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Abstract

One of the most promising application of element-free methods is the ability of analyzing crack propagation

problems without the necessity of remeshing the model as the crack advances. Moreover the possibility of enriching the

classical polynomial basis, introducing some integrals of the Westergaard�s solution, make the near crack tip solution

accurate without requiring a very fine discretization or special treatment. In the paper the crack propagation problem is

numerically analyzed by a new approach in computing the equilibrium equations. In this approach the quadrature of

the variational form is not realized by introducing a background cell structure, as commonly done in literature, but by a

mesh-free approach based on the partition of unity property of the shape functions. Some numerical examples illustrate

the effectiveness of the method.

� 2003 Civil-Comp Ltd. and Elsevier Ltd. All rights reserved.
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1. Introduction

Meshless and in general partition of unity methods

are receiving attention in computational mechanics re-

search because of some advantages they have compared

to the classical finite element method, namely higher

rates of convergence, ability to model discontinuities by

basis enrichment, insensitivity to distortion in large

displacement problems, construction of solutions with

any desired degree of continuity. Details on the partition

of unity method can be found in [1].

In these methods the discretization is purely nodal,

and the finite element concept of connectivity between

elements is not introduced. Consequently only a cloud of

nodes needs to be generated, and local refinement is

made increasing the node density in the region of in-

terest. Given the shape functions constructed on a given

nodal arrangement, the weak form of the equilibrium
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equations (or in general the variational principle for the

problem under consideration) require quadratures over

the domain. This is a major task in the application of

these methods. In fact the shape functions are very

complex compared to the finite element ones and they

are therefore much difficult to integrate. Different ap-

proaches have been used:

• introduction of integration cells in the domain, i.e. of

an underlying mesh used only for the quadrature;

• nodal integration approaches, requiring proper mod-

ifications of the variational principle [2,3];

• modification of the variational principle from a glo-

bal to a series of local ones restricted to the support

of the weight functions [4,5].

In the paper a new and different approach is intro-

duced [6,7], based on the partition of unity property of

the shape functions stating that the sum of the shape

functions at any point is equal to 1. Introducing the sum

of the shape functions as a unit weight in the quadrature

of the variational form, the quadrature over the whole
ier Ltd. All rights reserved.
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Fig. 1. A computational model for MLS approximation

showing the boundary, the nodes and the weight function

supports.
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domain can be transformed into a sum of integrals over

the weight function supports. The general problem of

the quadrature over the whole domain is therefore

converted into the sum of integrals over a standard

domain which is generally a square or a circle, depend-

ing on the choice of the support of the weight functions.

This method, called here partition of unity quadra-

ture (PUQ) does not require therefore the subdivision of

the whole domain into smaller integration cells and the

modification of the variational principle is not needed.

Moreover its range of applicability is not limited to

meshless methods, but it can be seen as a general ap-

proach for computing integrals over arbitrary domains.

The crack propagation problem has been analyzed

in literature [8] using standard cell quadrature, while

nodal integration [2], modified variational principles

[4,5] and partition of unity quadrature [6,7] have actu-

ally been applied on patch tests and on some classical

benchmark problems. In the analysis of cracks cell

quadrature requires, at each crack tip advancement, the

redefinition of the integration cells and Gauss points

around the tip. The paper investigates the application of

the partition of unity quadrature in crack problems, and

compares the stress intensity factors evaluation results

obtained by the PUQ against the classical integration on

subcells.
Table 1

Typical polynomial bases for MLS approximation

1D 2D

Linear

basis

fpðxÞgT ¼ f1; xg fpðxÞgT ¼ f1; x; yg

Quadratic

basis

fpðxÞgT ¼ f1; x; x2g fpðxÞgT
¼ f1; x; y; xy; x2; y2g
2. Moving least squares approximation

In this section the approximation of a scalar function

dðxÞ in a domain X is considered. The MLS approxi-

mation uses a set of nodal points, a set of weight func-

tions, and a set of basis functions. At each point of the

domain the function is approximated by a linear com-

bination of the basis functions. Within the domain, a set

of nodes xI ; I ¼ 1; . . . ;N , is considered, Fig. 1, and the

parameter associated with the approximation at node I
is denoted by dI . The coefficients for the basis functions

in this linear combination differ from point to point.

They are computed by a moving least squares approxi-

mation for the function under consideration. In order to

obtain the coefficients for the basis functions a system of

equations has to be solved at each point of the domain.

A weight function wI ¼ wðx� xIÞ with compact

support is associated to each node of the domain. Let XI

be the support associated to wI ; wI reaches the maximum

value for x ¼ xI , it is non-negative, monotonically de-

creasing and such that wI ¼ 0, 8x 2 oXI . The support is

generally circular or rectangular and then the weight

function assumes the shape of a ball-function, one for

each discretization node xI . Generally, polynomial or

exponential function are used [9].

