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AbstractÐThe damage process zone developed by brittle materials in front of a macrocrack is simu-
lated by means of a distribution of microcracks. Crack mutual interactions are taken into account by
means of a numerical technique, based on a displacement discontinuity boundary element method that
is able of considering both the macrocrack±microcrack and microcrack±microcrack interactions inside
the process zone. In the frame of linear elastic fracture mechanics the stress ®eld at each crack tip and
the related elastic strain energy are calculated. The main features of the interaction phenomena turn
out to be almost independent of the microcrack density. Some considerations both on the shielding and
ampli®cation e�ects on the main crack and on the strain energy distribution between cracks give expla-
nation to experimental evidence and prove that crack interaction is not such a short-range e�ect as
sometimes expected. # 1998 Elsevier Science Ltd. All rights reserved
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NOMENCLATURE

a constant, set equal to 0.01
d horizontal distance of the centre of a reference microcrack from the main crack tip
f general orientation in the plane
f0 orientation in which the maximum value for sn is to be found
Df amplitude of the variation range for f around the value f0

� Poisson coe�cient
r, y polar coordinates centred at the main crack tip
rA surface crack density
rV volume crack density
rsatA maximum (saturated) surface crack density
rsatV maximum (saturated) volume crack density
sn stress component normal to the f direction
smax
n maximum value for sn

smin
n minimum value for sn

slimn reference limit stress for sn
sr, try polar stress components
G energy release rate
A reference area
G elastic shear modulus
h vertical distance between crack centres
Hdam vertical maximum dimension of the non saturated process zone
Hsat vertical maximum dimension of the saturated process zone
H0.4 vertical dimension of the limit for 40% of the saturated crack density
KI mode I stress intensity factor
KII mode II stress intensity factor
KI0 mode I stress intensity factor in absence of microcracks
KIC material fracture toughness
li i-th crack length
l average crack length
nmc total number of microcracks
NA number of cracks in the reference area A
NV number of cracks in the reference volume V
rdam maximum distance from the main crack tip of the external boundary of the non saturated process zone (in

polar coordinates)
rsat maximum distance from the main crack tip of the external boundary of the saturated process zone (in polar

coordinates)
Rdam horizontal maximum dimension of the non saturated process zone
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Rsat horizontal maximum dimension of the saturated process zone

R* speci®c value corresponding to a tangent a to the singular stress ®eld

R*
I speci®c value of the radius r for which the symmetric stress ®eld has a value for the trigonometric tangentRa

R*
II speci®c value of the radius r for which the anti-symmetric stress ®eld has a value for the trigonometric tangentRa

S0 horizontal distance between crack centres

V reference volume

W elastic strain energy density

WR* elastic strain energy density contained in a circular area of radius R* centred in the main crack tip

W I
R* mode I component of WR*

W II
R* mode II component of WR*

W T
R* total elastic strain energy content

W MC

R* elastic strain energy content related to the main crack

W mc
R* elastic strain energy content related to a microcrack

x, y Cartesian coordinates centred at the main crack tip
h�i average value
@ derivative.

1. INTRODUCTION

SOME CLASSES of brittle materials, such as ceramics and rocks, are experimentally found to
undergo extensive microcracking in a limited area, located just in front and around the tip of a
macroscopic crack, known as process zone[1, 2].

Microcracks originating at grain facets by local concentrations of tensile stress [1] due to
thermal mismatches during manufacturing cooling processes and phase transformation in multi-
phase ceramic alloys are characterized by a random distribution of orientation, length and lo-
cations inside the damaged material [3]. On the other hand, when microcracks nucleate as a con-
sequence of the external applied loads, their geometric settlement resembles the principal stress
directions but for some deviations due to material inhomogeneities.

As a macroscopic result of profuse microcracking, the propagation of the macrocrack is
postponed [2, 4] and an apparent increase of the material toughness can be postulated. At a
micromechanical level two di�erent potential contributions of microcracking can be distin-
guished: when microcracks are nucleated the singular stress ®eld is relieved by stress redistribu-
tion and energy dissipative mechanisms [5]; from this point on and until the macroscopic crack
propagates and new microcracks are generated, the e�ects of the process zone on the main crack
is due to the elastic interaction between cracks [6]. These two mechanisms, altogether, give origin
to a shielding e�ect of the main crack tip which is addressed as toughening by microcracks.

The analytical approach to microcrack toughening can follow two di�erent schemes. A con-
tinuum damage model looks at the microcrack cloud through some homogenizing technique
suitable to obtain the stress±strain response of the damaged material. The e�ects of microcrack-
ing are therefore considered on the average, so that the process zone can be modelled as an area
where the material exhibits degraded elastic constants [7±11]. From this point of view the
cracked area is identi®ed via some characteristic quantities such as the average microcrack den-
sity and orientation and by the geometric shape of the process zone.

