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SUMMARY

The tensile mechanical behaviour of quasi-brittle materials, such as concrete, has been the subject of
numerous studies from which there has unequivocally emerged the centrality of the cracking phenomenon.
The present study highlights this aspect by evaluating the tensile structural response of an in"nite plate with
an in"nite set of collinear cracks that are spaced at a constant distance apart and are of variable length
according to a distribution of self-similarity. The "rst part of this paper describes the general features of the
method of the pseudo-tractions used to determine the stress-intensity factors, which is based on the
application of the principle of superposition. Subsequently, by means of a numerical simulation, in which
account is taken of crack propagation and coalescence (excluding overlapping), the link is obtained between
critical tensile stress and the incremental displacement due to the damage present in the material, accounting
for typical aspects of structural response, such as the strain-softening phenomenon. Copyright ( 2000 John
Wiley & Sons, Ltd.

1. INTRODUCTION

In studying the tensile loading capacity of concrete and the intrinsic characteristics of structural
response, it is necessary to take into account the #aws already present in the material. This
approach has already formed the basis of other studies where questions of disorder were
disregarded. These studies have accounted for certain typical aspects, such as the phenomenon of
strain softening.1,2 However, to be able to obtain results closer to and more in line with the
experimental data (Figure 1), it is necessary to pass from an ordered microstructure of
the material to a disordered one. It is therefore a matter of de"ning the parameters a!ected by the
disorder, and for each of these to evaluate the statistical characteristics of their distribution, in
other words, their probability density function.

There are numerous studies which have addressed this problem, and above all have been aimed
at explaining the so-called scale e!ects, i.e., the variation of strength with structural size,
a phenomenon that is present in many materials, but particularly marked and evident in concrete.

Among the "rst investigators to examine this question was Weibull, who introduced the
weakest link concept, according to which there is a decrease in material strength as the volume of
the specimen increases. On the other hand, Weibull did not take into consideration the intrinsic
characteristics of the defects.3
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Figure 1. Load}elongation diagram for concrete

A recent study on the subject is the one conducted by Carpinteri, initially in relation to
a two-dimensional scheme and subsequently extended to include the three-dimensional case, the
hypothesis of which is to consider the size of the most dangerous #aw proportional to the
structural size, which leads to the de"nition of distribution of self-similarity.4,5 On the basis of this
hypothesis, the following expressions are obtained for the probability density and cumulative
distribution functions:
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where a
0
is the lower limit of the range of validity of the equations (1) and (2) and N is an exponent

that measures the degree of disorder in the material: for N"1 there is the maximum dispersion in
the size distribution, whereas for NPR the size of the #aws is almost constant.

Notwithstanding their usefulness, relations (1) and (2) are thus seen to approximate only the
end portions of the curves that represent the probability density and the cumulative distribution.
Subsequent studies, which have adopted additional assumptions, have made it possible to obtain
the expressions of the functions p (a) and P (a) in relation to the entire range of variability
(0)a(R), and it is to this formulation that reference will be made in what follows.6

2. NUMERICAL MODEL

2.1. General considerations

Consider an in"nite plate of homogeneous, isotropic and linear elastic material in tension, in
which are initially present collinear cracks with the centres equally spaced by the distrance d and
di!erent random lengths varying in accordance with a self-similarity assumption (Figure 2). On
account of the intrinsic characteristics of this model, the study may be exclusively dealt with
numerically since it is necessary to work with a number of cracks that must be not excessively
high, a fact that involves the adoption of supplementary hypotheses. One of these consists in
truncating the self-similarity distribution at a given value and consequently setting both lower
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Figure 2. Plate randomly cracked on a plane cross-section

Figure 3. Scheme a: In"nite cracked plate subjected to tension. Scheme b: In"nite uncracked plate subjected to tension.
Scheme c: In"nite plate with a single crack subjected on the edges to a tensile stress p

and upper limits to the interval of variability of the crack lengths. The additional hypothesis is
made that the same random and "nite distribution is repeated inde"nitely within the plate; in this
way it is possible to combine the peculiarities of the model (in"nite plate) with the requirements of
the method of calculation ("nite number of cracks).