The moving least-square approximation gðxÞ of the

function dðxÞ in the domain X as a linear combination of

basis functions fpðxÞg is given by:
gðxÞ ¼
Xm
i¼1

piðxÞaiðxÞ ¼ fpðxÞg
ð1	mÞ

TfaðxÞg
ðm	1Þ

; ð1Þ

where m is the number of the terms in the basis and

faðxÞg is the vector of the coefficients which are func-

tions of the spatial coordinates x. The choice of the basis
depends on the problem to be solved. In particular, any

function included in the basis can be reproduced exactly

by the MLS approximation. Therefore the introduction

of integrals for a particular boundary value problem

enhances the convergence rate. A typical example is

given by the
ffiffi
r

p
function in the linear elastic fracture

mechanics problem, r being the distance from the crack

tip. The most common linear and quadratic bases are

reported in Table 1.

At any point x the coefficients faðxÞg are obtained by

minimizing the square of the difference between the local

approximation gðxÞ and the value dI of the function dðxÞ
for x ¼ xI . Therefore the following functional is con-

sidered:

JðxÞ ¼ 1

2

Xn
I¼1

wIðx� xIÞ
Xm
i¼1

piðxIÞaiðxÞ
"

� dI

#2
; ð2Þ
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Fig. 2. The approximation function gðxÞ and the nodal values

d. The MLS approximation is such that gðxIÞ 6¼ dI .
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where wI ¼ wðx� xIÞ is the weight function for the node

I and n is the number of the nodes whose supports

contain the point x. In fact it can be noted that, as the

weight functions have a compact support, the sum over I
is limited to the nodes for which the associated weight

function has the property x 2 XI . Thus the presence of

the weight function makes the functional J defined over

a set of neighbor nodes n� N and localizes the moving

least square interpolation.

Eq. (2) can be rewritten in matrix form:

JðfaðxÞgÞ ¼ 1

2
½P 
ðn	mÞ

faðxÞg
ðm	1Þ

 
� fdg

ðn	1Þ

!T

½W ðxÞ
ðn	nÞ

	 ½P 
ðn	mÞ

faðxÞg
ðm	1Þ

 
� fdg

ðn	1Þ

!
; ð3Þ

where fdgT ¼ fd1; d2; . . . ; dng, is the vector of function

values at the nodal points. ½P  has the following form:

½P 
ðn	mÞ

¼

p1ðx1Þ p2ðx1Þ � � � pmðx1Þ
p1ðx2Þ p2ðx2Þ � � � pmðx2Þ
� � � � � � � � � � � �
p1ðxnÞ p2ðxnÞ � � � pmðxnÞ

2
664

3
775; ð4Þ

and ½W ðxÞ is provided by:

½W ðxÞ
ðn	nÞ

¼

wðx� x1Þ 0 � � � 0

0 wðx� x2Þ � � � 0

� � � � � � � � � � � �
0 0 � � � wðx� xnÞ

2
664

3
775:

ð5Þ

In order to find the coefficients faðxÞg, the extremum

of J must be determined:

oJ
oa

 �
ðm	1Þ

¼ ½AðxÞ
ðm	mÞ

faðxÞg
ðm	1Þ

� ½BðxÞ
ðm	nÞ

fdg
ðn	1Þ

¼ f0g
ðm	1Þ

; ð6Þ

where ½AðxÞ and ½BðxÞ are given by:

½AðxÞ
ðm	mÞ

¼ ½P T
ðm	nÞ

½W ðxÞ
ðn	nÞ

½P 
ðn	mÞ

; ð7Þ
½BðxÞ
ðm	nÞ

¼ ½P T
ðm	nÞ

½W ðxÞ
ðn	nÞ

: ð8Þ

From Eq. (6) the vector of the coefficients faðxÞg
assumes the expression:

faðxÞg
ðm	1Þ

¼ ½AðxÞ�1
ðm	mÞ

½BðxÞ
ðm	nÞ

fdg
ðn	1Þ

: ð9Þ

By using Eqs. (9) and (1), gðxÞ can be expressed as:

gðxÞ ¼
Xn
I¼1

gIðxÞdI � fgðxÞg
ð1	nÞ

Tfdg
ðn	1Þ

; ð10Þ

fgðxÞg being the vector of the shape functions for the

MLS approximation:
fgðxÞgT
ð1	nÞ

¼ ½g1ðxÞ; . . . ; gnðxÞ

¼ fpðxÞgT
ð1	mÞ

½AðxÞ�1
ðm	mÞ

½BðxÞ
ðm	nÞ

; ð11Þ

where fgðxÞgT ¼ fg1; g2; . . . ; gng are the MLS shape

functions related to the nodes x1; x2; . . . ; xn.
From Eq. (10) it should be noted that, in general, the

