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A B S T R A C T R i~ S U M l~ 

The aim of the present paper is to investigate the scal- 
ing behaviour of the experimental tensile softening (or cat- 
astrophic) curves and it concludes a series of papers from 
the same research group published in Materials and Structures 
[1-4]. Experimentally, it is evident how these curves 
become steeper by increasing the size of the specimens 
(ductile-to-brittle transition). To study this phenomenon, 
a completely new testing apparatus, made up of three 
orthogonally placed actuators, was built at the Politecnico 
di Torino by the authors [1, 5-7]. This set-up makes it 
possible to apply a purely tensile force, so that the sec- 
ondary flexural stresses, if kept under control, constitute a 
degree of error comparable to the values allowed for nor- 
mal testing apparatus. The method enables a stress vs. strain 
curve to be plotted with the descending (softening) branch 
up to the point where the cross section of the tensile speci- 
men breaks away. The results of a new experimental inves- 
tigation, performed over a very large scale-range of  
unnotched concrete specimens (16:1), will be presented. 
Particular attention will be paid to the scale effects both on 
nominal tensile strength and on fracture energy. The 
renormalized experimental curves will be presented in a 
load vs. displacement plane characterized by anomalous 
physical dimensions. The renormalization of experimental 
curves enables obtaining the same response for all speci- 
men dimensions, and then defining the universal (scale- 
independent) behaviour of the material. 

Cet article Otudie les effets d'~chelle sur le comportement des 
courbes expOrimentales de radoucissement h la traction (ou catas- 
trophiques) ; il conclut une s{rie d'articles publi~s dans Mat~- 
riaux et Constructions par la m~me ~quipe de recherche [1-4]. 
Les expdriences d~montrent de fafon ~vidente que ces courbes 
deviennent plus raides en fonction de l'augmentation de la taille 
des @rouvettes, montrant la transition de la ductilit{ h la fragi- 
litd. Afin d'~tudier ce ph~nomkne, un appareil d'essai innovant, 
compos~ de trois dispositifs de commande places orthogonalement, 
a ~t~ construitpar les auteurs 2t la Politecnico di Torino [1, 5-7]. 
Cet appareil permet d'appliquer une force de traction pure, afin 
que les contraintes deflexion secondaires, h condition d'Stre sous 
contrBle, constituent un degr8 d'erreur comparable aux valeurs 
permises pour un appareil d'essai classique. Cette mdthode per- 
met de d~terminer une courbe contrainte/d~formation ayant une 
branche dOcroissante (radoucissemen 0 jnsqu'au point ou les par- 
ties de l'~prouvette en traction se s~parent. On pre'sente les r~sul- 
tats d'une nouvelle dtude exp~rimentale, mene'e sur une gamme 
d'@rouvettes de b~ton non-entaill{ de dimensions vari~es (16:1). 
Une attention particulikre est accord& aux effets d'Schelle sur la 

/ . , 1  , resistance ~ la traction nominale et h 1 energw de rupture. Les 
courbes expdrimentales normalis~es sont pr{sent~es sur un plan 
charge/d@lacement caract{risd par des dimensions physiques anor- 
males. La normalisation des courbes exp&imentales permet 
d'obtenir la m~me r@onse pour toutes les dimensions des @rou- 
vettes, et de definir ensuite le comportement universel (ind@en- 
dant de l'&helle) du mat~riau. 