A discrete approach, like the one which is followed in this work, makes use of geometrical
criteria, formulated on the basis of physical grounds, to simulate the process zone by means of
a distribution of microcracks. The approach, similar to that proposed by Kachanov et al. [12]
turns out to be kinematic in the sense that the microcrack geometry is ®rst set and than its e�ect
on the main crack is computed. The attention is focused on a speci®c moment of the macro-
crack history: once the process zone has been generated and the residual stresses have been
relieved, further stress redistribution occurs directly from the interaction of the main crack with
the microcracks and of the microcracks between themselves, which turns out to be a crucial
phenomenon for the onset of propagation of the stationary main crack.

A ceramic alloy or a rock type material can be thought of as exhibiting an hyper-elastic
perfectly brittle behaviour, so that a linear elastic fracture mechanics approach, describing the
near-tip stress ®eld by means of the SIFs only, is admissible. The crack arrangement is analysed
under plane strain conditions, considering the matrix to be homogeneous, isotropic, with an
elastic perfectly-brittle behaviour and with in®nite extension. The remotely applied loads consist

A. BRENCICH and A. CARPINTERI798



of uniform traction at in®nity so as to load the macrocrack in pure mode I. In this way the
model is highly idealized, but nevertheless it isolates one of the essential mechanisms of micro-
crack toughening and its e�ect on shielding the main crack.

The essential features of the interaction between cracks had been studied with regard to
simple geometries involving few microcracks, or, at least, periodic arrays of microcracks [13±18].
Even though the elementary mechanisms of the phenomenon had been pointed out, nevertheless
only large and complex microcrack distributions can be considered as satisfactory simulations of
the process zone. The complexity of these cases and the intrinsic di�culty in their analytical for-
mulation have made it unavoidable to use numerical tools [ 16, 19, 20, 21].

In this work, the main crack±microcracks interaction is taken into consideration by simu-
lating the process zone with up to 70 cracks, both oriented perpendicular to the maximum ten-
sile stress direction and parallel to the main crack line. The elastic problem related to the solid
is solved by a numerical procedure based on displacement discontinuity boundary elements pro-
posed by the authors [19] which proved to be highly e�cient in fracture mechanics problems and
allows to take into account not only the main crack±microcrack, but also the microcrack±mi-
crocrack interactions. The overall e�ect on the main crack is addressed via the variation of the
SIF at the main crack tip with respect to the SIF which would be expected for the virgin ma-
terial (absence of microcracks). The standard approach to interaction problems through discrete
models [ 12, 14, 15, 19, 20, 22] is aimed at computing the overall e�ect on the main crack tip, but
in this way information about the microcracks is lost.

The elastic strain energy density related to the singular stress ®eld at a crack tip can be
obtained by integrating the strain energy density function proposed by Sih [23, 24] over the area
around the tip in which the singular ®eld can be considered prevailing on the remotely applied
uniform stress ®eld, so that a general description of the interactive phenomena can be given tak-
ing into account the contribution of the microcracks to the total elastic strain energy. This
aspect of the work follows the approach proposed by Shum and Hutchinson [25] from the point
of view of a continuum damage model. In this way, some considerations can be deduced on the
mechanics of crack interaction with its process zone, with regard also to energy exchanges
between cracks.

2. MICROCRACK DENSITY

An estimate of the material damage can be given in terms of microcrack density. Let us
consider a cracked solid containing penny-shaped cracks and a plane cross-section on which dis-
crete traces of the cracks can be detected. Following Bristow [26], Walsh [27, 28] and
Kachanov[29], the crack density parameter r can be de®ned as:

rA �
1

A

X
i

l2�i �, �1a�

rV �
1

V

X
i

l3�i �, �1b�

where l(i) stands for the length of the i-th microcrack trace contained in the representative area
A or volume V. When referring to the average length hli, eqs 1(a±b) are expressed by means of
the number NA of microcracks contained in the area A (or the number NV of cracks detected in
the volume V):

rA �
1

A
NAhli2, �2a�

rV �
1

V
NVhli3: �2b�

Other de®nitions, such as the one given for non-circular cracks by Budiansky and
O'Connell [30], di�er from eqs 2(a±b) for some inessential coe�cients.

The non-dimensional quantities of eqs 2(a±b) are not independent of each other since the
plane cross-section image is a bi-dimensional representation of the three-dimensional distri-
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bution of cracks. The number of cracks per unit volume NV/V can then be related to the num-
ber of cracks per unit area NA/A and the microcrack average length hli by the relationship[31]:

NV

V
� 2

p
NA

A

1

hli : �3�

Substituting eq. (3) into eq. (2a), the following expression is obtained:

rA �
p
2
rV : �4�

Table 1 summarizes the estimates for the maximum microcrack density deduced from exper-
imental observations on brittle materials.

