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ABSTRACT 

The abundant literature on tensile strength size effects would appear to indicate the need for a dramatic 

change in our conceptual framework, in order to consider and measure material constants. For a large class of 

problems, it is well known that the phenomenon of the dependence of material behavior on the specimen 

dimensions can be interpreted by using Griffith's theory. This paper illustrates an effort to compare the 

results of Griffith's theory and gradient elasticity in the interpretation of size effect. A short review of both 

approaches is first presented. Then, a more detailed study of the stress concentration factor is provided for the 

normalized failure stress of a hole contained in an elastic plate. This problem has been solved analytically, by 

using a simple form of gradient elasticity. The minimum and maximum values of the dimensionless hole 

radius are found, for which the gradient effect has an influence on the mechanical behavior of the material. It 

is shown that both (Griffith's and gradient elasticity) lead to analogous results, and similar size effect 

predictions. 

1. INTRODUCTION 

The physical process of brittle fracture originates in highly localized regions of the material where 

inherent defects in the microstructure or defects produced in the course of permanent deformation are 

present. These defects lead to highly localized intensification of tensile stresses. Some of the existing defects 

(aggregation of impurities in the microstructure, inclusions, segregation of particles at grain boundaries) are ι 

converted into "flaws" at which the cohesion of the material is effectively destroyed. In certain materials, like 

concrete, the "flaws" are inherent in the microstructure, where the formation of pores in the production 
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process cannot be completely prevented, although their size can be reduced by suitable control measures. The 

brittle fracture strength of a material subjected to a homogeneous state of tensile stress is related to its defect 

structure, that is, to the concentration and severity of defects in the specimen. Analytical and statistical 

considerations lead to a considerable effect of size on fracture strength. 

In fracture mechanics, the decrease of strength with increasing size of the specimen is accounted for by 

the introduction of the concept of "flaws" /1,2/. Such flaws, in the form of circular or elliptical holes or of 

linear cracks, convert the continuous, homogeneous solid into a perforated one. The microscopic flaws or 

cracks produce high stress concentrations and consequently can grow in the material. Highly inhomogeneous 

stress fields can develop in homogeneously stressed materials due to pores, inclusions, and other mechanical 

defects like mechanical scratches at the surface. A similar effect is produced by other types of 

inhomogeneities in the microstructure, such as developed slip bands, unfinished slips at grain boundaries, and 

vacancy clusters (holes) formed during reversed cyclic loading; also at a larger scale, by macroscopic cracks, 

notches, holes. 

The introduction of the concept of flaws represents an attempt to device a continuum mechanics 

analytical model able to reproduce certain features of the real material. This model is based on the following 

assumptions /3,4/: (a) Flaws of different severity are distributed throughout the medium. Each flaw is 

contained in a volume element, the strength of which it determines; however, no interaction between flaws 

exists, (b) The tensile strength of a volume element is related to the severity of the flaw it contains by Griffith 

theory of crack instability, (c) The tensile strength of any specimen is uniquely defined by the strength of that 

volume element containing the most severe flaw. 

2. A REVIEW OF GRADIENT ELASTICITY 

Higher order theories in elasticity have been proposed since the beginning of the century (e.g. couple-

stress theories, multipolar or micropolar theories, etc.) in order to account for the effect of microstructure. In 

particular, Mindlin has proposed a gradient theory of elasticity motivated by surface tension considerations in 

analogy to Van der Vaals theory of fluid interfaces. Classical continuum-mechanics theories cannot describe 

situations dominated by microstructural effects, e.g. load or geometrically induced stress singularities, since 

the influence of these effects is not properly accounted by the standard continuum models. Higher order 

theories play an important role in modeling various deformation and crack patterns associated with fracture. 

Let us consider a deformable body whose strain energy may be described as a function of some 

parameters. In the case of classical linear elasticity, the main parameter is the strain tensor, which is the 

symmetric part of displacement gradient. Thus, in this case, the strain energy depends only on the strain 

tensor, or on the first gradient of the displacement field. This describes satisfactorily only cases when both 

displacement and strain fields are rather smooth. For stress concentration problems, however, due the 

pronounced effect of defects or microstructure, we have to include into the expression for the energy some 

additional parameters characterizing the non-locality. This means that the state at a point depends also on the 
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deformation state at neighboring points 15-91. The first (or the second, etc.) gradient of the strain field may be 

considered as such an additional parameter because it characterizes spatial differences in elastic states at 

neighboring points. By including such non-local terms in the strain energy expression of the system, we 

arrive at modified governing equations like those derived by Mindlin /10/, Aifantis /11-14/ and others. The 