1. I N T R O D U C T I O N  

Interest in the tensile properties of heterogeneous 
materials, such as concrete and rocks, has increased dur- 
ing the last decades. In particular, scale effects on nomi- 
nal tensile strength and on fracture energy have been 
determined. On the other hand, direct tensile tests were 

performed experimentally only on a fixed specimen size 
[8-15], while only two series of tests were performed 
over a limited scale range (1:4) and on notched specimen 
geometries [16-17]. Slowik et al. [18] emphasized again 
in a recent paper the importance of the specimen size on 
the experimental determination of the mechanical para- 
meters in direct tensile testing. 
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When an experimental investigation is performed on a 
set of geometrically similar unnotched concrete specimens 
over a scale range greater than 10:1, the nominal tensile 
strength shows a decreasing trend in the bilogarithmic 
strength vs. size plane, as characterized by a curve with an 

upwards concavity, 02 lnCrN > 0 In other words, for size scales 
c g l n d  2 " 

tending to infinity, i.e. for very hrge specimens, the nominal 
tensile strength of concrete structures appears constant, 
whereas for size scales where random self-similarity holds, 
i.e. at the microscale, the nominal tensile strength increases 
by decreasing the structural size. This trend is accurately 
described by the Multifractal Scaling Law, recently pro- 
posed by Carpinteri [19] and Carpinteri et al. [2, 20-21]. In 
the physical reality, material ligaments at the peak load can 
be considered as multifractals, with a dimension of 1.5 at 
small scales and a dimension of 2 at large scales. This means 
that, for small scales, a self-similar distribution of Griffith 
cracks is prevalent, whereas for large scales, the disorder is 
not visible, with the size of the defects and heterogeneities 
being limited. A transition from extreme disorder (slope 
-1/2) to extreme order (zero slope) may therefore be 
detected in the bilogarithmic strength versus size diagram. 
A slope equal to - 1/2, therefore, may not be considered as 
a universal behaviour throughout the whole size range of 
unnotched structures. 

The aim of the present paper is to investigate the 
scaling behaviour of the experimental tensile softening 
(or catastrophic) curves. Experiments show an increas- 
ingly steeper slope when increasing the size of the speci- 
mens, along with a dimensional ductile-to-brittle transi- 
tion. Moreover, the shape of the softening curves is 
strictly dependent on the boundary conditions, as shown 
by van Mier et al. [22-23]. This implies that for the time 
being, the softening curve cannot be regarded and used 
as a true property of the material. 

To study this phenomenon, a completely new testing 
apparatus made up of three orthogonally placed actuators 
was proposed at Politecnico di Torino by the authors [1, 5- 
7]. This set-up makes it possible to apply a purely tensile 
force so that the secondary flexural stresses, if kept under 
control, constitute a degree of error comparable to the val- 
ues allowed for normal testing apparatus. The method 
enables a stress vs. strain curve to be plotted with the 
descending (softening) branch up to the point where the 
cross section of the tensile specimen breaks away. The 
results of the second experimental investigation, per- 
formed on a very large scale-range of concrete unnotched 
specimens (16:1), will be shown. Particular attention will 
be paid to the scale effects both on nominal tensile strength 
and on fracture energy. Van Mier et al. [22-23] performed 
numerical simulations of the first series of the tests pre- 
sented in [1] by using the lattice model. The simulations 
indicate that a larger crack density must occur in specimens 
loaded between fixed platens; this is confirmed by the 
higher fracture energy measured in the experimental tests. 
The boundary conditions in the present experiments are 
the same for all specimen sizes. Therefore, the variation in 
the fracture energy, as well as in the tensile strength, is not 
influenced by the boundary conditions. 

The renormalized constant values for the nominal ten- 
sile strength and for the fracture energy will be obtained, 
according to the monofractal hypothesis for the ligament 
at the peak load and for the fracture surface, respectively. 
Obviously, these constant values can be used only when 
the property of self-similarity is valid [24]. In general, the 
values of these two material parameters could be obtained 
by using the MFSL [2, 4]. The renormalized experimental 
curves will be shown in a load vs. displacement plane 
characterized by anomalous physical dimensions. 
Analogous procedures have been applied by de Arcangelis 
[25] to the scaling behaviour of the breakdown voltage. 
The renormalization of experimental curves enables 
obtaining the same response for all specimen dimensions, 
and then defining the universal (scale-independent) 
behaviour of the material. 