2.2. Determination of stress-intensity factors

In regard to what has been said above, to determine the stress-intensity factors taking into
account the mutual interaction, it is possible to use the approach by Carpinteri and Yang,7}9 at
the basis of which is the method of pseudo-tractions.10,11

Consider an in"nite plate with a crack of length 2a, subjected to a tensile stress state in the
direction perpendicular to the crack (Figure 3(a)). Owing to the equivalence of scheme (a) with
scheme (b) plus scheme (c), the stress-intensity factor in A and B is found to be the same
in schemes (a) and (c). This particular condition proves to be the basic premise for determining the
stress-intensity factors in the case of a plate with numerous cracks. To provide a complete picture,
it should be recalled that for scheme (c) of Figure 3 and for a similar scheme, in which the crack is
directly loaded by shear stresses, Sneddon and Lowengrub have provided the analytical
expressions of the stress "eld.12 For reasons of simplicity, the exposition of the method of
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Figure 4. In"nite plate with two cracks loaded at in"nity: schemes deriving from the application of the Method of the
Pseudo-tractions

calculation is proposed for two cracks only, without this, however, detracting from its general
validity.

Consider Figure 4: by the superposition principle, scheme (a) consisting of a cracked plate
subjected to a load at in"nity is equivalent to the sum of the schemes (b)}(d). In scheme (b) the
structure is devoid of cracks and is loaded at in"nity, and hence it is immediately possible to
determine the stress "eld, which assumes the values Mp

1=
N and Mp

2=
N in points 1 and 2,

respectively. The need to take into account the interaction between the cracks renders the
solutions of schemes (c) and (d) more problematical. If scheme (c) is considered, on crack 1 there
acts the stress state Mp

1=
N, furthermore in fact, it is necessary to take into account the stress state

acting on 1 due to the presence of crack 2. This is represented by the vector Mp
12

N, which is for the
moment unknown. Likewise, for scheme (d), on crack 2 there is acting a stress state Mp

2=
N, in

addition to which there is the stress state Mp
21

N, which is also unknown. The solution to the
problem now consists in determining the two unknown vectors Mp

12
N and Mp

21
N.

Returning to scheme (c), on crack 1 there act the following normal and shear stresses:
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In the same way, for scheme (d) on crack 2, the following stresses act:
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are the normal stresses and the shear stresses, respectively, due to Mp
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Using now the relations furnished by Sneddon and Lowengrub,12 taking into due account the
orientation of the cracks, it is possible to calculate for scheme (c) the stress state that acts on point
2, and for scheme (d) the stress state that acts on point 1. They are indicated, respectively, by MpN

21
N

and MpN
12

N and constitute the key to the problem. In fact, if we recall that the sum of schemes
(b)}(d) is equivalent to scheme (a), the stress state MpN

12
N must necessarily coincide with Mp

12
N, and

MpN
21

N with Mp
21

N, in order for the condition of absence of stress on the crack edges to by satis"ed.
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Imposing these conditions, we have
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In these relations the coe$cients a and b are known, since they depend only upon the geometry of
the structure.

Substituting expressions (5) into Equations (3) and (4). we obtain a system of four linearly
independent equations in four unknowns, the solution of which leads to the determination of the
normal and shear stresses acting on the faces of each crack
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If we denote by MPN the vector of the known terms (p
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, q
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, p
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) and by MSN the vector
of the unknowns (p
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, q

1
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), the system may be written in the following form:

[R]MSN"MPN (7)

where [R] is a (4]4) matrix.
Extending this treatment to the case of an in"nite plate with n cracks of arbitrary distribution

and orientation, we arrive, in an altogether analogous manner, at a linear system of 2n equations
in 2n unknowns, the solution of which yields the normal and shear stresses on the faces of each
crack. Once these are known, it is possible to calculate the stress-intensity factors K

I
and K

II
at

their tips.

