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Abstract-A strong relationship between critical phenomena and fractals can be recognized, implying 
a deep analogy between geometry and physics: the common underlying rule is the scale invariance, 
which forms the basis of the renormalization group theory, successfully applied to the analysis of 
phase transitions. In the case of fracture of heterogeneous media, the macroscopic effect of the 
disordered microstructure turns into the incomplete self-similarity of the phenomenon with respect to 
the main macroscopical quantities, which have to be renormalized and assume non-integer (anoma- 
lous) dimensions. The dimensional fractional increment of the dissipation space in the case of 
fracture energy, as well as the dimensional fractional decrement of the material ligament in the case 
of ultimate strength, are shown to explain the experimental size-dependent trends of these 
mechanical quantities. On the other hand, the continuous vanishing of fractality with increasing the 
observation scale seems to be peculiar of all natural fractals (multifractals). Extrapolating to physics, 
this implies that the effect of microstructural disorder on the mechanical behaviour becomes 
progressively less important for larger structures (i.e. large when compared with the microstructural 
characteristic size) where the disordered microstructure is somehow homogenized. Therefore, the 
scale effect should vanish in the limit of structural size tending to infinity, where asymptotic values of 
the physical quantities can be determined. Two multifractal scaling laws are proposed, for fracture 
energy and tensile strength, respectively, where the dimensional transition (with increasing structural 
size) from a microscopic Brownian disorder, to a macroscopic Euclidean behaviour, is controlled by 
the slope in the bilogarithmic diagram. Best-fitting of relevant experimental results has confirmed the 
soundness of this new approach. @ 1997 Elsevier Science Ltd All rights reserved 

1. INTRODUCTION: SELF-SIMILARITY AND CRITICALITY 
IN THE PHENOMENON OF FRACTURE 

The remarkable observation of the fundamental feature of phase transitions, represented 
by the sudden (catastrophic) transformation undergone by the macroscopic parameters of a 
phenomenon under a continuous change of the system state variables, brings us to insert 
the phenomenon of fracture of disordered materials into the wide framework of critical 
phenomena [l]. Criticality is very evident in brittle fracture: at the critical point a transition 
occurs in the evolutive behaviour of microcracks. Whilst, before the critical strain E,,, 
virtually no microcrack can propagate to the structural scale, thus resulting in the 
macroscopic integrity of the body, beyond E,, the correlation length of the phenomenon 
increases tending to infinity and microcracks suddenly coalesce, yielding the catastrophic 
fracture of the body. On the basis of this evidence, the mechanical quantities involved in 
the phenomenon, namely, the fracture energy ?AF and the tensile strength u,, can be 
considered as critical parameters. 

In many systems exhibiting phase transitions, the scaling behaviour of the physical 
quantities has been detected. Moreover, in the asymptotic limit of the critical point, these 
quantities behave as self-similar functions of the independent variables: a power-law scaling 
therefore occurs, which is mainly controlled by the exponent, the amplitude being related 
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to the arbitrary choice of the physical units [l]. The study of critical phenomena aims 
essentially at the determination of the critical exponents, which are closely connected with 
the physics of the phenomenon. An important aspect to be pointed out is that these 
exponents have often been found to be non-integer numbers. In this context, it is worth 
mentioning the well-known theory of turbulence by Kolmogorov, where fractional power- 
laws of the double-velocity correlation functions come into play. These scaling laws can 
be derived from the fractal (Cantorian) characteristics of the underlying space-time frame- 
work [2]. 

Any power-law distribution is mathematically equivalent to a fractal distribution, self- 
similarity being the rule behind non-standard scaling in both cases. Thus, in many different 
chaotic systems, self-similarity represents the fundamental character of the phenomenon, 
from the physical as well from the topological point of view [2]. At the critical point, the 
system shows similar fluctuations at all length scales, no characteristic length is present, and 
the correlation length tends to infinity. From the geometrical point of view, this means that 
chaotic systems look statistically the same at all length scales and the Euclidean description 
should be replaced by the fractal one. 

Topological self-similarity has been detected in the microstructures of many heterogen- 
eous materials: the networks of surface cracks, the fracture surfaces of concrete, rocks and 
metals [3-71 and the distributions of microcracks in the bulk of a stressed body [8] were 
shown to hold fractal properties in a well-defined scale range. An adequate modelization of 
the microstructure is therefore necessary in order to avoid the limitations of a classical 
mean-field approach, where disorder is simply averaged in an elementary representative 
volume. On the contrary, the fracture of brittle materials has to be considered as a co- 
operative phenomenon with interactions at all length scales and renormalization has to be 
adopted: only in this way can the scaling behaviour of the mechanical quantities be 
consistently explained. 