approximation gðxÞ is such that gðxIÞ 6¼ dI , Fig. 2. In the

following, the MLS shape functions will be used to solve

the elastic problem so that Eq. (10) will be applied to

each displacement component. The displacement field

will be denoted by the vector fgg.
3. Variational formulation

The shape functions derived in the former section are

introduced into a variational formulation for a linear

elastic solid. Eq. (11) is referred to the approximation of

a scalar variable and the vector fdg has dimension equal

to the MLS nodes number, N . For an elastic solid in a

nd–dimensional space, let fgg be the displacement field,

with nd components and Nd ¼ ndN . The MLS approxi-

mation can be applied for each component of the dis-

placement field in the form:

fgg
ðnd	1Þ

¼ ½Gg
ðnd	Nd Þ

fdg
ðNd	1Þ

; ð12Þ

where ½Gg is the matrix of the shape functions and fdg is
the vector of all the nodal components of the approxi-

mation variables. For simplifying the notation, we in-

troduce the following shape function vector for the

deformations:

feg
ðd	1Þ

¼ ½o
ðd	nd Þ

fgg
ðnd	1Þ

¼ ½o
ðd	nd Þ

½Gg
ðnd	Nd Þ

fdg
ðNd	1Þ

¼ ½Ge
ðd	Nd Þ

fdg
ðNd	1Þ

ð13Þ

with d ¼ 1 for nd ¼ 1 and d ¼ 3	 ðnd � 1Þ for nd ¼ 2; 3
and feg is the deformation vector, while the matrix

½o½Gg ¼ ½Ge is determined by ordering and adding ap-

propriately the derivative of the MLS shape functions.

Let consider the domain X of a solid subjected to

volume forces fF g, surface forces fqg and prescribed
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displacements f�ggg, acting respectively on X, oXq and

oXg.

The minimum of the following total potential energy

functional corresponds to the elastic problem solution:

PðfggÞ ¼ 1

2

Z
X
fggT
ð1	nd Þ

½oT
ðnd	dÞ

½H 
ðd	dÞ

½o
ðd	nd Þ

fgg
ðnd	1Þ

dX

�
Z

X
fF gT
ð1	nd Þ

fgg
ðnd	1Þ

dX �
Z
oXq

fqgT
ð1	nd Þ

fgg
ðnd	1Þ

dS

þ
Z
oXg

ind f�ggg
ðnd	1Þ

 
� fgg

ðnd	1Þ

!
dS; ð14Þ

where fgg ¼ fgðx; dÞg is the displacement vector, whose

components are given by Eq. (11), and ½H  is the elastic

operator.

In the paper the evaluation of the integrals appearing

in the variational principle, Eq. (14), is obtained through

a standard Gaussian quadrature on the domain X and

by the partition of unity quadrature, described in Sec-

tion 4. The Gaussian quadrature requires the subdivi-

sion of the domain X into quadrature subcells by

introducing a background mesh. This mesh does not

play any role in the approximation and must be chosen

to ensure an appropriate evaluation of the integrals.

In the last term of Eq. (14) the indicator function is

introduced, defined by:

indðf�ggg � fggÞ ¼ 0 if f�ggg � fgg ¼ f0g;
þ1 if f�ggg � fgg 6¼ f0g:


ð15Þ

This term is necessary as the MLS shape functions do

not satisfy the essential boundary conditions, being

fgðxIÞg 6¼ fdIg. In fact, the shape functions fgðxÞg, de-
fined by Eq. (11), take non-zero values for each point

included in the influence domain XI of the node xI . To
transform the indicator function into a differentiable

equivalent one, it is regularized by the augmented La-

grangian technique [10,11].

If the assigned displacements f�ggg are interpolated by

a set of Dirac delta functions placed at the nodes xI on
oXg, the following expression is obtained:Z

oXg

indðf�ggg � fggÞdS

¼
Xnr
i¼1

sup
frgi

frgTi ðf�ggrgi
�

� fgrgiÞ

þ 1

2
aðf�ggrgi � fgrgiÞ

Tðf�ggrgi � fgrgiÞ
�
; ð16Þ

where frgi and f�ggrgi are, respectively, the reactions

(which have the mathematical meaning of Lagrangian

multipliers) and the assigned displacements on the nr
constrained nodes, while a is a positive penalty para-

meter.
By introducing Eq. (16) into Eq. (14), and being:

½K
ðNd	Nd Þ

¼
Z

X
½GeT
ðNd	dÞ

½H 
ðd	dÞ

½Ge
ðd	Nd Þ

dX; ð17Þ
fF g
ðNd	1Þ

¼
Z

X
½GgT
ðNd	nd Þ

fF g
ðnd	1Þ

dX þ
Z
oXq

½GgT
ðNd	nd Þ

fqg
ðnd	1Þ

dS; ð18Þ

the following functional is obtained:

Pðd; rÞ ¼ 1

2
fdgT
ð1	Nd Þ

½K
ðNd	Nd Þ

fdg
ðNd	1Þ

� fdgT
ð1	Nd Þ

fF g
ðNd	1Þ

þ
Xnr
i¼1

frgT
ð1	nd Þ

f�ggrg
ðnd	1Þ

 2
4 � ½Gg

ðnd	Nd Þ
fdg
ðNd	1Þ

!