Reducing the three-dimensional problem to a plane one and referring to the microcrack
grid represented in Fig. 1 where all the microcracks have the same length 2l, the average crack
density rA is found to be a function of the normalized horizontal, S0/l, and vertical, h/l, spacings
between the microcrack centres:

rA �
4

h

l

�
S0

l
� 2

� : �5�

In the case when S0/l= 2h/l, which is a realistic choice, eq. (5) allows the de®nition of the geo-
metric distribution of cracks once the microcrack density is imposed according to eq. (4) and
the microcrack length l is given.

3. THE PROCESS ZONE

Let us consider a semi-in®nite main crack loaded in pure mode I by a uniform traction s at
in®nity. Referring to polar coordinates centred in the crack tip, in a generic point Q(r, y) the
stress component normal to the direction de®ned by the angle f, Fig. 2, is a function of the SIF
KI:

sn � KI�������
2pr
p

�
cos

y
2
� 1

2
sin

�
3

2
yÿ 2f

��
: �6�

Equation (6) attains a maximum for f � �3=4�yÿ �p=4� and a minimum for f �2p=2, leading
to the following values:

Table 1. Microcrack saturated densities for di�erent materials

Material rsatV rsatA Reference

Westerly granite Ð [0.13; 0.16] Hadley[32]
Coconino sandstone Ð [0.04; 0.06] Gawad et al. [33]
Alumina±zirconia [0.00; 0.15] [0.00; 0.24] eq. (4) RuÈ hle et al. [3]
Silicon±carbide alloy [0.20; 0.30] [0.31; 0.47] eq. (4) Han and Suresh[2]
Concrete [0.04; 0.13] [0.06; 0.20] eq. (4) Nemati[34] Nemati and Monteiro[35]

Fig. 1. Microcrack grid and spacings between crack centres.
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smax
n � KI�������

2pr
p

�
cos

y
2
� 1

2
sin y

�
, �7�

smin
n � KI�������

2pr
p

�
cos

y
2
ÿ 1

2
sin y

�
: �8�

According to Hoagland and Embury [36], Gong and Meguid [37] and Gong [22] let us assume
that nucleation of a microcrack takes place when the stress component sn is higher than or
equal to a limit stress slimn , which can be considered, up to this point, a quantity related to the
tensile strength of the material and to its internal microstructure:

snrslimn : �9�
The maximum microcrack density is to be found in that area where the nucleation condition of
eq. (9) is attained for every orientation f or, in other words, when:

smin
n rslimn : �10�

When eq. (10) is satis®ed the microcrack density is maximum and is called the saturated
density. The outer boundary of this area can be obtained imposing the limit condition
smax
n � slimn , in eq. (8) and solving it for the radius r:

rsat�y� �
�

KI

slimn

�2
1

2p

�
cos

y
2
ÿ 1

2
sin y

�2

: �11�

Similarly, the material remains undamaged when neither an orientation f satis®es the nucleation
eq. (9); the intact material is therefore characterized by the following inequality:

smax
n Rslimn : �12�

The condition that the maximum normal traction expressed by eq. (7) equals the limit re-
sistance, smax

n � slimn , gives the position of the most distant locations from the main crack tip at
which microcracks can nucleate, which is to say the external boundary of the process zone, i.e.
the limit of the damaged material:

rdam�y� �
�

KI

slimn

�2
1

2p

�
cos

y
2
� 1

2
sin y

�2

: �13�

Equations (11) and (13) are represented in Fig. 3.
The half height Hsat of the saturated area is the maximum vertical component of the radius

rsat(y) which is attained for y = 31.88, while the maximum length Rsat coincides with the radius
r when y is set to zero:

Hsat � 0:0407

�
KI

slimn

�2

, �14a�

Rsat � 0:1592

�
KI

slimn

�2

: �14b�

Fig. 2. Microcrack in front of the main crack tip and related quantities.
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In the same way, the half height of the entire process zone is given by eq. (13) for y = 74.88:

Hdam � 0:2505

�
KI

slimn

�2

: �15�

The comparison between eqs (11) and (13) shows that the length of the process zone on the
crack line is the same as in eq. (14b). The area outside the saturated zone r>rsat(y) and inside
the external limit of the process zone r< rdam(y) is characterized by a varying microcrack den-
sity. Let us suppose that in a certain point Q the nucleation eq. (9) is attained for all the orien-
tations included in the range [f0ÿDf, f0+Df], f0 being the orientation for which the normal
stress sn is maximum. Since the normal stress equals the limit stress slimn at the extremes of the
range, from eq. (6) the value of the range width can be found:

2Df � cosÿ1
�������
8pr
p

sin y
slimn
KI
ÿ 1

sin
y
2

264
375: �16�

In the generic point Q(r, y), the density is ®nally posed as:

rA �
2Df
p

rsatA , �17�

and substituting y � p=2 in eqs (16) and (17), we can obtain the crack density as a function of
the vertical distance y from the main crack tip:

rA �
rsatA

p
cosÿ1

slimn
KI

��������
8py

p
ÿ

���
2
p� �

: �18�

It is an open question whether the interaction phenomena with the main crack involve only
the nearest microcracks, as suggested in Refs [8, 25], or also the more distant microcracks con-
tribute to the main crack tip SIFs. In Refs [19, 38], the authors demonstrated that, according to
experimental observations [2], the crack array that produces noteworthy e�ects on the main
crack stress ®eld is quite large when microcrack±microcrack interactions are taken into account.
The simulations involving large microcrack arrays showed that very far located cracks contrib-
ute to the overall e�ect on the main crack for less than 3±4% since their e�ect is shadowed by
the cracks located in the inner part of the array.

Consequently, we will assume that the microcracks located in the area where:

rAR0:4rsatA ; �19�
can be neglected. The results of the simulations carried out in this work and which will be dis-
cussed later on, give further reasons for such an approximation.

Fig. 3. Saturated microcrack density in the inner part of the process zone and external boundary of the
damaged material.
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Imposing eq. (19) into eq. (18) the half height of the considered area is obtained:

H0:4 � 0:1182

�
KI

slimn

�2

, �20�

which corresponds to an angle y = 43.98 in eqs (16) and (17). Once the ratio KIslimn is known,
the geometric shape of the process zone is completely de®ned.

4. SIMULATION OF THE PROCESS ZONE

The so-called wake region consists of the area which lies behind the process zone and is
located on the two sides of the macrocrack body.

When a macrocrack grows, new microcracks are continuously generated in front of its tip
so that the process zone follows the crack path; in this way previously generated microcracks
are left in the wake. In the case of a stationary crack instead, such as the one which is dealt
with in this work, microcracks in the wake area, if present, are the result of pre-existing micro-
cracking. In the latter case there is much evidence that the interaction of those cracks with the
main crack tip rapidly vanishes as the cracks are left behind the macrocrack
tip [6, 14, 16, 18, 19, 22, 39]. This fact can be explained by noting that the wake zone is shadowed
by the main crack body and the stress-free condition, which is rigorous on the crack faces,
remains a reasonable approximation in the entire wake area. Calculations carried out on few
microcracks, as well as on large microcrack arrays, show that when the microcrack centre enters
the wake area for approximately the crack length or more, the singular stress ®eld at its tips
vanishes (the SIFs are approximately zero). The displacement discontinuity normal to the crack
faces is recovered and, in a frictionless material coherent with the perfectly-elastic model herein
proposed, so does the tangential displacement discontinuity. In addition, the results discussed in
the following sections, which also considers the case of microcracks located in the wake area,
give further evidence to this theory.

The simulation of the process zone by means of a distribution of microcracks needs the
de®nition of a microcrack to be established. While a macrocrack can easily be de®ned as a
crack which can be detected at a macroscopic scale, a microcrack can be addressed with di�er-
ent de®nitions. It could be considered as a crack with a length of at least one order of magni-
tude shorter than the macroscopic crack length, but this de®nition is not applicable when the
main crack is thought of as semi-in®nite.

On the other hand, the characteristic length of a microcrack could be related to the ma-
terial microstructure, which leads to di�erent de®nitions according to the observation scale
adopted when describing the microstructure itself.

A reasonable hypothesis leads to the de®nition of the limit stress slim
n as the tensile strength

of the material so that this parameter, along with the fracture toughness KIC, can be assumed as
a macroscopic parameter for the internal microstructure and related to the microcrack charac-
teristic length. From dimensional analysis the ratio KI=slimn is found to have the dimension of a
square rooted length; the average microcrack length <l> can be assumed to be a fraction (for
example one sixteenth) of the process zone extension Rsat:

hli � Rsat

16
� 0:16

16

�
KIC

slimn

�2

� 0:01

�
KIC

slimn

�2

: �21�

Once the saturated density is given according to eq. (4) and the microcrack length is assumed as
eq. (21), the crack spacings are obtained by means of eq. (5).

The geometric distribution of microcracks is of primary importance for every discrete
model. Hoagland and Embury [36] ®rst introduced the concept of crack precursor as a location
where a crack can nucleate if a critical condition of the type of eq. (9) is reached on some orien-
tation f. The random microstructure of a ceramic alloy, where the grains are approximately of
the same size, makes it reasonable to think the crack precursors as regularly distributed inside
the process zone and the microcracks of approximately constant length[22].