2.3. Structural response

Once the crack distribution has been de"ned, the stress-intensity factors are calculated for all
the cracks. It is then necessary to determine for which of these the factor K

I
is highest and to

calculate the value of external loading that determines the critical condition (K
I
"K

IC
). The next

step is to cause the crack to propagate by a "nite amount (a fraction of the initial length) only on
the side where it is more loaded. At this point we are faced with a new geometry, on which it is
necessary to carry out a fresh analysis, so as to determine again which is the crack subject to the
highest load. There is an iteration of the procedure as described above. In this way, the problem of
crack propagation is solved, but not that of coalescence of the cracks. Coalescence occurs when
two cracks present two tips very close to one another. In such a case there is a very strong stress
concentration e!ect, which leads to very high stress-intensity factor values even at low values of
applied stress, a circumstance which obviously leads to the failure of the ligament between the two
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Figure 5. Scheme adopted for coalescence

cracks, and hence to coalescence. The overlapping phenomenon due to directional instability13 is
disregarded.

From the numerical standpoint, this phenomenon is analysed according to the following
procedure: whenever crack propagation occurs, the distance of the crack tip that has advanced
from the one closest to it is evaluated; when this distance drops below a preset limit, the
coalescence of the two cracks is automatically assumed. The above limit was de"ned after
several numerical simultations had been made from which it emerged that in conditions
of extreme vicinity of the two tips, problems of a strictly numerical nature arise which are
due to the two singular zones. Following this "nding, the intercrack distance below which it is
advisable not to descend was evaluated, assuming this limit for the purpose referred to above.
Numerical analysis terminates when we have a single crack that covers the entire interval being
examined.

As regards the determination of the response in terms of displacement, it is necessary to recall
a well-known di!erential relation that links together the stree-intensity factor and the compliance
of the structure14

G
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"
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"
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E
(8)

where C represents the compliance, a the crack length, F the applied load, and E the modulus of
elasticity. Integration of this di!erential relation enables evaluation of the variation of compliance
during the crack-propagation phase, and hence determination of the displacement. The coales-
cence of two cracks may come about as follows: in an initial phase one of the two cracks recloses;
next, the other propagates until it reaches a "nal geometry identical to the one that would be
obtained following coalescence (Figure 5). In this way, there will always be a return to situations
in which it is possible to use the procedures described above.

On the basis of what has been said, several numerical simulations were made, the results of

which may be presented in a graphical form, setting the non-dimensionalized stress (pJd/K
IC

) on

the ordinate and the non-dimensionalized incremental displacement (dE/(K
IC

Jd)) on the ab-
scissa. Albeit with slight di!erences, a trend is obtained from all the simulations that re#ects the
one shown in Figure 6.

A number of characteristics of the process may be noted. There is an initial linear portion that
precedes crack propagation. When the cracks then start propagating and coalescing, there is an
evident global softening phenomenon. The displacement increases while the stress decreases,
since the increase in compliance prevails over the decrease in critical stress. This is due to the
diminishing distance between the cracks and the consequent increase in stress concentration. It
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Figure 6. Comparison between the responses of ordered and disordered model

might be considered worthwhile, in a hypothetical loading process, to study the phenomenon by
controlling exclusively the displacement.

In certain points of the diagram of Figure 6, there is a behaviour that is at "rst sight anomalous:
during crack propagation there is a sudden snap-back branch. The phenomenon, which is
apparently inexplicable, is due to the fact that, when two cracks are close to each other, the value
of the factor K

I
increases considerably, and hence the stress that causes the critical conditions to

be reached decreases to a point where the elastic contraction prevails over the increase in
compliance, so that there is a positive-slope branch which, however, vanishes as soon as the two
cracks coalesce.

It is interesting to compare this response to what has already been found in other studies with
an ordered model (Figure 6). There can be noted a close resemblance between the two diagrams
for an ample portion of the softening branch. It is only in the end portion that two completely
di!erent behaviours are seen: in the ordered model there is an evident snap-back phenomenon,
which is not in accordance with the usual experimental data. This inconsistency is, however,
overcome with the passage to disordered crack distribution. With the latter model, a response is
obtained that approaches qualitatively the experimental behaviour. Hence, in conclusion, it may
be stated that the distribution of self-similarity, as has already appeared from other studies, is able
to account for the disorder present in the material.