particular theory of gradient elasticity proposed by Aifantis and co-workers incorporates the Laplacian of the 

classical Hookean expression of elastic stress (in terms of strain) into the stress-strain relations. A distinct 

feature of this theory is that the stress field is the same as that obtained from the classical solution of a 

corresponding linear elastic boundary-value problem with same imposed traction. However, new boundary 

conditions on displacement or strain must be introduced in order to obtain the complete gradient solution for 

the displacement field. An important implication of this gradient elasticity theory in fracture mechanics is its 

capability to remove the strain singularity at the crack tip without the introduction of extraneous material 

forces in the form of a plastic strip or cohesive zone /12/, as in the Dugdale - Barenblatt model. Similar 

results have been obtained by Gutkin and Aifantis /15-17/ for dislocations and disclinations, where the 

classical singularity of displacements and strain fields disappeared at the defect line. Recently, Gutkin and 

Aifantis (1999), obtained analytical solutions for dislocations and disclinations which eliminate also the 

stress singularity. This was accomplished by using a more generalized gradient elasticity model which 

involves in addition, the Laplacian of stress field itself. This theory includes two gradient coefficients. 

In terms of lattice theory, classical elasticity incorporates only the nearest neighbor interaction through 

the definition of the elastic strain energy density of the body, so that it does not present any intrinsic length. 

An intrinsic length scale appears when the forces between particles are extended to include first, second, 

. . . , Hth neighbor interactions. Depending on the highest-order position gradient taken into account in the 

energy function, we call the corresponding material an elastic material of grade-« (Mindlin, Truesdell, Rivlin, 

Green, Eringen, Kroener, etc. as quoted for example, in /6,8,10/). From this point of view, the classical 

elasticity may be considered as an asymptotic theory and the above ones as higher-order approximation of a 

fully non-local theory. 

Thus, introducing gradients of any order, we take into account the non-locality of the physical state of the 

system in an approximate way. In this case, the gradient coefficients, which are introduced 

phenomenologically in conjunction with the gradient terms, characterize the influence or the importance of 

these terms into the solution of the problem. We can link the value of the gradient coefficient with the 

characteristic scale of the material. For example, we can assert for the Altan - Aifantis /18 a, b/ gradient 

coefficient c (see also /14/), that the related gradient theory is significant when the elastic field is being 

described at the scale (e.g. near the dislocation core) where is the characteristic length for the elastic 

non-locality and is directly related to the lattice parameter. When we consider the elastic state far from the 

dislocation line, at a distance ^5-5-10 

/15-16/, it turns out from the solution that we can neglect the 

gradient elasticity and use the classical elasticity. The gradient coefficient c has the physical meaning of the 

square of the internal length, which represents the distance over which a considerable variation of the elastic 

field takes place. 
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The introduction of the gradient term into the constitutive equation takes into account the physical nature 

of the interactions between the smallest structural particles of the material. Some theories with the first 

gradient of strain field do not permit us to deal with stress and strain singularities in crack, dislocation and 

disclination problems (e.g. elastic Cosserat medium or micropolar theories). The well-known Mindlin 's 

theory includes both first and second order strain gradients. Omitting the second gradients we arrive at a 

couple stress theory. Omitting the first gradients and maintaining the second ones, we formally arrive at the 

Altan - Aifantis gradient theory, which permits to avoid such singularities. However, the expression for the 

Cauchy stress is different in the two theories and this has direct implications in the form and physical 

meaning of the required extra boundary condition for the two theories. 

3. SIZE EFFECT IN ELASTIC PLATES CONTAINING A CRACK - GRIFFITH'S THEORY 

Griffith in his celebrated work /1,2,19/ applied general considerations on the total potential energy of a 

system in developing his theory of rupture of brittle materials. All materials always show a tensile strength 

much lower than the one expected by molecular force considerations only. Griffith introduced a new energy 

criterion of rupture explaining such a decrease. He considered the case of a homogeneous, isotropic, elastic 

plate of uniform thickness, containing a straight crack which perforates the plate and is subjected to planar, 

uniform tensile stresses at its outer edge (Fig. la). If the plate is thin, its state is of plane stress and, if it is 

thick, then the plate is in a state of plane strain. The relevant equations for the two states are of the same 

form, differing only in the values of the constants. In calculating the strain energy of the plate, Griffith used 

the Inglis's solution for the stresses in a plate with elliptical hole. 

a 

Fig. 1: (a) Uniform tension of an infinite elastic plate containing a crack, (b) The instability stress as a 

function of the half-length of the crack. 
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The increase in elastic strain energy We due to a very sharp crack of length 2a is given (for plane strain) 

by the expression 

We = ——πα2σ2, (1) 

with V being the Poisson ratio, Ε the modulus of elasticity, σ the applied stress, and 2a the crack length. 