Through an evolutive analysis of microcrack nucleation in front of a stationary crack,
Hoagland and Embury [36] demonstrate that the crack precursors, where cracks are generated,
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are distributed in an area which is approximately as wide as the prevision made on the stress
®eld prevailing prior to microcracking, but some 40±50% longer. For this reason the microcrack
distribution employed in the following analyses covers an area which is longer than the calcu-
lated process zone length, Fig. 4.

Once the microcrack average length is given according to eq. (21) and the horizontal and
vertical distances between cracks is computed from eq. (4) on the basis of experimental grounds,
the internal geometric shape of the process zone is de®ned. What still has to be discussed is the
position of the ®rst microcrack of the distribution. Given the vertical distance h from the main
crack, eq. (4), the nearest crack is placed with its centre on the limit of the saturated micro-
cracked area, Fig. 5.

Following Ref. [36], all the other microcracks are distributed so as to obtain a regular grid,
but for the geometric variations due to the crack density reductions in outer areas. This choice
cannot be considered as the relative position in which the microcracks are ®rst nucleated and in
fact it is not. Due to many sources of uncertainty, any criterion that can be formulated can be
considered heuristic to a certain extent. For this reason the computations had been carried out
for di�erent positions of the main crack tip identi®ed by the parameter d in Fig. 5. Negative
values for d represent a process zone which is ahead of the main crack tip, while positive values
mean that the macrocrack is located in a deeper position inside the microcracked area than the
one represented in Fig. 4. Large negative and positive values of d had been considered for the
sake of completeness.

Varying the parameter d, a series of analyses has been carried out all considering the main
crack in stationary conditions. In this way, the positions of the main crack corresponding to the
maximum shielding e�ect can be detected, positions which characterize the geometries in which
microcracking toughening phenomena are expected.

For the microcrack orientations, two choices have been investigated: an orientation normal
to the principal tensile stress direction and another one where all the cracks are parallel to the
main one. Figure 6 represents the microcrack distributions obtained for di�erent values of the
saturated density and for both the orientations; all the ®gures are obtained for d = 0 in the
sense explained in Fig. 5, so that di�erent crack densities imply di�erent vertical distances h and
the d= 0 positions are slightly shifted one with respect to the others (although the di�erence is
not so evident on the graphic scale of Fig. 6).

Fig. 4. Size and position of the microcrack distribution.

Fig. 5. Position of the ®rst microcrack with respect to the main crack tip and to the limit of the satu-
rated process zone.
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5. EFFECTS OF DAMAGE ON THE MAIN CRACK

The main crack and its process zone are thought of as located in an in®nite plate made of
linear hyper-elastic, homogeneous and isotropic material in plane strain state. At in®nity, a uni-
form stress s is applied so as to load the main crack in pure mode I; let the SIF induced at the
main crack tip in absence of microcracks be KI0. The position of the process zone relative to the
main crack tip is identi®ed by the parameter d as represented in Fig. 5.

For di�erent values of the parameter d, the SIFs KI and KII at each tip had been calculated
using a numerical procedure based on a displacement discontinuity boundary element formu-
lation proposed by the authors [19], which proved to be e�cient in fracture mechanics problems.
It allows to take into account not only the interaction of the main crack with each microcrack,
but also the mutual interactions between the microcracks. In this way, it is no longer necessary
to postulate the hypothesis of dilute limit for non interacting microcracks, interactions which
cannot be considered as negligible a priori.

Figure 7 plots the relative variation of the SIF at the main crack tip, which consists of KI

only for the symmetry of the problem, as a function of the position d of the macrocrack relative
to the process zone for di�erent saturation densities of the microcracks. The bold diagrams refer
to the principal stress orientation, while thin ones are related to the process zone with micro-
cracks parallel to the main crack.

The parts of the diagrams below the abscissae axis represent a relative decrease of the SIF
at the main crack tip or, in other words, a shielding e�ect on the main crack, while the parts of
the diagrams above the axis point out that, for some geometries, the stress ®eld at the main
crack tip turns out to experiment amplifying e�ects. It can be seen that the microcrack density
does not a�ect the essential features of the interactive phenomena since it plays the role of a
scaling coe�cient which alters only the numerical values.

For d set in the range [0.5±1.5] according to the microcrack density, a strong shielding
e�ect is experienced by the macroscopic crack, which is as strong as up to 40% of the reference
value independently of the crack orientation. If we assume that the main crack propagation
starts when the SIF at its tip equals the material fracture toughness KIC, these speci®c positions
account for some 11, 25, 33 and 66% increase of the load level which leads to propagation,

Fig. 6. Distributions of microcracks with di�erent densities: (a) principal direction oriented cracks; (b)
parallel cracks.
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according to the microcrack saturated density. This estimate is a�ected by the simplicity of the
model since the e�ects of a statistical distribution of microcracks as well as of macrocrack kink-
ing are not included, but nevertheless quanti®es the net contribution due to crack interaction
mechanisms.

