ½fDa

xg� ¼ D�ðbaÞ
C	 ½fgnx� � D�b

X	 ½gDa
xf � ð42Þ
where now Da
x is the partial LFD with respect to the x-direction, nx is the x-component of the outward

normal vector to the fractal boundary C	 of the fractal body X	. Other two scalar expressions can be
obtained analogously to Eq. (42), just considering the partial LFDs with respect to the y- and z-directions.
Thus we are now able to derive the expression of the principle of virtual work for fractal media. It is
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sufficient to apply the extension of Green�s Theorem––Eq. (42)––substituting appropriately to the functions

f ; g the components of the fractal stress fr	g and displacement fgg vectors. Furthermore, a and b are equal

respectively to ð1� deÞ and ð3� dxÞ. Thus, for vector fields fr	g; fF	g satisfying Eq. (41) (i.e. statically

admissible) and vectors fields fe	g; fgg satisfying Eq. (40) (i.e. kinematically admissible), it is possible to
prove the validity of the following equation:
Z

X	
fF	gTfggdX	 þ

Z
C	
fp	gTfggdC	 ¼

Z
X	
fr	gTfe	gdX	 ð43Þ
which represents the principle of virtual work for a medium deformable on a fractal subset and is the

natural extension of the classical continuum mechanics formulation of the same principle. For the sake of
clarity, in Eq. (43) we used the classical symbol for the integrals; on the other hand, they are fractal integrals

over fractal domains. fp	g is the vector of the contact forces acting upon the (fractal) boundary of the

fractal medium; it has the same physical dimension as the fractal stress, to which it is related by the relation
½N�Tfr	g ¼ fp	g ð44Þ
as naturally comes out in the proof of Eq. (43) [9]. ½N�T is defined at any dense point of the boundary as the

cosine matrix of the outward normal vector to the boundary of the initiator (see [25]) of the fractal set

occupied by the body.
9. The fractal bar

In the present section, we intend to solve a simple case using the formalism of the previous section and

the mathematical results of Section 6. Our aim is to show that experimental diagrams (see, for instance,

[26]) such as the one of Fig. 7b can be obtained also analytically. More details can be found in [10].

Let us consider therefore the case of a fractal bar stretched along the z (axial) direction by an axial force

N , assuming the body to be clamped in x ¼ 0 and to be free at the end x ¼ b, where the external force N is

applied (Fig. 16). Without losing generality, let us assume the deformable subset to be the triadic Cantor set
C½0:b�

a built on ½0; b�, a ¼ ln 2= ln 3. In order to compute the displacement function wðzÞ, we need the proper

constitutive law. Here, for the sake of simplicity, we use a linear elastic relation and assume dr ¼ de: in this

case the coefficient of proportionality between fractal stress and fractal strain coincides with the one be-

tween the nominal quantities, i.e. it is Young�s modulus E. In symbols: r	 ¼ Ee	.
Since the external distributed axial force p	ðzÞ is zero, Eq. (39) tells us that the internal axial force is

constant and equal to N throughout the bar. By the generalization of Eq. (13) to any load level and the

constitutive link, we get a fractal strain e	 equal to N=EA	
res over the deformable subset, 0 elsewhere. Hence

the kinematic equation (37) becomes
DawðzÞ ¼ N
EA	

res

1
C½0;b�

a
ðzÞ ð45Þ
Introducing the dimensionless quantities ~ww ¼ w=b, ~zz ¼ z=b (~zz 2 ½0; 1�), we can apply the scaling property

(21), which is valid also for the LFD, to get DawðzÞ ¼ b1�aDa ~wwð~zzÞ. Eq. (45) can therefore be expressed in
dimensionless form as follows:
Da ~wwð~zzÞ ¼ N
EA	

resb1�a
1Cð~zzÞ ð46Þ
where C is the triadic Cantor set built on ½0; 1� as indicated in Section 6. In this form, the solution of the
differential equation (45) can be obtained directly from Eq. (25):
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~wwð~zzÞ ¼ N
EA	

resb
1�a

SCð~zzÞ
Cð1þ aÞ ð47Þ
where, as explained in Section 6, SCðxÞ is the Cantor staircase built on the interval ½0; 1� and rising from 0

to 1. Recovering the physical quantities yields
wðzÞ ¼ Nb	

EA	
res

SC
z
b

� �
ð48Þ
where b	 ¼ ba=Cð1þ aÞ is the fractional measure of the deformable subset. Eq. (48) is plotted in Fig. 16. Let

us emphasize that the Cantor staircase, introduced geometrically in Section 5, is now obtained analytically.

Furthermore, notice that Eq. (48) provides important information about the size effect affecting the global

deformation. In fact we find that the free end displacement wðbÞ is equal to ðNb	Þ=ðEA	
resÞ, i.e. wðbÞ 
 ba.