The energy of W, required for forming the crack surfaces per unit thickness of the plate, is given by the 

expression 

Ws =4 ay, (2) 

where γ denotes the surface energy (energy per unit surface [F] [L]"1). Thus, the reduction of the total 

potential energy of the system, due to the presence of the crack, is We - Ws. The condition for which the crack 

may extend is 

da 
{We-Ws) = 0 

/ l _ v 2 \ 
πα σ = 2γ (3) 

so that the crack propagation stress is 

σ = 
GICE 

I ( 1 - v ) π α 
(4) 

where GJC = 2γ is the fracture energy ([F] [L] '). The corresponding plot of (4) is depicted in Fig. lb. 

In the experimental evaluation of this expression during tensile tests on glass filaments, Griffith found an 

apparent strength of 2.37 GPa, whereas the tensile strength of normal-sized specimens was about 0.172 GPa. 

This discrepancy can be interpreted by the following general conclusion of Griffith's theory. The weakness 

of real solids is due to the presence of discontinuities (flaws, microcracks), whose ruling dimensions are large 

compared with molecular distances. The introduction of flaws of simplified geometry makes the analysis of 

the surrounding stress field manageable on the basis of linear elastic theory. With the aid of this concept the 

large discrepancy between the (theoretical) atomic bond strength and the real bulk strength observed on 

specimens of finite dimensions can be quantitatively accounted for. The effective strength of technological 

materials might be increased by one order of magnitude if these discontinuities are eliminated. 
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4. SIZE EFFECT IN ELASTIC PLATES CONTAINING A HOLE - GRADIENT ELASTICITY 

The first attempt to interpret size effects in mechanical behavior of materials by employing gradient 

elasticity theory has been made by Aifantis /20/. It is recalled here that a well-known trend of brittle materials 

such as glass, ceramics, rocks, concrete and others, is their tendency to become stronger as the cross-sectional 

area is decreased. An analogous size effect problem of great practical interest in porous or perforated 

materials was considered by using gradient elasticity. Laboratory experiments conducted by various 

investigators in the past show that smaller holes are stiffer and fail at a higher stress than larger holes. One of 

the commonly reported outcomes of such tests is that the circumferential stress at the boundary of the hole 

required to cause failure is at least twice the unconfined tensile strength of the porous material. This behavior 

can be understood in terms of classical elasticity theory in terms of the stress concentration factor. However, 

classical elasticity theory cannot provide an explanation for the reduction of hole strength with increasing 

hole radius. Such an explanation is provided below through the use of gradient elasticity. 

Consider a hollow elastic cylinder extended to infinity with hole radius a, subjected to a uniform tensile 

stress σ (Fig. 2). As mentioned above, this problem has been examined in the framework of a special 

gradient theory of elasticity and the experimental trends are reproduced in terms of the obtained analytical 

solution. 

Fig. 2: Uniform tension of an infinite elastic plate containing a hole. 

It has been shown, in particular, that the failure stress decreases and the stress concentration factor 

increases, as the hole radius increases. The constitutive equation of the special theory of gradient elasticity 

used, reads 

σ,·,· = XekkS t j + 2με^ -cA V2(ekkδ,·,·), (5) 

where (a,y ,£,·, ) are the stress and infinitesimal strain tensors, ( λ , μ ) are the Lame elastic constants, δ^ 

denotes the unit tensor, V 2 is the Laplacian operator and c> 0 is the gradient coefficient. The corresponding 
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expressions for the radial and circumferential stresses have been found as follows /20, 21/, 

2 σ ^ 
1 — 

rT 
-F(.r), (6) 

σθ ~ σ 1 + -
2σ \ J ? f \ r 

7 7 
(7) 

where r * a , h = a / J 7 , Τ =hKi(h)+ K0(h), and F(r) = Kx{r / -J?)-(a / r)Kx(h), while K 0 ( r / J ? ) , 

Κλ(τIyfc") are second type modified Bessel functions of zero and first order, respectively. The expression 

for the circumferential stress a e a t the hole boundary is given by 

σθ\r-a 
VC 

\ ^ 
(8) 

The stress concentration factor Κ and the normalized tensile failure stress σ f may be written as 

follows, 

κ - 2(1 Μ ) , ff/.I(1+JEfiW). \ UK.Α- * ο \ u Ϊ<γ . tu\ v / 
hKx(h) + K0(h) I ' 21 hKx(h) 

The investigation of the expressions given by (9) gives the following results: 

(a) Large holes: This means that h =a /Vc 7 tends to 00 , where a » , Κ = 2 and σ/= 0.5. For large 

values of dimensionless hole radius h, the gradient solution coincides with the classical solution. The hole is 

not sensitive to the material microstructure and its mechanical behavior is the classical one. 