þ 1

2
a f�ggrg

ðnd	1Þ

 
� ½Gg

ðnd	Nd Þ
fdg
ðNd	1Þ

!T

	 f�ggrg
ðnd	1Þ

 
� ½Gg

ðnd	Nd Þ
fdg
ðNd	1Þ

!35
i

: ð19Þ

Introducing a suitable shape function matrix ½Qb,
defined by:

½Qb
ðnd nr	Nd Þ

¼

½Gg1
½Gg2
� � �

½Ggnr

2
664

3
775; ð20Þ

the functional in Eq. (19) can be written in the following

form:

Pðd; rÞ ¼ 1

2
fdgT
ð1	Nd Þ

½K
ðNd	Nd Þ

fdg
ðNd	1Þ

� fdgT
ð1	Nd Þ

fF g
ðNd	1Þ

þ frgT
ð1	nCnd Þ

f�ggrg
ðnrnd	1Þ

 
� ½Qb

ðnrnd	Nd Þ
fdg
ðNd	1Þ

!

þ 1

2
a f�ggrg

ðnrnd	1Þ

 
� ½Qb

ðnrnd	Nd Þ
fdg
ðNd	1Þ

!T

	 f�ggrg
ðnrnd	1Þ

 
� ½Qb

ðnrnd	Nd Þ
fdg
ðNd	1Þ

!
ð21Þ

whose saddle-point is the elastic problem solution:

min
fdg

max
frg

Pðd; rÞ: ð22Þ

In the last formula, the superior extremum has been

substituted by the maximum, in the hypothesis of a well

posed elastic problem.

The present variational formulation, named aug-

mented Lagrangian element free (ALEF) [10], allows to

eliminate all the drawbacks related to the use of the

Lagrangian and penalty methods and represents a

computationally effective approach for the introduction
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of constrains on direct variables in the MLS approxi-

mation [10].
4. The partition of unity quadrature method

In this section, the quadrature method for the weak

form of the equilibrium equations is introduced. A more

detailed analysis of the method is presented in [7]. This

method will be called partition of unity quadrature

(PUQ), as it is conceptually based on the partition of

unity property of the MLS shape functions [6]. This

property states that at any point of the domain the MLS

shape functions given by Eq. (11) are such that [9,12]:

Xn
I¼1

gIðxÞ ¼ 1; 8x 2 X: ð23Þ

To this end let f an integrable function defined over

the domain X. In the same domain a set of N MLS

nodes is considered, and the relevant shape functions gI ,
I ¼ 1; . . . ;N , are computed.

Let XI be the support for the weight function gI , and
N, the function indicating if a generic point x is located
inside the domain X, be defined by:

NðxÞ ¼ 1 if x 2 X;
0 if x 62 X:


ð24Þ

The MLS shape function gI is defined on the support

of the weight function for the node xI , as follows from

Eqs. (11) and (2). Its domain of definition can be easily

extended to the whole domain X by:

gIðxÞ ¼
gIðxÞ if x 2 XI ;
0 if x 62 XI :


ð25Þ

Observing that gIðxÞ ¼ 0, 8x 62 XI , and that the value

of the integral does not change if the integrand function

is multiplied by one it follows:Z
X
f dX ¼

Z
X
f
Xn
I¼1

gI dX ¼
XN
I¼1

Z
XI

fNgI dX: ð26Þ

This equation is the basis of the PUQ method and it

states that it is possible to evaluate any integral subdi-

viding the total domain into the union of the weight

function supports, and evaluate the integral as the sum

of the integrals computed within each support weighting

the integrand function by the MLS shape function as-

sociated with the support. The function N cuts the

supports if they extend outside the domain X, as hap-

pens when the supports intersect the boundary oX.

The PUQ method can be used in the evaluation of

definite integrals without any connection with element-

free methods by generating a cloud of points for the

construction of the partition of unity. Its application

rises naturally in element-free methods, where a set of
points and associated supports is fixed for constructing

the shape functions, and it can be conveniently used at

the same time for applying the PUQ.

The fundamental feature of the PUQ method is,

therefore, that there is no need to introduce a back-

ground quadrature mesh since the quadrature cells are

determined by the weight supports themselves, and there

is no need to modify the variational formulation as

suggested by Atluri and Zhu in the MLPG [5]. More-

over, as observed by Dolbow and Belytschko [13], the

coincidence between quadrature cells and weight sup-

ports reduces the error in the integral evaluation. Fi-

nally, it should be noted that there is no need for the

MLS shape functions and for the partition of unity

weight functions gI , Eq. (26), to coincide, and they can

be constructed with respect to different bases and

weights. This observation is particularly noteworthy

when enriched bases are used for the approximation, as

the presence of the weight function in the integral makes

it more difficult to be evaluated. Therefore, it seems a

good idea to assume the simplest basis and weights for

determining the partition of unity quadrature weight

function.