This means that the displacement increases less than linearly with the bar length, as in the case of classical

elastic bodies. From the point of view of the overall deformation e ¼ wðbÞ=b, we get e 
 b�ð1�aÞ: it decreases
with size as a consequence of the strain localization on a lacunar fractal subset.
10. Multifractal scaling laws

If specimens of different sizes, made of the same material, are tested in uniaxial tension, experiments

show that the fractal scaling of ru and GF is strictly valid only in a limited scale range, where the fractal

dimensions of the supporting domains can be considered to be constant. As the size increases, in fact, the

concept of geometrical multifractality, strictly connected with the characteristics of self-affine fractals [8],

implies the progressive vanishing of fractality (dr ! 0; dG ! 0) with a corresponding homogeneization of

the domains. Intuitively, since the microstructure of a disordered material is the same, independently of the

macroscopic specimen size, the influence of disorder on the mechanical properties essentially depends on
the ratio between a characteristic material length lch and the external size b of the specimen. Therefore, the

effect of microstructural disorder on the mechanical behaviour of materials becomes progressively less

important at the largest scales. At the smallest scales, Carpinteri [8] observed that a Brownian disorder

seems to be the highest possible, yielding, respectively for invasive and lacunar morphologies, fractal scaling

exponents equal to þ1=2 and �1=2. Notice that the stereological analysis of the concrete microstructure

performed in Sections 3 and 4 perfectly agrees with these values, considering them as an upper bound

to concrete surface roughness and lacunarity.

On the basis of these physical and geometrical arguments, two MFSLs have been proposed recently,
respectively for fracture energy and tensile strength [21,22], which can be written in the following analytical

form:
GFðbÞ ¼ G1
F 1

�
þ lch

b

��1=2

ð49Þ

ruðbÞ ¼ ft 1

�
þ lch

b

�1=2
ð50Þ
These scaling laws are both two-parameters models, where the asymptotic value of the nominal quantity

(G1
F or ft), corresponding respectively to the highest nominal fracture energy and to the lowest nominal

tensile strength, is reached only in the limit of infinite sizes. The dimensionless term into square brackets,

which is controlled by the characteristic length lch, represents the variable influence of disorder on the

mechanical behaviour. Note the perfect similitude between the two scaling laws, where the only difference is
the sign of the Brownian exponent, �1=2, respectively related to an invasive or to a lacunar topology. In the



Fig. 17. MFSL for tensile strength and fracture energy.
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bilogarithmic diagrams, shown in Fig. 17, the transition from the fractal scaling regime to the Euclidean

one is evident, the transition scale being represented by the point of abscissa ln lch.
The scaling behaviour of the kinematical parameters shows that the critical nominal strain ec decreases

as the bar length increases––see Eq. (16). As shown analytically in Section 9, by increasing the size, the bar

progressively loses its deformation capacity (or ductility) and tends to a more brittle behaviour. For a given
material, the fractal exponent de increases with the size of the bar, from the value de ¼ 0 (homogeneous

deformation) to de ¼ 1 (highly localized deformation). In the limit of very large and very small sizes, the

collapse kinematics will be ruled respectively by a pure opening displacement (w1
c ) of a single crack or by a

pure dilation (e0c).
The displacement diagrams corresponding to the two limit cases are reported in Fig. 18. In the case of

short bars, the elongation is linearly increasing along the bar (Fig. 18a). In the case of long bars, strain

develops only in correspondence of one (or a finite number of) cross-section where the displacement pre-

sents a sharp discontinuity, resembling a step function (Fig. 18b). The intermediate case is represented by
the Cantor staircase plot of Fig. 7b, analyzed in the previous section. In the limit cases of extremely short or

extremely long bars, the critical fractal strain e	c holds respectively the physical dimension of a canonical

strain (½L�0) or that of a displacement (½L�1). In other words, the collapse occurs at small scales when the

strain e attains its limit value (e0c), whereas, at large scales, when a threshold value w1
c for the displacement

w is reached; in the intermediate situations, when the anomalous ratio between displacement and length of

the bar raised to a fractal exponent (wc=b1�de) reaches its critical value e	c .
Fig. 18. Homogeneously diffused strain (a) and extremely localized deformation (b) along the bar, valid respectively for small and large

structures.
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In perfect analogy with the MFSLs for tensile strength and fracture energy––see Eqs. (49) and (50)––a

new MFSL can be proposed for the critical strain ec. The lack of complete similarity implies that an internal

length lch is present also in the kinematics of damage. Thereby, the previous (monofractal) scaling relation