2. EXPERIMENTAL DETAILS 

In 1992, a new testing procedure was proposed at the 
Politecnico di Torino by the authors to study the phe- 
nomenon of the size effect on nominal tensile strength as 
well as on fictitious fracture energy [1, 5-7]. This set-up 
makes it possible to control the eccentricities of the tensile 
load during the tests. To perform this control, three 
orthogonally placed actuators were used: the central one 
and the other two placed on the two principal inertia 
planes of the specimen. The analogic command signal was 
supplied by the difference in the strains of the extensome- 
ters placed on the opposite sides of the specimen. In this 
way, during the test, the central restrained zone of the 
specimen was subjected to a uniform strain. In other 
words, a test machine was obtained which was character- 
ized by an infinite rotational stiffness in the central zone. 
Unless a snap-back phenomenon occurs, this system 
allows obtaining complete curves, which are very stable 
and exhibit no bumps. A complete description of the 
experimental procedure is reported by Carpinteri and 
Ferro [1, 5], Carpinteri and Maradei [6], and Ferro [7], in 
which it is also possible to find a complete review on the 
experimental set-up designed for testing concrete speci- 
mens. The second testing series reported in this paper was 
selected and planned in order to confirm the MultiFractal 
Scaling Law over a scale range larger than 10:1 (namely 
16:1). In fact, nearly 60 experimental investigations 
reported in the literature were considered [26], and the 
conclusion was that, in order to evaluate the trend of the 

second derivative 02 ln~ " it is necessary to have experi- 
c g l n d  2 "' 

mental results over a significant large scale-range. 
For this reason, five specimen sizes were tested (one 

more than in the first series), while the testing geometry 
was kept the same. The thickness of the dog-bone speci- 
mens was equal to 10 cm for all of the sizes while the 
width of the central zone, with a characteristic size of d, 
was 0.25-0.5-1-2-4 times that of the thickness. The 
dog-bone specimens were glued to steel supporting 
plates through an epoxy resin-based bicomponent, and 
the plates were bolted to the machine. Grip problems 
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Fig. 1 - Grip system for the largest specimens. 

occurred with the largest specimens, so that four lateral 
stirrups coupled to the wider specimen zone were 
inserted (Fig. 1). Moreover, two rests were riveted to the 
steel supporting plates in the central part. In this way, it 
was possible to obtain the complete force-displacement 
curves for the largest specimens. 

160I ~ I 13 

d = 40 cm 
120 d = 20 cm 

80 d= 5era 

0 50 100 150 200 250 300 350 400 / 
Extension 8, gm ) 

Fig. 2 - Experimental load versus extension diagrams. 

3. EXPERIMENTAL RESULTS 

In the second series, five specimen sizes 
were tested, with a transversal cross-section 
size of 2.5 x 10, 5 x 10, 10 x 10, 20 x 10 and 
40 x 10 cm, respectively. Eight specimens for 
each size were cast. Furthermore,  for this 
series the concrete  mix ture  had a 
water/cement ratio of 0.5, while the maxi- 
mum gravel size was dma x = 16 mm. The com- 
pression strength was obtained with cubic 
specimens of side length 160 mm; the average 
value w a s f  = 42.7 MPa. For this series, five 
complete diagrams for each dimension were 
obtained, except for the dimension d = 20 cm. 
A diagram with all of the available curves is 
shown in Fig. 2. For the following diagrams, 
only one representative curve for the three 
most significant sizes has been selected, due to 
graphical reasons. A summary of the experi- 
mental results for nominal tensile strength and 
fracture energy is reported in Table 1. 