The same conclusion holds also on the average. Considering the ®rst two complete waves
of the diagrams [point A to B in Fig. 7(d)], the average e�ect is that of shielding the main crack
some 5% of the reference value for parallel cracks and 21% for oriented cracks; This results is
coherent with those obtained by Ortiz and Giannakopoulos [40] from a continuum model, which
indicate that the microcracks oriented normal to the maximum tensile stress direction are the
most e�cient in shielding problems.

In addition, process zones simulated by parallel cracks induce stronger ampli®cation and
shielding e�ects than the microcracks oriented along the principal stress directions. Figure 7(c),
for example, shows that parallel cracks amplify the main crack tip stress ®eld three times more
than the principal direction oriented cracks, while the shielding e�ects are only 15% stronger
than those induced by oriented cracks.

Whatever the orientation is, the position d = 0 of the microcracks is the one which experi-
ences the strongest ampli®cation, up to 30% of the reference value KI0 for strongly interacting

Fig. 7. Relative variation of the SIF at the main crack tip as a function of the saturated density and
relative position d.
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cracks (r= 0.55). It is only the series of relative maxima after the ®rst one that is greatly
a�ected by microcrack orientation: parallel cracks induce an almost unchanged ampli®cation,
while the oriented cracks are able to induce an overall amplifying e�ect which is one third or
less than the ®rst maximum.

The last parts of the diagrams, for d/l>25, represent geometries where the process zone is
in large part or completely positioned in the wake zone. These microcrack settlements do not
represent any physical situation because, when the stationary process zone has entered the wake
area, a new and larger process zone should have already been nucleated in front of the main
crack. Nevertheless, these geometries are meaningful because they make evident the net e�ect of
the wake.

For large values of d/l, the main crack tip stress ®eld rapidly approaches the abscissae axis:
in other words, the e�ects of crack interaction disappear. While entering the wake area, the
microcrack stress ®eld vanishes too, so that open cracks gradually close and the hypothesis of a
frictionless material allows previous sliding to be completely recovered.

6. ELASTIC STRAIN ENERGY

When a crack, contained in an elastic plate, is loaded in mixed mode conditions the elastic
strain energy density related to the singular stress ®eld at its tip can be expressed as a function
of the SIFs KI and KII [23, 24] as:

dW

dV
�
�
a11

K 2
I

p
� 2a12

KIKII

p
� a22

K 2
II

p

�
1

r
� S�y�

r
, �22�

where

a11 � 1

16G
�1� cos y��kÿ cos y�; �23a�

a12 � 1

16G
sin y�2 cos yÿ �kÿ 1��, �23b�

a22 � 1

16G
�1ÿ cos y��k� 1�; �23c�

and constant k stands for:

k � 3ÿ 4� �23d�
for plane strain and:

k � 3ÿ �
1� � �23e�

for plane stress.
The contribution of the singular stress ®eld to the global elastic strain energy relative to a

single crack can be obtained by integrating eq. (22) over a circular area of radius R* centred in
the crack tip, which leads, for a unitary thickness, to the following expression:

W
R* �

1

16G
�K 2

I �2kÿ 1� � K 2
II�2k� 3��

�R*

0

dr �W I

R* �W II

R* : �24�

Equation (24) points out that the strain energy absorbed by a crack consists of two separate
terms, each one referred to an elementary loading mode and without the term containing both
the SIFs: the strain energy related to a crack is decoupled with regard to the loading mode. The
quantity WR* in eq. (24) turns out to be very similar to the classical energy release rate G.

Since this result has been obtained integrating eq. (24) only over the angle y, the radius R*
has to be de®ned. In mixed mode conditions KI and KII are in general di�erent and the sym-
metric and antisymmetric stress ®elds contribute by di�erent amounts to the global strain energy
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of the solid: the integration in eq. (24) has thus to be carried out over di�erent radii R* for the
two loading modes.

It is a reasonable hypothesis that the contribution to the elastic strain energy is negligible
when the tangent to the stress function is lower than a ®xed value a:�

@sr
@r

�
R*
� a and

�
@try
@r

�
R*
� a, �25a; b�

which lead to the following de®nitions:

R*
I �

���������������������
1

8p

�
KI

a

�2
3

s
, �26a�

for symmetric loading and:

R*
II �

�����������������������
1

8p

�
KII

a

�2
3

s
, �26:b�

for antisymmetric loading.
The elastic strain energy related to a single crack tip is therefore expressed by the following

equation:

W
R* �

1� �
8E

�
K 2

I �2kÿ 1�
���������������������
1

8p

�
KI
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�2
3
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� K 2

II�2k� 3�
�����������������������
1
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�
KII

a

�2
3

s �
: �27�

The value a = 0.01 represents the limit for which the asymptotic stress ®eld di�ers from its
asymptote for not more than 1% and Fig. 8 represents the connection between the tangent and
the radius R* established by the previous equations.