A key point in the application of the method is the

quadrature rule adopted in each support. When the

support is circular and fully contained in X, specific

quadrature formulas [14,15] can be used. If the support

is cut by the boundary of X, it can be subdivided into

quadrature subdomains made by triangles and circular

sectors, Fig. 3. This problem has been considered [4] and

solved by introducing quadrature subcells that are

mapped onto a unit circle, Fig. 3b. Here a slightly dif-

ferent approach is followed. After the division in sub-

cells is made, four basic regions are generated: triangles,

quadrilaterals, polar triangles (two sides linear and one

side circular) and polar rectangles (two sides linear and

two sides circular), Fig. 3a, mapped as follows [15]:

• triangles onto two-dimensional simplex ðT Þ;
• quadrilaterals, polar triangles, polar rectangles onto

square ðCÞ.

In the elementary regions ðT Þ and ðCÞ, a seventh

order formula is used [7,15]. The PUQ has been imple-

mented for both circular and rectangular supports. If

rectangular supports are used, the support is of course

subdivided into triangles and quadrilaterals, or simply

quadrilaterals, and no polar type cells are generated.

Actually, in the numerical tests carried out to esti-

mate the stress intensity factors, no advantage has been

observed in considering the intersection of the supports

with the external boundary or the crack surface. Con-

sidering the intersection reintroduces in some way a

local ‘‘meshing’’ of the support, as its standard shape is

modified. Alternatively, the integrand function is as-

sumed equal to zero if the quadrature point lies outside



Fig. 3. (a) Support cut by the boundary and (b) equivalent mapping on the unit circle for triangle and quadrilateral quadrature

formulas.

External
boundary

inside

outside
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the domain of the body, Fig. 4. In this way the quadr-

ature points and weights are fixed for the standard

support, and the method is completely mesh free.
5. Virtual crack model

One of the most important properties of the MLS

approximation is the ability to produce solutions with
I

A

BC

Line of d

Domain of influ

(a)

Fig. 5. Domains of influence of nodes adjacent to a line of discontinui

regions are removed from the domain of influence.
the desired degree of continuity. In fact the MLS ap-

proximation inherits its continuity and differentiability

properties both from the basis functions and from the

weight functions.

Although high continuity is often a desiderable

property, material interfaces and cracks deserve special

treatment for the presence of discontinuous quantities in

the solution. The treatment of crack discontinuities in a

solid has been analyzed in several ways [16]. A first basic

approach, known as visibility criterion, considers the

crack line as opaque for the weight functions and the

support takes the shape illustrated in Fig. 5a. As a

consequence, a discontinuity in the weight and shape

functions is introduced, not only on the crack line, but

also in the interior of the domain X. Such a discontinuity

is introduced for each weight function whose support

contains the crack tip, so that the final solution is dis-

continuous and oscillatory near the tip.

A more refined approach, called diffraction method,

applies only to polar-type weight functions (i.e. with

circular support) and is based on the evaluation of the

distance by a path which passes around the tip, Fig. 5b.

Consequently, the weight and the shape functions are

discontinuous across the crack, but continuous and

differentiable elsewhere. This approach leads, however,
I

A

B
C

iscontinuity

ence for node I

(b)

ty: (a) visibility criterion and (b) diffraction method. The shaded
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to quite complex shape functions with rapidly varying

derivatives, so the quadrature of the variational form

can present difficulties [16].

A recent approach in the treatment of discontinuities

both in meshless and in the finite element method is

based on the introduction of discontinuous enrichment

functions in the approximation bases. Within this ap-

proach some additional variables are introduced in the

nodes close to the discontinuity, playing the role of co-

efficients for the discontinuous functions. This approach

is going to substitute completely the visibility and dif-

fraction methods [17,18].

In previous papers [19,20], a different approach for

modelling the crack discontinuity has been presented. It

preserves the continuity of the solution in X, does not

introduce any weight support modification or enrich-

ment and is computationally effective. As pointed out in

Section 3, the ALEF approach [10] allows the intro-

duction of Lagrangian multipliers in a computationally

effective framework. To take advantage from this

property, the proposed model is based on the imposition

of suitable interface conditions through Lagrangian

multipliers.