For the smallest size, specimen B13 was 
chosen as representative, since it presents values 
which are closest to the mean values. The 
extensometers for this size had lengths equal to 
2d, it very being difficult to glue extensometers 
of length 2.5 cm. For the median size, speci- 
men B38 was chosen. The specimens of height 
80 cm, as mentioned previously, presented 
some problems. A few specimens were tested a 
greater number of times, since separation of 
the steel supporting plates occurred. This may 
justify the low values of both the nominal 
strength and the nominal fracture energy for 
this size. In addition, only the diagram of spec- 

imen B48 is complete. The values related to this specimen 
size were not considered in the analysis. For the largest 
specimens, the grip system has been modif ied,  as 
described in the previous section. The length of the 
extensometers was equal to d/2, or 20 cm, in order to 
avoid snap-back problems, which occurred during the 
first series. However, with a shorter extensometer length, 
specimen B54 broke outside of  the control  zone. 
Specimen B52 was thus chosen as representative for the 
largest size. 

The extensions of the 2.5 cm specimens were divided 
by two, while those related to the largest size were dou- 
bled, in order both to consider the extensometer's length 
and to obtain the same slope of the elastic portions. It is 
to highlight the distinct repetitiveness of the softening 
branches. The pattern of these curves follows a power law 
with an exponent of between - 0.85 and - 1.25 and a cor- 
relation coefficient larger than 0.95. 

The average values of the apparent tensile strength are 
reported in a In r~ N versus In d plane (Fig. 4.a). The scale 
effect is represented by the slope of the linear regression, 
equal to 0.091. For the first series, a slightly larger value, 
0.140, was obtained [1]. The dimensionless load versus 
extension diagrams for the (more) three representative 
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Table 1 - Summary of experimental results for tensile 
strength and fracture energy 

Specimen Cross Sectional Tensile Strength Fracture Energy 
no Area cm 2 ~N (Mpa) ~F (N/mm) 

B13 25 4.91 0.138 

B14 25 5.05 0.137 

B15 25 4.59 0.180 

B16 25 4.62 0.130 

B22 

B23 

B25 

B26 

B27 

B28 

B29 

B31 

B32 

B34 

B35 

50 

50 

5O 

50 

50 

50 

50 

100 

100 

100 

100 

4.41 

4.24 

4.73 

4.78 

4.45 

4.90 

4.41 

4.21 

4.46 

4.59 

4.33 

0.244 

0.194 

0.318 

0.338 

0.197 

0.281 

0.231 

0.228 

B36 100 4.42 0.208 

B37 100 4.07 0.270 . 

B38 100 4.40 0.239 

B45 200 4.16 

B46 200 3.65 

4.04 200 B47 

848 200 3.35 0.158 

B52 400 4.05 0.286 

B53 400 3.45 

B54 400 3.70 

3.69 B55 400 0.142 

? 

1 . 4  - -  

1 . 2  

1 . 0  

[1.8 

3 . 6  

3 . 4  

3 . 2  

) . 0  

0 

[ - - - - ' e~- -  B 5 2  

1 2 3 

Dimensionless displacement, 8 / d x 10 3 

Fig. 3 - Dimensionless load versus extension diagrams, 2nd series. 

sizes (smallest, medium and largest size, respectively) are 
shown in Fig. 3. The variation in the structural behaviour 
with the size is evident. The larger specimens show a 

1 . 4 0  

1.213 

1 . 0 0  

0 . 8 0  

0 . 6 0  

0 . 4 0  
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1 . 2  1 . 4  1 . 6  1 . 8  2 . 0  2 . 2  2 . 4  2 . 6  2 . 8  

Fig. 4 - (a) Experimental scale effect on nominal tensile strength; 
(b) renormalized value of tensile strength, 2nd series. 

more brittle response in comparison with the smaller 
ones. The slope of the softening curve for the 40-cm 
specimen is nearly vertical. If the extensometers had pre- 
sented a length of 40 cm, the snap-back phenomenon 
would have occurred. 

The fracture energy shows the opposite trend, i.e. it 
increases with the specimen size. The average values 
obtained are reported in Fig. 5.a in the in ~ r  versus In d 
plane. The scale effect on ~ - ,  as represented by the slope 
of the linear regression, is equal to 0.197. In Figs. 4.a and 
5.a, the Multifractal Scaling Laws for both the tensile 
strength and the fracture energy [3] are also reported. 