7. STRAIN ENERGY RELATED TO THE MAIN CRACK AND THE MICROCRACKS

The numerical technique used to investigate the interactive e�ects allows the computation
of the SIFs at each microcrack tip as well as at the main crack one. Being the bi-dimensional
domain in®nite and loaded at in®nity with a uniform static load, no in¯uence and dissipation is
to be expected from the ®nite boundaries, so that the total strain energy related to the process
zone is obtained summing up the contributions W mc

R* like eq. (24) of each microcrack tip and
the global strain energy W T

R* is then obtained adding the contribution W MC

R* due to the main
crack:

W T

R* �W MC

R* �
Xnmc

mc�1
W mc

R* , �28�

where nmc represents the total number of microcracks.

Fig. 8. Relationship between the tangent to the stress function and the radius R*.
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Figure 9 represents the relative variation of strain energy as a function of the position d
between the main crack and the process zone for di�erent microcrack densities all oriented like

the principal directions. Bold lines stand for the total strain energy, while thin diagrams show
the energy rate due only to the process zone microcracks. Finally, dashed lines represent the

strain energy related to the main crack. The normalizing quantity W0 is the strain energy due to
the main crack under the same loading conditions and without microcracks.

The maximum energy content is related to the position d = 0, while, when the main crack
enters the process zone, the total elastic strain energy decreases and turns out to be not constant

and a non monotonically decreasing function of d on the average. The total energy content is
mainly due to the microcracks, the main crack being responsible for some 17±20% of the global

strain energy; the main crack energy contribution resembles the KI function, KII being zero for

symmetry. The points in which the dashed diagram intersects the abscissae axis are called neu-
tral points in the sense that the main crack does not feel the interaction with the process zone,

i.e. the microcrack e�ects are globally zero.

The diagram of energy content in the process zoneÐthin lines, points A' and B'Ðis slightly

shifted with respect to the main crack one, points A and B in Fig. 9(b), so that the relative
extremes, maxima and minima of the microcrack energy content, correspond alternately to the

main crack neutral points. Therefore, it can be said that the minimum energy content related to
the microcracks does not correspond to the maximum microcrack shielding, but to a condition

in which the e�ect of the microcracks is globally equal to zero.

Figure 10 represents the analogous diagrams for microcracks all parallel to the main crack;

the trends in strain energy variations are similar to those discussed in the previous section. Only
one di�erence emerges: in the d = 0 position, the total energy is not maximum; in fact, the

maximum strain energy is obtained for the main crack deeply inside the process zone. The total

energy is not, in this case, a non-monotonically decreasing function on the average.

A comparison between the global strain energy content for the same saturated microcrack

densities, but for di�erent crack orientations is represented in Fig. 11. The bold lines are
referred to the microcracks oriented perpendicular to the principal tensile direction, while the

thin lines had been obtained for parallel cracks. An outstanding remark is straightforward: par-
allel cracks are associated to a global elastic strain energy content which is always higher than

Fig. 9. Strain energy variation as a function of the relative position d (all microcracks oriented as the
principal directions).
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Fig. 10. Strain energy variation as a function of the relative position d (all microcracks parallel to the
main crack)

Fig. 11. Strain energy variation for parallel and oriented cracks at di�erent saturated densities.
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the energy related to oriented microcracks; for the highest densities, it is twice the energy
absorbed by oriented cracks.

8. ELASTIC STRAIN ENERGY DISTRIBUTION INSIDE THE PROCESS ZONE

In previous sections, the extension of the microcrack distribution that can constitute an
acceptable model for the stationary frontal process zone has been discussed. In this section, the
elastic strain energy distribution inside the microcrack settlement is analysed, giving further
reasons for considering the approximations introduced into the model.

Let us de®ne D as the extension of the process zone in the direction of the main crack axis,
which is approximately 1.5 times the estimate Rsat given in eq. (14b) according to the results
obtained by Hoagland and Embury [36] discussed in Section 4. Five circular regions, with
increasing radius and centred on the macrocrack tip, can be distinguished inside the microcrack
distribution, Fig. 12.

Some microcrack tips are found inside each area, so that the elastic strain energy related to
each zone can be computed according to eq. (27). Figures 13 and 14 show ®ve di�erent dia-
grams for each saturated density, the lower diagram being the elastic strain energy inside the
®rst circular region, while the upper diagrams are related to the other areas with increasing
radius. Both orientations, perpendicular to the maximum tensile stress direction and parallel to
the main crack, are considered.