(b) Holes with radius comparable with the gradient coefficient: In this case we have that h =a /4c* is 

equal to one, where a 

, K= 1.177 and σ{= 0.849. When the dimensionless hole radius h approaches 

the square root of the gradient coefficient (material constant), then the maximum stress at the edge of 

the hole is 1.177 times larger than that applied externally. The strength of the plate of dimensions much 

larger than the hole is reduced to ~85% of that of the intact plate. Classical elasticity 1221 predicts that this 

reduction is equal to 50% regardless of the hole radius h. 

(c) Small holes: In this case we have that h =a tends to 0, where a « 
and then, lim Κ = 0 

Α—ο 
and lim σ f = °° . Without the hole, the applied stress distributes in the whole plate with the value of σ. 

Α—ο ' 
From the physical point of view this signifies that Κ must not be less than one, and Of must not be more than 

one. This means that the minimum stress concentration factor is Κ a 1, and that the maximum value of the 

normalized failure stress is σ{ < 1. 
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(d) We will now determine the lowest value of the dimensionless hole radius for which the stress 

concentration factor and the normalized failure stress assume the minimum and maximum values, 

respectively. For Κ = 1 and σ / = 1 we have h=a / Vc7a 0.6. Thus, for a & 0.6 J? , the stress concentration 

factor Κ and the normalized failure stress c^ take their lowest and maximum values one, respectively. It may 

be asserted that, for h < 0.6, the stress concentration factor and the normalized failure stress remain constant 

and equal to one. For dimensionless hole radii less than approximately 0.6 there is no (size) effect on the 

material behavior. The previous results are listed in Table 1 and illustrated by corresponding diagrams in 

(Fig. 3). It is observed that for a hole radius a >• 10 , gradient elasticity and classical elasticity give 

essentially similar results. 

Table 1 

a < 0 W c 7 s O W c 7 a 5 . 2 7 4 ? » - y / c 7 

h < 0 . 6 a 0.6 1 a 5.27 00 

Κ 1 1.177 s 1.704 2 σ, 1 0.849 a 0.587 0.5 

Fig. 3: Plots of the stress concentration factor Κ and of the normalized failure stress cry , vs. the 

dimensionless hole radius h. 
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4. COMPARISON BETWEEN GRIFFITH'S THEORY AND GRADIENT ELASTICITY 

Both theories consider the influence of the microstructure (flaws, pores, imperfections, irregularities, 

voids, microcracks, etc.) on material behavior. Both theories predict a size dependence of the tensile strength 

on specimen dimensions (size effect). 

The logarithmic form of (9) with respect of is 

1 η σ / = - l n 2 - l n A - l n [ / Q ( A ) ] + l n [ A t f 1 ( A ) + tf0(A)]. (10) 

The slope of the curve (In Of versus In h) is given by the following expression 

11 K0(h)[hK0(h) + K}(h)j 
^ Ι η Α ] = * , (ΛΧΛ*,(Α) + * ο ( Α ) ] ' 

In Fig. 4a it is shown that, when h assumes particularly small values, the slope is equal to -0 .325 . In 

Griffi th 's theory this slope (in the bilogarithmic diagram strength versus crack length) is constant in the 

whole scale range and equal to - 0 . 5 (Fig. 4b). 

- 1 . 0 
-1.0 0.0 1.0 2.0 3.0 4.0 

InA 
(a) 

1ησ„ 

I n a 

(b) 

Fig. 4: Bilogarithmic diagrams: (a) normalized tensile failure stress c^vs. the dimensionless hole radius h in 

Gradient Elasticity; (b) tensile stress of instability vs. crack length in Griffi th 's Theory. 
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Gradient elasticity shows a trend similar to the Griffith's one for small scales. When the hole radius is 

comparable with the square root of the gradient coefficient, , the stress concentration effect vanishes. 

Otherwise, for large values of the hole radius, gradient elasticity coincides with classical elasticity and the 

stress concentration effect is maximum. In gradient elasticity the size effect illustrated by the bilogarithmic 

diagram (lnc^vs. ΙηΛ), is nonlinear and shows an upward concavity, whereas Griffith's theory presents a 

linear variation. The former predicts an asymptotic value different from zero for the tensile strength, whereas 

for the latter the asymptotic value is unrealistically equal to zero. On the other hand, for small structural sizes 

both theories present similar results. 
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