4. RENORMALIZED MATERIAL PROPERTIES 

In this section, the procedure presented in Carpinteri 
[24] and in Carpinteri and Ferro [1] to obtain constant val- 
ues over a limited range for both the tensile strength and 
the fracture energy will be presented. The price to pay to 
achieve this is the loss of the classical physical dimensions 
for these two material properties. The slope of the linear 
regression of the nominal tensile strength experimental 
data is equal to d o = 0.091. According to the monofractal 
hypothesis, it is possible to affirm that the dimension of the 
ligament at the peak load is equal to c~ = 2 - d~, = 1.909, a 
fractal set which is very similar to a two-dimensional sur- 
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Fig. 5 - (a) Experimental scale effect on nominal fracture energy; 
(b) renormalized value of fracture energy, 2nd series. 

face. The fractal nature of the material ligament emerges 
very clearly at the size scales of the specimens. On the 
other hand, the property of self-similarity is very likely to 
vanish or change at higher or lower scales, owing to the 
limited character of the particle size curve. From Fig. 4.a, it 
is clear that the monofractal hypothesis represents the 
mean tangent of the MFSL in the range of the test results. 
When the extrapolation of the tensile strength value for 
very large or very small structures is required, the MFSL 
should be used. 

The relationship between nominal strengths related 
to the different sizes is: 

Using equation (1) it is possible to find the value of 
the renormalized strength ~ ~v of physical dimensions 
[force] • [lerlgth] -1.909, with the ligament being a surface of 
dimension 1.909. The values of c5 ~v are almost constant 
with a varying d. The linear regression in the In ~ ~,: versus 
In d plane gives a value equal to ~5~v = 6.51 N mm -1.909, 
while the slope of the straight line is nearly equal to zero 
(Fig. 4.b). 

The same procedure can be performed in order to 
obtain a constant value of fracture energy with respect to 
the specimen dimension. The slope of the linear regres- 
sion of the fracture energy experimental data is equal to 
d G = 0.197 (Fig. 5.a). In this case, the renormalized value 

,2 [ F / ( o *t d T M )  (a) ~ A 2 4  ] 

n --~--a311 

0.4 

i 
0 . 0 0 0  0.002 0.004 0.006 0.008 0.010 

1.2 

1.0 ~ t  

0.8 

0.6 

F / (O"  N t d  0"9] ) 
(b) 

1 ~ B 5 2  

0.2 

0 . 0  . . . .  ' ' ' 

0 . 0 0  0.50 1.00 1.50 2.00 2.50 3.00 3.50 4.00 

Fig. 6 - Renormalized experimental diagrams using the fractal 
dimension of the ligament at the peak load: (a) 1st series; (b) 2rid 
series. 

of the fracture energy is obtained by supposing that the 
energy dissipation occurs in a fractal space of dimension 
r = 2.197. The renormalized value results in being equal 
to db = 1.253 Nmm -1-197 (Fig. 5.b). Even in this case, 
from Fig. 5.a, it can be observed that the monofractal 
hypothesis is valid only over a limited range, where the 
property of self-similarity holds. The linear regression 
equals the mean tangent to the MFSL over the interval 
of the experimental results. 

5. RENORMALIZED DIAGRAMS OF 
STRUCTURAL RESPONSE 

The renormalization of the diagrams presented in 
Section 3 will be considered, so that the dispersion due 
to the scale effect is minimized with a tendency to 
superimpose the diagrams. 

The experimental F vs. 8 curves are characterized by 
two different regimes. The first regime corresponds to 
the pre-peak elastic stage, when microcracks form ran- 
domly in the specimen, In this stage, the external force 
increases linearly until it reaches the peak value and the 
statistical fluctuations are very small. In the second stage, 
which could be called the "catastrophic regime", the 
interactions between microcracks begin to dominate the 
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Fig. 7 - R.enormalized experimental diagrams using two different 
best-fitting exponents: (a) 1st series; (b) 2nd series. 

process, until a macrofracture forms and propagates 
through the whole specimen. 