As far as the radius increases, the elastic strain energy content increases too, but with a
non-linear dependence upon the radius R*. Although the maximum contribution to the total
energy is due to the cracks contained in the inner zone, nevertheless the outer areas give a rel-
evant and not negligible contribution.

The positions of the main crack relative to the microcrack distribution that can be con-
sidered physically meaningful are those identi®ed by the values of the non-dimensional par-
ameter d/l in the range [0.5±10] These geometric settlements correspond to the onset of
macrocrack propagation before new microcracks are nucleated and before a transient regime,
from stationary to steady growing conditions, is established. Inside these limits, for all micro-
crack densities and both the orientations analysed, it can be found that the inner area 1 is re-
sponsible for the 60% of the total strain energy in the process zone, as well as the outer regions
2, 3, 4 and 5 contribute, respectively, to the total microcrack energy for the 18, 11, 7 and 4%
on the average.

The straightforward conclusions are that the aforementioned approximations about the in-
teraction range set in eq. (19) are valid (also cracks in region 5 give moderate contribution to
the global elastic strain energy content) and, at the same time, the interacting microcracks which
are more distant from the macrocrack tip than usually supposed need to be considered for a sat-
isfactory simulation of the process zone (contribution from areas 2, 3 and 4).

Fig. 12. Five di�erent areas around the main crack tip.
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If less detailed information is needed, the extension of the microcracked area can be limited
more severely than what is shown in eq. (19). Neglecting the microcracks located in areas 5 and 4
only the saturated part of the microcracked area can be considered, in the same way as in Ref. [36].

Fig. 13. Energy distribution inside the process zone as a function of the radius R* and the distance d
(oriented microcracks).

Fig. 14. Energy distribution inside the process zone as a function of the radius R* and the distance d
(parallel microcracks).
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In addition, focusing the attention on the stress ®elds, it is found that all the microcracks
experience mixed mode loading with a prevailing mode I component. In area 1 the cracks clo-
sest to the main crack tip exhibit a KI value that never exceeds 20±25% of the main crack
KI. In the outer region 5, the microcrack SIFs range from zero to about 4±5% of the main
crack SIF in mode I. In the whole process zone the KII values remain about 25% of the KI

value at the same tip.
At the end of Section 5, it has been pointed out that microcracks located in the wake zone

do not give raise to any interaction with the main crack tip. Figures 13 and 14 con®rm the same
results, showing that when cracks are completely located in the wake (large values for d/l) the
elastic strain energy associated to the microcrack system equals zero; in these conditions, the
global energy content is due only to the macroscopic cracks. These conclusions are to be
intended as the net e�ect of the wake, as previously explained.

9. DISCUSSION AND CONCLUSION

Experimental evidence brought attention to the interaction mechanisms which are estab-
lished when a microcracked process zone develops in front of a macrocrack. Two essential fea-
tures of the damaged area are outstanding: (1) the microcrack orientation is perpendicular to
the principal tractions, but for some small variations due to microstructural inhomogeneity; and
(2) the process zone is rather long in front of the main crack tip.

Based on the concept of crack precursor introduced by Hoagland and Embury [36] and
Gong [22], a simulation of the microcrack distribution for a stationary crack has been proposed
in which the microcrack density lowers as the distance from the main crack is increased. An
essential feature of the model is that the de®nition of microcrack length is connected to some
material properties (the tensile strength slimn and the toughness KIC of the material), rather than
to some semi-empirical criteria.

The analysis of interactive e�ects of the process zone on the main crack pointed out that
the principal traction orientation of the microcracks is responsible of an average shielding of the
macrocrack much more pronounced than that induced by parallel cracks. The microcrack satu-
rated density does not a�ect the essential features of the phenomenon, being only responsible
for an increase in the numerical values.

Through integration, it has been shown that the superposition principle holds also for the
elastic strain energy associated to the singular stress ®eld at each crack tip. The evaluation of
the total strain energy related to the main crack-process zone system pointed out that when the
microcracks are oriented the strain energy content is lower than the energy for parallel cracks,
giving a tool for understanding why microcracks nucleate very close to the principal directions.

The analysis of the energy distribution inside the damaged material, as long as a similar in-
vestigation on the microcracks, con®rmed that the interaction range is quite larger than some-
times supposed, as already discussed in Ref. [19]. In particular the outer part of the microcrack
distribution is responsible of approximately 40% of the whole energy content.

The results, obtained for an in®nite linear elastic plate, give evidence to an important and
not trivial remark. Considering the main crack and the microcracks as a whole, the energy
absorbed by this system is not constant as the position d between the microcrack cloud and the
main crack tip is changed. These results, altogether, give some explanations on the shape and
extension of the experimentally observed process zones.
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