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Abstract

This paper deals with mechanical behavior of quasi-brittle materials in tension, such as concrete. Two elementary

LEFM models are presented. Attention is focused on the crack phenomenon, highlighting the in¯uence of initial dam-

age on structural response. The ®rst model consists of a plate of ®nite size with a central crack. The second model cor-

responds to an in®nite plate with an in®nite set of collinear cracks of equal length and spaced at a constant distance

apart. For both models, an analytical study is conducted which leads to a determination of the link between critical

stress and displacement, initially considering only the incremental displacement due to the damage present in the ma-

terial, and subsequently also taking into account the elastic compliance of the structure. An analysis is also performed

in which the concomitance of brittle fracture and plastic collapse is considered, which reveals interesting scale ef-

fects. Ó 1998 Elsevier Science Ltd. All rights reserved.

1. Introduction

In almost all engineering applications, the ten-
sile strength of concrete is neglected during the
design stage. In fact, the capacity of concrete
to resist tension is not zero; it is often neglected
because the tensile strength of concrete is consid-
erably less than the compressive strength. More-
over, the tensile strength vary widely with the
size of test specimen, aggregates, etc. The e�ects
of these variables are di�cult to account for.
Concrete contains various types of inherent
¯aws, such as voids and microcracks, which have
signi®cant in¯uence on the structural response.
These defects cannot be disregarded in order to
have a full understanding of the tensile behavior
of concrete.

Typical experimental results of tensile tests can
be described with reference to the load-displace-
ment curve in Fig. 1. The linear portion is AB while
strain hardening and softening correspond to BC
and CD, respectively. The main point is to under-
stand the role with which pre-existing ¯aws a�ect
this behavior. Appropriate models need to be cho-
sen to exhibit the tensile response of concrete.

2. Finite plate with central crack

2.1. Tensile mechanical behavior

To exhibit the tensile behavior of concrete, it is
possible to use a cracked plate model as in Fig. 2.
This con®guration represents the structure damage
at the initial stage. The stress±intensity factor for
this problem is given by [1,2]

KI � r
������
pa
p ��������������������
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pa
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The displacement at in®nity due to crack opening
is

d � 4ra
E
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The relations given above apply in the case of a ge-
neric crack with an initial half-length of a0. A lin-
ear relation between the displacement d and the
stress r will be determined:

d � r
k
; �4�
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The onset of crack motion is assumed to occur
when KI � KIC. This leads to

r0

�������
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p ���������������������
sec
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As Eq. (6) shows, the behavior of the material is
strongly in¯uenced by the geometry of the crack.
The most signi®cant factor is the ratio a0=h, which

may be regarded as the initial damage of the mate-
rial (a0=h � 0 with zero damage; a0=h � 1 with
complete separation).

The incremental displacement is given by

d0 � r0

k
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when the crack has started to propagate, the be-
havior of the material may be obtained from
Eqs. (1) and (2), by imposing the condition
KI � KIC for a > a0. This gives

r � KIC������
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���������������������
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2h

� �r
: �8�

Recalling Eqs. (6) and (7), there results:
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with a0

h 6 a
h 6 1:

Eqs. (9) and (10) are presented in graphical
form in Fig. 3 for four di�erent values of a0/h

Fig. 1. Load-displacement diagram for concrete.

Fig. 2. Finite plate with central crack.
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� 0.05, 0.10, 0.15 and 0.20. The phenomenon of
snap-back is noted in all cases. Initially, as a=h in-
creases, the displacement also increases relative to
the critical condition �KI � KIC�, that is the in-
crease in compliance prevails over the decrease in
critical stress. Beyond a certain value of a=h, this
displacement decreases. The value of a=h corre-
sponding to this transition is indicated by ac=h.
It is determined by setting

@ d
d0

� �
@ a

h

ÿ � � 0: �11�

This yields ac=h � 0:9288. This value is indepen-
dent of a0=h. It can be used in Eqs. (8) and (2) to
give the corresponding critical values rc and dc

also being independent of a0=h.
At ®rst sight, this result would seem to be in dis-

agreement with those obtained from Eqs. (9) and
(10). However, Fig. 3 shows that as a0=h grows,
the ratio dc=d0 diminishes, and the ratio rc=r0 in-
creases. Such an incongruence is only apparent
and it is due to the variations of both d0 and r0

as a0=h varies. Further elaboration on this will fol-
low.

The linear portion �KI < KIC� as obtained from
Eq. (2) gives

d � 4rh
E

a0

h
V 2
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h

� �
: �12�

For the softening branch, Eqs. (8) and (2) can be
used to render:
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Casting Eqs. (12)±(14) in dimensionless forms,
and setting the nondimensionalized displacement
on the abscissa and stress on the ordinate, it is pos-
sible to plot the rÿ d curve both in the linear port-
ion and in the portion where softening occurs
(Fig. 4). Note the point corresponding to the onset
of the snap-back phenomenon. The softening
branch, at its end portion, is common to all the
cases considered. Initial cracking a�ects only the
linear portion, beyond which the behavior of the
material is uniquely determined by the condition
of failure.