The renormalization of the experimental curves rep r 
resents the determination of the scaling law for forces 
and/or for displacements. The experimental diagrams 
related to the various sizes can be rescaled by an appro- 
priate power of d, so as to obtain the best superposition 
of the curves: 

F=d'*Oo(Sd -f~) (2) 

where qb is a scaling function. 
The F vs. 8 curves, in an initial attempt, have been 

plotted using a unique value for the exponent, equal to 
the fractal dimension obtained from the nominal 
strength renormalization. The diagrams of the first [1, 5] 
and second series are shown in Fig. 6. The loads have 
been divided by the renormalized strength o ~v, by the 
thickness t and by the characteristic size d, rescaled by 
the fractal dimension of the ligament at the peak load. 
Furthermore, the displacements have also been divided 
by the rescaled characteristic dimension d. According to 
this operation, the exponents in equation (2) have been 
assumed to be equal to et = 13 = 0.86 for the first series 
and to ~ = 13 = 0.91 for the second. This renormalization, 
according to the monofractal hypothesis presented in 
Carpinteri [24] and in Carpinteri and Ferro [1], works 
very well for the ascending portion of the curve, thereby 

producing a satisfactory accumulation of the different 
curves. In fact, up to reaching the peak load, the fractal 
d imension of  the l igament is approximately that 
obtained with the renormalization of  the nominal 
strength. On the other hand, in the softening regime, 
the curves still show considerable divergence. This is due 
to the decrease in the fractal dimension of the reacting 
section with the growth and percolation of damage. 
Such a fractal dimension decreases continuously down to 
zero, when the specimen breaks into two parts. 

The renormalized experimental curves, with the 
exponent 13 superposing the softening curves of the two 
series as well as possible, are reported in Fig. 7. An 
improved superposition of the curves might be obtained 
with a renormalization that incorporates a continuous 
variation in the exponents et and 13, in relation to the 
effective decrement of the fractal dimension of the liga- 
ment during the complete testing procedure. In mathe- 
matical terms, the exponents of equation (2) should be 
appropriate functions of 8, a(8) and 13(8), with values 
comprised between zero and one. 

6. CONCLUSIONS 

Three fundamental aspects are treated in the paper. 
First of all, the results of the second series of tensile experi- 
ments on dog-bone concrete specimens are reported. 
These tests were performed over a very large scale-range 
(16:1). The size effects on both nominal tensile strength 
and fi'acture energy are highlighted. 

The second aspect consists in the renormalization of 
the experimental results, in order to obtain constant val- 
ues for both tensile strength and fracture energy with 
respect to the structural dimension. The drawback to 
upholding this objective is the loss of the classical physical 
dimensions for these two material properties. It is obvi- 
ously very high and, actually, it is impossible to use these 
results in a structural analysis, wherein noneuclidean (or 
fractal) mechanics are not available. For engineering appli- 
cations, the MFSL, based on the self-affinity hypothesis of 
both the ligament for the tensile strength and the fracture 
surface for the fracture energy could be used. 

Finally, an original idea concerning the fi'actal dimen- 
sion of the ligament (or reacting section) in the tensile test 
is presented. The monofractal hypothesis proposed by 
Carpinteri [24], and used to obtain constant values for 
tensile strength, considers the ffactal dimension of the lig- 
ament at the peak load. Beyond this stage, a softening (or 
catastrophic) regime starts in which a macrofracture forms 
and propagates through the whole specimen. The fractal 
dimension of the ligament decreases from the value at the 
peak load to zero when the specimen breaks into two 
parts. The dual renormalization, presented in this paper, 
involving both load and displacement, induces a scale- 
independent softening curve. The independence of the 
softening curve with respect to specimen size is funda- 
mental, since the softening curve is a basic component of 
several computational models. 
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