The crack is virtually extended in the direction of the

tangent at the tip, Fig. 6. All the weight functions whose

supports intersect the real crack are cut along the crack

line (real + virtual), while the weight functions whose

supports intersect only the virtual crack are left un-

changed. If DL and DR are the two sides of the crack, yC
is the real crack tip and I is a generic point of the dis-

cretization whose weight function has radius rI , the

model is such that:

• if jxI � yCj > rI , the weight function is left unchanged;

• if I 2 DL and rI > jxI � yC j, then wI ¼ 0 8x 2 DR;

• if I 2 DR and rI > jxI � yCj, then wI ¼ 0 8x 2 DL.
Real crack

r
I

y
C

dJ

rmax

x
I

x J

Γ
FC

Fig. 6. The virtual crack model for sim
This model introduces of course a discontinuity

along the virtual crack because of the weight function

cutting. The discontinuity can be suppressed introducing

a suitable number of interface points on the two sides of

the virtual crack. Each interface point is given by two

coincident points, one belonging to DL and the other

belonging to DR, subjected to the following interface

conditions:

fgLg ¼ fgRg; 8I 2 CVC; ð27Þ

feðgLÞg ¼ feðgRÞg; 8I 2 CVC; ð28Þ

CVC being the virtual crack.

The length of the virtual crack must be, in general,

greater than the maximum diameter of the weight

functions in the neighbor of the tip and a symmetric

arrangement of nodes around the tip is recommended.

The model ensures:

• well-defined MLS approximation in the whole do-

main;

• the representation of discontinuous displacements

over the crack;

• the continuity of the solution in the whole domain;

• the absence of mutual influences for nodes belonging

to different sides of the crack.

Moreover the virtual crack model allows for a simple

introduction of a cohesive law at the crack interface. By

considering the MLS expressions for displacements and

deformations, the interface conditions assume the fol-

lowing form:

½GðLÞ
g 

ðnd	Nd Þ

 
� ½GðRÞ

g 
ðnd	Nd Þ

!
i

fdg
ðNd	1Þ

¼ f0g
ðnd	1Þ

; i ¼ 1; . . . ; nC; ð29Þ
Virtual crack

2 rmax

2 rmax

r K

Interface node

xK

rmax

ulating the crack discontinuity.
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½GðLÞ
e 

ðd	Nd Þ

 
� ½GðRÞ

e 
ðd	Nd Þ

!
i

fdg
ðNd	1Þ

¼ f0g
ðd	1Þ

; i ¼ 1; . . . ; nC: ð30Þ

The interface conditions for both displacements and

deformations for all the nC interface nodes are therefore

linear constraints on the approximation variables, and

they can be written in the following matrix form:

½Qg
ðndnC	Nd Þ

fdg
ðNd	1Þ

¼ f0g
ðnd nC	1Þ

; ð31Þ
½Qe
ðdnC	Nd Þ

fdg
ðNd	1Þ

¼ f0g
ðdnC	1Þ

; ð32Þ

where the constraint matrix ½Qg has dimension

ðndnCÞ 	 ðNdÞ, for each node displacement vector having

nd components, while ½Qe has dimension ðdnCÞ 	 ðNdÞ.
The discretized augmented Lagrangian functional is

extended to the present problem by adding the term:

frCgT½Qgfdg þ 1
2
að½QgfdgÞTð½QgfdgÞþ ð33Þ
þfrCgT½Qefdg þ 1
2
bð½QefdgÞTð½QefdgÞ;

The total Hessian of the potential energy functional

with respect to the approximation variables is given by:

r2
ddPðfdg; frg; frCg; frCgÞ
¼ ½K þ að½Kb þ ½KgÞ þ b½Ke ð34Þ

where the Hessians ½Kb ¼ ½QbT½Qb of the boundary

conditions and of the material continuity constraints

½Kg ¼ ½QgT½Qg, ½Ke ¼ ½QeT½Qe have been evidenced.

All of them are semi-definite positive because they are

evaluated by the dyadic product of the constraint ma-

trices ½Q. The saddle point of the functional corresponds
to the MLS solution of the crack discontinuity problem:

min
fdg

max
frg;frCg;frCg

Pðfdg; frg; frCg; frCgÞ: ð35Þ

The numerical solution can be determined by using

the augmented Lagrangian algorithm and the applica-

tion of the iterative formula by Hestenes and Powell

(HP) [21] for all the three sets of Lagrangian multipliers:

minimization w.r.t. the approximation variables fdg:

fdðkþ1Þg ¼ argminfdgP fdg; frðkÞg; frðkÞC g; frðkÞ
C g

� �
; ð36Þ

HP formulas for the Lagrangian multipliers:

frðkþ1Þg ¼ frðkÞg þ a f�ggrg
�

� ½Qbfdðkþ1Þg
�
;

frðkþ1Þ
C g ¼ frðkÞC g þ a½Qgfdðkþ1Þg;

frðkþ1Þ
C g ¼ frðkÞ

C g þ b½Qefdðkþ1Þg;

ð37Þ

and the choice of an incremental scheme for both pen-

alty parameters a and b [10,21]. The iteration in Eqs.

(36) and (37) works alternatively on the variables fdg
and on the Lagrangian multipliers frg, frCg, frCg. It
should be observed in fact that the functional minimum

with respect to fdg is calculated by keeping the values of

the multipliers fixed, which are updated at the subse-

quent step.