2.2. Virtual crack propagation

To evaluate the elastic deformation of the plate,
consider a ®nite portion of length l. The displace-
ment due to distributed elastic deformation is

Fig. 3. Stress versus incremental displacement diagram.

Fig. 4. Universal stress versus incremental displacement dia-

gram.
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d0 � r
E

l: �15�
The displacement due to the presence of the crack
is expressed by Eq. (12) and shall be denoted by
d00. Superposition gives the total displacement as

d � d0 � d00: �16�
Using Eqs. (12) and (15) renders Eq. (16) dimen-
sionless:

dE
rPl
� r

rP

1� 4
h
l
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: �17�

Eq. (17) represents the nondimensionalized linear
relation between load and displacement, which is
found to be a function of both the initial relative
crack length a0=h and the ratio h=l. The term in
brackets represents the nondimensionalized com-
pliance. Fig. 5 shows some linear diagrams (for
h=l � 3).

Recalling Eq. (6) and taking into account plas-
tic collapse, it is possible to determine for each di-
agram both the point of brittle crack propagation
and the point of plastic ¯ow of the ligament. The
former depends on the brittleness number [3,4],
while the latter is unique. By joining the points
that correspond to one and the same value of the
brittleness number, a curve is obtained which rep-
resents the load-displacement link at the crack

propagation. These curves are represented in
Fig. 5, which also shows the curve joining the
points of plastic collapse. From an analysis of
the diagrams, there emerges a clear snap±back
phenomenon due to the decrease in critical load
and the increase in compliance.

3. In®nite plate with ordered crack distribution

3.1. Tensile structural response

Another model for simulating the tensile me-
chanical behavior of concrete-like materials, is
shown in Fig. 6. It consists of an in®nite plate of
unit thickness with an in®nite set of collinear
cracks of length 2a and located at a constant dis-
tance apart d. The stress intensity factor is [5]:

KI � r

������������������������
d tan

pa
d

� �r
: �18�

The displacement at in®nity due to the opening of
the cracks is

d � 4rd
pE

ln sec
pa
d

� �� �
: �19�

The initial half-length of the cracks will be denoted
by a0. For this model, a linear relation is found be-
tween the displacement d and the stress r:

d � r
k
; �20�

Fig. 5. Stress vs. displacement diagram for a ®nite portion of

plate.

Fig. 6. In®nite plate with an ordered distribution of collinear

cracks.
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where

1

k
� 4d

pE
ln sec

pa0

d

� �� �
: �21�

Crack propagation corresponds to KI � KIC. This
leads to

r0

��������������������������
d tan

pa0

d

� �r
� KIC: �22�

The most signi®cant factor is a0=d, which may be
considered as initial damage of the material
(a0=d � 0 with zero damage; a0=d � 0:5 with com-
plete separation). The incremental displacement is

d0 � r0

k
� KIC�����������������������

d tan pa0

d

ÿ �q 4d
pE

ln sec
pa0

d

� �� �
: �23�

From Eqs. (18) and (19) for KI � KIC and a > a0,
there results

r � KIC���������������������
d tan pa

d

ÿ �q : �24�

From Eqs. (22) and (23), it is found that:

r
r0

�
�������������������
tan pa0

d

ÿ �
tan pa

d

ÿ �s
; �25�

d
d0

� r
r0

ln sec pa
d

ÿ �ÿ �
ln sec pa0

d

ÿ �ÿ � : �26�

Eqs. (25) and (26) are presented graphically in
Fig. 7 for four di�erent values of the initial crack
depth a0/d� 0.010, 0.015, 0.020, and 0.025; the
snap±back phenomenon is noted in all cases. Initial-
ly, as a=d increases, the displacement corresponding
to the critical condition �KI � KIC� also increases.
That is the increase in compliance prevails over
the decrease in critical stress. Beyond a certain value
of a=d, the critical displacement decreases. The val-
ue of a=d that corresponds to this transition is indi-
cated by ac=d. It is determined by setting

@ d
d0

� �
@ a

d

ÿ � � 0: �27�

This gives ac=d � 0:4450. Similar results are
obtained in [6±9]. Note that the value found is
independent of a0=d. The same is applied to rc

and dc.

For the linear portion �KI < KIC�, the relation

d � 4rd
pE

ln sec
pa0

d

� �� �
�28�

prevails. Valid over are the relations:

r � KIC���������������������
d tan pa

d

ÿ �q ; �29�

d � 4rd
pE

ln sec
pa
d

� �� �
� KIC���������������������

d tan pa
d

ÿ �q 4d
pE

ln sec
pa
d

� �� �
�30�

with a0

d 6 a
d 6 1

2
.