(16) has to be modified by considering the exponent de smoothly variable with the structural size. Since the
influence of microstructural disorder is higher for smaller sizes, it seems reasonable to put de equal to zero

for very short bars (maximum disorder, that is, damage diffused throughout the volume, corresponding to

ductile behaviour), and de ¼ 1 for very long bars (maximum order, that is, localization of fracture on a

single cross-section, corresponding to brittle behaviour). If the critical strain ec is plotted vs. the bar length b
in the bilogarithmic diagram, two asymptotes are revealed. The first, valid for b ! 0, is horizontal, i.e. no

size effect affects ec for very short bars (de ¼ 0). The second, valid for very long bars (b ! 1), presents a

)45� slope, corresponding to the maximum size effect (de ¼ 1) on ec . The MFSL for the critical strain can

thus be written as
ecðbÞ ¼ e0c 1

�
þ b
lch

��1

ð51Þ
where e0c is the asymptotic value of the critical strain, valid for the smallest sizes, and lch is the characteristic
length, depending on the material microstructure and on the test geometry. Eq. (51) can be expressed
equivalently in terms of critical displacement:
wcðbÞ ¼ w1
c 1

�
þ lch

b

��1

ð52Þ
provided that e0c ¼ w1
c =lch. In a bilogarithmic plot, the critical displacement increases with a unit slope at

the smallest sizes, while becomes constant at the largest ones. Together with Eqs. (49) and (50), Eq. (52)

completes the description of the size effects upon the cohesive law parameters.

Eq. (51), plotted in Fig. 19, closely resembles (apart from the large-size slope) Ba�zzant�s size effect law for

strength [46]. Even if the physical assumptions are very different, it is interesting to observe some similarities

between the two scaling laws. The horizontal asymptote for small sizes, for example, is provided by an

intrinsic limit strength in the case of Ba�zzant�s law and by an intrinsic limit strain in Eq. (51). Both as-

sumptions can be traced to classical continuum mechanics arguments. In addition, both the nominal
strength, according to Ba�zzant�s law, and the nominal ultimate strain, according to the MFSL, tend to zero
Fig. 19. MFSL for the critical strain.



Table 1

Values of the scaling exponents and of the size-independent material parameters for extremely small or large structures

Small structures fractal damage Large structures fracture mechanics

Fractal damage Fracture mechanics

de ¼ 0 dr ¼ 1=2 dG ¼ 1=2 de ¼ 1 dr ¼ 0 dG ¼ 0

Diffused damage,

uniform strain in

the bulk, ductility

Fractal lacunar resist-

ing cross-section at the

peak load

Energy dissipated on

a fractal invasive do-

main

Damage localized

on a finite number

of cross-sections,

brittleness

Two-dimensional

resisting cross-

section

Energy dissipated

on localized sur-

faces

e	c ¼
w1
c

lch
½L�0 r	

u ¼ ft
ffiffiffiffiffiffi
lch

p
½F �½L��1:5

G	
F ¼ G1

Fffiffiffiffi
lch

p ½FL�½L��2:5 e	c ¼ w1
c ½L� r	

u ¼ ft ½F �½L��2
G	

F ¼ G1
F ½FL�½L��2
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for very large sizes. This is due, in both cases, to localization, i.e. to a collapse governed by Fracture

Mechanics. On the other hand, in the case of Ba�zzant�s law, this trend is physically sound only for geo-

metrically similar notched structures, whereas, in the case of unnotched structures, a constant limit strength

is attained for very large sizes––see Eq. (50).
In conclusion, the fundamental relation among the three fractional exponents, Eq. (18), specialized at the

various scales, can be written as
MACROSCALE : dr ffi dG ffi 0; de ffi 1 ð53Þ
MESOSCALE : de þ dr þ dG ¼ 1 ð54Þ
MICROSCALE : dr ffi dG ffi 1=2; de ffi 0 ð55Þ
Eq. (18) being valid in all cases. The three MFSLs (49), (50) and (52) for extremely small structures (b ! 0)

become respectively
GF ¼ G1
Fffiffiffiffiffiffi
lch

p b1=2; ru ¼ ðft
ffiffiffiffiffiffi
lch

p
Þb�1=2; wc ¼

w1
c

lch
b ð56Þ
A comparison between these expressions and Eqs. (14)–(16) leads to
G	
F ¼ G1

Fffiffiffiffiffiffi
lch

p ; r	
u ¼ ft

ffiffiffiffiffiffi
lch

p
; e	c ¼

w1
c

lch
ð57Þ
the scaling exponents being given by Eq. (55). Eqs. (57) point out the link between the scale-invariant

parameters governing concrete tensile failure at extremely small and large scales.

In order to summarize all the above remarks, the limit values of the scaling exponents and of the scale-

invariant parameters e	c ; r
	
u;G

	
F are concisely described in Table 1. Observe that at large scales they coincide

with the cohesive law parameters, i.e. the critical crack opening displacement, the tensile strength and the

fracture energy, whereas at small scales their physical dimensions change, because of the presence of a

power of the characteristic material length.
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