3. CONCLUSIONS

The analyses performed in this study emphasize the fundamental importance of the cracking
phenomenon on the tensile mechanical behaviour of brittle materials. This aspect, which has
moreover already emerged clearly from numerous studies, is more deeply investigated with the
introduction of disorder, and particularly by reference to a distribution of self-similarity. From
the numerical simulations, a response is obtained that qualitatively re#ects the experimental data,
thus succeeding in overcoming the inconsistency that was found with the ordered distribution of
microcracks: the snap-back instability in the softening tail,15,16 disappears with the introduction
of disorder. This ductility increase due to disorder has been found to be consistent with di!erent
studies carried out by the "rst author.17,18

261QUASI-BRITTLE MATERIALS

Copyright ( 2000 John Wiley & Sons, Ltd. Mech. Cohes.-Frict. Mater. 2000; 5:255}262



ACKNOWLEDGEMENTS

The present research was carried out with "nancial support from the Ministry of University and
Scienti"c Research (MURST), the National Research Council (CNR) and the EC-TMR Contract
No ERBFMRXCT960062.

REFERENCES

1. H. Horii, A. Hasegawa and F. Nishino, &Fracture process and bridging zone model and in#uencing factors in fracture
of concrete', Proc. SEM-RI¸EM Int. Conf. on Fracture of Conrete and Rock, Houston, pp. 205}219, 1989.

2. M. Ortiz, &Microcrack coalescence and macroscopic crack growth initiation in brittle solids', Int. J. Solids Struct., 24,
231}255 (1988).

3. W. Weibull, A Statistical ¹heory of the Strength of Materials, Swedish Royal Institute for Engineering Research,
Stockholm, 1939.

4. A. Carpinteri, Mechanical Damage and Crack Growth in Concrete, Martinuus Nijho! Publishers, Dordrecht, 1986.
5. A. Carpinteri, &Scaling laws and renormalization groups for strength and toughness of disordered materials', Int. J.

Solids Struct., 31(3), 291}302 (1994).
6. A. Carpinteri, G. Ferro and S. Invernizzi, &The nominal tensile strength of disordered materials: a statistical fracture

mechanics approach', Engng. Fract. Mech., 58, 421}435 (1997).
7. A. Carpinteri and G. P. Yang, &Fractal dimension evolution of microcrack net in disordered materials', ¹heoret. Appl.

Fract. Mech., 25, 73}81 (1996).
8. A. Carpinteri and G. P. Yang, &Damage process in "nite sized brittle specimen with interacting microcracks', Fract.

Fatigue Engng. Mater. Struct., 20, 1105}1115 (1997).
9. A. Carpinteri and G. P. Yang, &Size e!ects in brittle specimen with microcrack interaction', Comput. Struct., 63,

429}437 (1997).
10. H. Horii and S. Nemat-Nasser, &Elastic "eld of interacting inhomogeneities', Int. J. Solids Struct., 21(7), 731}745

(1985).
11. M. Kachanov, &Elastic solids with many cracks: a simple method of analysis', Int. J. Solids Struct., 23(1), 23}43 (1987).
12. N. I. Sneddon and M. Lowengrub, Crack Problems in the Classical ¹heory of Elasticity, Wiley, New York, 1969.
13. J. G. M. van Mier, &Crack face bridging in normal, high strength and lytag concrete', Proc. RI¸EM-ESIS Int. Conf. on

Fracture Processes in Concrete, Rock and Ceramics Noordwijk, pp. 27}40, 1991.
14. D. Broek, Elementary Engineering Fracture Mechanics, Martinuus Nijho! Publishers, Dordrecht, 1986.
15. A. Carpinteri and F. Ciola, &In#uence of microcracking on tensile behaviour of brittle materials', ¹heoret. Appl. Fract.

Mech., 29, 67}74 (1998).
16. B. L. Karihaloo, D. Fu and X. Huang, &Modelling of tension softening in quasi-brittle materials by an array of circular

holes with edge cracks', Mech. Mater., 11, 123}134 (1991).
17. A. Carpinteri and B. Chiaia, &&Crack-resistance behavior as a consequence of self-similar fracture topologies'', Int. J.

Fracture, 76, 327}340 (1996).
18. A. Carpinteri and A. Brencich, &A statistical approach to microcracking and related toughening e!ects in brittle

solids', to appear.

262 A. CARPINTERI AND F. CIOLA

Copyright ( 2000 John Wiley & Sons, Ltd. Mech. Cohes.-Frict. Mater. 2000; 5:255}262