Recalling Eqs. (29) and (30) and setting the
nondimensionalized displacement on the abscissa
and nondimensionalized stress on the ordinate, it
is possible to plot r against d both in the linear
portion and in the portion where the softening
phenomenon appears (Fig. 8). The snap±back ini-
tiation is found to be unique. Note that end port-
ion of the softening branch, is common to all the
cases considered. This is because the behavior of
the material is related only to the condition of fail-
ure. Once the crack has reached a given length, its
subsequent behavior is independent of its prior
``history''.

Fig. 7. Load vs. displacement relation during crack propaga-

tion.
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The softening portion consists of two branches:
one with a negative slope, in which the structural
behavior could be detected by means of ®xed-grip
tests (deformation-controlled loading process),
and one with a positive slope, in which the struc-
tural behavior could be detected by controlling
the relative opening of the crack.

3.2. Evaluation of scale e�ects

Consider the model of Fig. 6. It is found from
Eq. (19) that

rmax � KIC���������������������
d tan pa

d

ÿ �q ; �31�

which de®nes the load that causes crack propaga-
tion. Structural collapse could also occur by plastic
¯ow of the ligament, i.e., of the material between
two consecutive cracks. Although it never occurs
for concrete, it is interesting to evaluate this behav-
ior. Both types of collapse provide information for
the scale e�ects.

Dividing Eq. (31) by the yield stress rP, the re-
sult is

rmax

rP

� KIC

rP

���
d
p �����������������

tan pa
d

ÿ �q : �32�

Let us denote the brittleness number as follows:

s � KIC

rP

���
d
p : �33�

Eq. (32) becomes

rmax

rP

� s�����������������
tan pa

d

ÿ �q : �34�

The plastic ¯ow of the ligament under equilibrium
requires that

r1d � rP�d ÿ 2a�; �35�
where r1 is the stress at in®nity that causes the
plastic ¯ow of the ligament. Eq. (35) leads to

r1
rP

� 1ÿ 2
a
d
: �36�

To evaluate the scale e�ects, Eqs. (34) and (36)
may be represented graphically as functions of
a=d. The results are shown in Fig. 9. For low val-
ues of s, brittle propagation of the cracks precedes
plastic ¯ow of the ligament. The latter collapse
phenomenon is always prevalent when a=d is close
to zero (absence of crack) or is close to 1/2 (com-
plete separation).

Fig. 8. Universal load vs. displacement relation during crack

propagation.

Fig. 9. Limit stress vs. relative crack length by varying the brit-

tleness number.
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For high values of s, plastic ¯ow of the ligament
precedes brittle propagation of the cracks. The val-
ue of s above which this situation occurs is approx-
imately equal to 0.515. This behavior re¯ects what
has already been highlighted for other geometries
[10]. As the size scale increases, the behavior of
the structure becomes brittle. This behavior does
not depend on the individual quantities KIC; d,
and rP, but rather on their combinations.

3.3. Virtual propagation of cracks

The displacement due to the distributed elastic
deformation is

d0 � r
E

l; �37�
where l represents the ®nite portion length. Dis-
placement due to the presence of the crack is ex-
pressed by Eq. (19) and shall be denoted by d00.
By superposition, the total displacement is

d � d0 � d00: �38�
Put Eq. (38) in dimensionless form and consider
Eqs. (19) and (37). It is found that

dE
rPl
� r

rP

1� 4

p
d
l

ln sec
pa
d

� �� �� �
: �39�

Eq. (39) represents the nondimensionalized linear
relation between load and displacement, which is
found to be a function both of the initial relative
length of the crack a0=d, and the ratio d=l. The
term in brackets represents the nondimensionali-
zed compliance. Fig. 10 presents some linear dia-
grams for d=l � 1.

From Eqs. (34) and (36), it is possible to deter-
mine the point of brittle propagation of the crack
and the point of plastic ¯ow of the ligament. The
former depends on the brittleness number and
the latter is unique.

For di�erent values of a=d, the points for one and
the same value of s which triggers crack propagation
yield a curve that represents the load-displace rela-
tion for the phase of brittle collapse (Fig. 10).

A clear snap±back phenomenon may be noted
because the decrease in critical load prevails over
the increase in compliance. The thicker line repre-
sents the locus of the points characterized by plas-

tic collapse on the residual section. In Fig. 10, as in
Fig. 9, it may be noted that for low values of s,
there is the intersection of the plastic collapse curve
with the brittle fracture curve. For high values of s,
the former type of collapse always prevails.

4. Conclusions

Crack propagation in brittle materials has been
studied. The behavior of the two models qualita-
tively re¯ect experimental results. However, nota-
ble di�erences can appear at the end portion, that
may be caused by the idealized geometries assumed.

It is also found that structural collapse does not
depend exclusively on material strength, but it also
depends on the material toughness and structural
size. An explanation is thus provided for materials
that are normally considered brittle and may be-
have in a ductile manner when test specimens of
unusual small size are used (and vice versa).
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