The importance of the correct selection of the penalty

parameters a and b in the present formulation has been

evidenced in previous papers [10,20]. From a theoretical

point of view the algorithm will converge for any posi-

tive value of the penalty parameters, but in practice the

numerical experiments carried out have shown that the

selection of appropriate values is not a trivial task. In

[10] an efficient algorithm for computing the initial

penalty parameter values has been proposed. This al-

gorithm can be straightforwardly extended to crack and

interface problems [19]. Let recall the Hessian expres-

sion, Eq. (34). The matrices ½K, ½Kb, ½Kg, ½Ke are

summed up weighted by the penalty coefficients. To

ensure the best numerical conditioning of the problem

the spectral radii of the matrices must be properly

scaled.

These matrices are all positive semidefinite, and

therefore their minimum eigenvalue can be assumed in

general equal to zero. Before starting the augmented

Lagrangian iteration the following maximum eigen-

values are estimated:

kK ¼ max eig½K; ð38Þ
kb ¼ max eig½Kb; ð39Þ
kg ¼ max eig½Kg; ð40Þ
ke ¼ max eig½Ke; ð41Þ

and the initial penalty parameters are set as follows:

a ¼ kK
10minðkb; kgÞ

; b ¼ kK
10ke

: ð42Þ

Eq. (42) fix the penalty parameter values in such a

way that the spectral radii of the matrices ½K, ½Kb, ½Kg,
½Ke are all comparable. As noticed before, a controls

boundary constraints and virtual crack interface dis-

placements, so that the eigenvalues kb and kg will be of

the same order of magnitude.

Some results about the convergence behavior of the

augmented Lagrangian algorithm for different values of

the penalty parameter a are reported in [10].
6. Numerical examples

In the present section the results produced by stan-

dard Gaussian quadrature and partition of unity

quadrature are discussed. Attention is focused on the

evaluation of the stress intensity factors, as they are the



Fig. 8. MLS and interface nodes for the orthogonal edge crack

example.

Fig. 9. Background quadrature cells for the orthogonal edge

crack problem.
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quantities determining the crack trajectory when the

maximum stress criterion for crack propagation is used.

No propagating crack examples are given due to current

software limitation, as the translation of the virtual

crack interface is actually not implemented.

A flat sheet in tension is examined considering first an

orthogonal edge crack (pure mode I), and then a slant

edge crack (mixed mode). Both examples are modelled

in plane stress state using the linear basis, enriched by

the
ffiffi
r

p
function:

fpgT ¼ f1; x; y;
ffiffi
r

p
g; ð43Þ

r being the distance from the crack tip. The exponential

weight function:

wðdÞ ¼
e�ðd=cÞ2k � e�ðdm=cÞ2k

1� e�ðdm=cÞ2k
d 6 dm;

0 d > dm;

8<
: ð44Þ

has been used, with k ¼ 1, dm=c ¼ 5 and a radius dm of

the supports containing a number of MLS nodes equal

to 7 times the number of the basis functions, i.e. 28

nodes.

The first example is illustrated in Fig. 7. For this

example the MLS discretization is reported in Fig. 8,

where the nodes surrounded by a circle are the virtual

crack interface nodes and the ones surrounded by a

square are the edge crack nodes. Fig. 9 reports the

quadrature cells used for the standard Gaussian

quadrature. The stress intensity factor KI has been

evaluated by the decomposition method, using circular

J -integral evaluation paths centered at the crack tip. The

method is described in [22], along with a boundary ele-

ments code, here used for comparison in the assessment

of the results.

The data used in the example are a ¼ 1, r ¼ 1 with

elastic constants E ¼ 105, m ¼ 0:3. The ‘‘exact’’ solution

of the problem, is KI ¼ 2:38. It should be noted that the

use of the enhanced basis, Eq. (43), makes impossible

the enforcement of the deformation continuity at the

crack tip interface, as infinite values arise. This incon-

venient has been circumvented by introducing a couple
σ
a a

a

σ

0.4 a

Fig. 7. Mode I edge crack example.
of interface nodes immediately ahead the crack tip. At

the crack tip only the displacement continuity is there-

fore constrained.

The second example is illustrated in Fig. 10. The edge

crack has length equal to 0:5a, slanted by p=4 with re-

spect to the lower edge of the model. The MLS nodes

and the integration cells are reported respectively in

Figs. 11 and 12. The reference results for this example

are KI ¼ 1:50, KII ¼ 0:72.
In both cases the reference ‘‘exact’’ values for the

stress intensity factors have been evaluated by the BEM

code [22] and verified with the handbook [23], while the

values computed by the present model have been com-

puted with reference to a J -integral circular path having
σ

45
o

σ
a 3/2 a

a

0.5 a

Fig. 10. Slant edge crack problem.



Fig. 11. MLS and interface nodes for the slant edge crack ex-

ample.

Fig. 12. Background quadrature cells for the slant edge crack

problem.
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radius equal to 0.3 times the crack length. The presented

results have been verified for being substantially inde-

pendent from the number and disposition of the nodes

at the virtual crack interface. The results comparing the

stress intensity factors for both standard Gaussian and

partition of unity quadratures are reported in Tables 2

and 3. In the tables different partition of unity weights
Table 2

Comparison of the results for the mode I example

KI EðKIÞ (%)

Exact result 2.38 0.00

Standard Gaussian 2.31 2.94

PUQ, shape functions 2.33 2.10

PUQ, Shephard 2.44 2.52

PUQ, Shephard, conical 2.32 2.52

Table 3

Comparison of the results for the mixed mode example

KI EðKIÞ (%) KII E

Exact result 1.50 0.00 0.72 0

Standard Gaussian 1.56 4.00 0.74 2

PUQ, shape functions 1.59 6.00 0.69 4

PUQ, Shephard 1.70 13.33 0.82 13

PUQ, Shephard, conical 1.50 0.00 0.74 2
are used, by constructing MLS shape functions with

respect to different bases for the approximation and for

the quadrature, Eq. (26), in such a way the integrand

function is simplified. Three cases has been considered,

each one using as PUQ weight:

• the same shape functions constructed for the approx-

imation;

• MLS shape functions constructed with the exponen-

tial weight function and the Shephard�s basis, formed

only by the constant term, fpgT ¼ f1g;
• MLS shape functions constructed with the linear

conical weight function [9] and the Shephard�s basis.

The latter approach proves effective when large

supports and support subdivisions are used [6,7], like in

the present applications, where each circular support has

been subdivided into six polar triangles having vertex at

the center of the circle and a seventh order quadrature

formula with 16 Gauss points in each triangle. In fact

considering both the evaluation of the stress intensity

factors and the area of the domain, evaluated for

checking the PUQ in the integration of the unit function

to have a simple measure of the performance of the

method, it is apparent that the use of the simplest PUQ

weight improves significantly the result. The percentage

error of approximation, defined by
EðrÞ ¼ 100	 jrexact � rnumj
rexact

ð45Þ
r being a quantity of interest, is reported in Tables 2 and

3 as well.
Quadrature points Domain area EðareaÞ (%)

– 2.00 0.00

9344 – –

20548 1.87 6.50

20548 1.83 8.50

20548 2.01 0.50

ðKIIÞ (%) Quadrature points Domain area E (area) (%)

.00 – 2.50 0.00

.78 9180 – –

.17 33880 2.45 2.00

.89 33880 2.12 15.20

.78 33880 2.50 0.00
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The results show that the PUQ can be accurate as the

Gaussian quadrature, but the computing time in the

current implementation is higher. The reason for this,

explained in [6,7], is basically due to the fact that the

discrete form of Eq. (26) does not hold strictly if each

support does not cover the entire domain. In this case

the PUQ is as fast as the standard Gaussian quadrature,

and can produce even more precise results. An im-

provement of the results can be obtained by using spe-

cialized formulas for circular domains [14]. Some studies

on this point are currently carried out. A straightfor-

ward and simple conclusion from these results could be

to adopt the PUQ in a subregion near the crack tip,

using weight supports covering the entire subregion, and

standard Gaussian quadrature in the remaining part of

the domain. This can be useful for avoiding the gener-

ation of a very fine integration cell structure near the

crack tip.

In both numerical examples the augmented Lagran-

gian iteration has performed very well despite of the fact

that the problem constraints are very differently scaled.

Using the proposed method for the evaluation of the

initial penalty parameters, a displacement convergence

tolerance equal to 10�6 and a strain convergence toler-

ance equal to 10�8, the solution has been found in a few

iterations consuming a very small fraction of the total

computing time. In practical computations it has been

noticed that the manual selection of the penalty pa-

rameters is almost impossible and very inefficient [20].

The proposed algorithm for their automatic evaluation

not only has always converged, but reduces substantially

the total number of iterations.
7. Conclusions

The paper presents a new approach for the compu-

tation of the quadrature of the variational form related

to a MLS meshless formulation. Based on the partition

of unity property of the moving least squares shape

functions, the integrals on the whole domain are sub-

stituted by the sum of integrals over standard supports,

eliminating in this way the need for a background

quadrature mesh. This approach appears especially

useful whenever the problem discretization evolves, like

in fracture mechanics problems.

The crack discontinuity is modelled by the virtual

crack model, based on the introduction of interface

conditions in a zone ahead the crack tip, and on the

augmented Lagrangian solution of the resulting prob-

lem. Some numerical examples about the evaluation of

stress intensity factors illustrate the effectiveness of the

partition of unity quadrature, although some further

development is needed to improve its numerical effi-

ciency.
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