2. FRACTAL MODELIZATION OF DISORDERED MICROSTRUCTURES: 
HIERARCHIES OF SCALES, INCOMPLETE SELF-SIMILARITY AND ANOMALOUS 

DIMENSIONS 

Multi-scale phenomena, such as phase transitions, percolations and diffusion-limited 
aggregations, are nowadays successfully interpreted by means of fractal models [9]. The 
non-integer topological dimensions of the spaces on which the physical quantities are 
defined assume a deep significance with respect to the scaling behaviour of the same 
quantities [lo]. A fundamental distinction between these topologies has to be pointed out: 
the so-called ‘invasive’ fractals, that is, the spatial domains whose Hausdorff dimension A is 
strictly larger than their projection’s topological dimension, usually produce positive scaling 
of the quantities (%IF) defined over them. In the case of brittle fracture, the von Koch 
triadic curve (Fig. la) is an example of an invasive fractal set embedded in the bi- 
dimensional plane, which is well-suited for the modelization of the energy dissipation 
space, conventionally defined as a ‘fracture trajectory’. 

On the other hand, ‘lacunar’ fractals like the middle-third Cantor set (Fig. lb) possess 
Hausdorff dimension A strictly lower than that of the domain where they are contained, 
and therefore provide negative scaling of the quantities (a,,) defined over them. The 
rarefied (damaged) ligament of an heterogeneous solid subjected to tensile loading can be 
consistently modelized by means of this kind of fractal set. 

The fundamental difference between invasive and lacunar fractals is represented by the 
asymptotical behaviour of the Euclidean measure of the set [ll]: whilst, in fact, the length 
(or the area, in the case of a fractal surface embedded in three-dimensional space) of an 
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Fig. 1. Examples of (a) invasive, and (b) lacunar fractal domains. 

invasive fractal tends to infinity, the length (or the area, in the three-dimensional case) of a 
lacunar set tends to zero. Finite measures of fractal domains can be obtained only by 
means of non-integer dimensions ([L]‘.262 in the case of the von Koch curve and [L]“.631 in 
the case of the Cantor set), and therefore dimensional homogeneity calls for the anomalous 
dimensions of the physical quantities defined over these sets. 

As pointed out by Barenblatt [12], these anomalous physical dimensions cannot be 
obtained simply by means of dimensional analysis arguments, since fractal sets show 
self-similarity of the second kind, or incomplete self-similarity. Standard scaling in 
continuum mechanics is provided, for example, by linear elastic fracture mechanics 
(LEFM), where the Euclidean topology of the considered sets (that is, the bulk or the 
smooth crack surfaces) yields complete self-similarity of the phenomenon with respect to 
the internal similitude parameters (for example, the brittleness number of Carpinteri, 
s = K&JP [13]), and the scaling exponents can be determined from conventional 
dimensional analysis. In the case of LEFM, in fact, the simple comparison between the 
physical dimensions of the ultimate tensile stress o, 
stress-intensity factor Kit ([F][L]-3/2) p 

([F][L]-‘) and of the critical 
rovides the exponent of the size-scaling law for 

strength: 

u* - b-y (1) 

which yields a constant -l/2 slope in the bilogarithmic diagram, as shown in Fig. 2. 
In the case of fractal topologies, critical exponents can be extracted only by considering 

the cooperative aspect of the phenomenon at all length scales, and therefore real-space 
renormalization group becomes necessary [14]. Scale-invariance calls for the laws of Nature 
to be independent of the measuring units: this yields to symmetrical groups of trans- 
formation, usually controlled by canonical exponents in the case of Eulidean domains. It 
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Fig. 2. Size effect on tensile strength according to linear elastic fracture mechanics. 

can be immediately realized, anyway, that, in the case of fractal domains, more compli- 
cated transformation groups come into play, the asymptotical measures being finite only if 
the appropriate non-integer exponents are considered. 

With reference to Fig. 3, a simple renormalization group can be deduced for the fracture 
energy %, by considering a cascade of observation scales, ranging from the conventional 
macroscopic one (corresponding to the classical RILEM definition of purely surface 
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Fig. 3. Real-space renormalization group for fracture energy over an invasive set. 
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fracture energy [15]), to the microscopic one where the dissipation space is considered as a 
fractal domain with Hausdorff dimension between 2 and 3. This takes into account the 
self-similar complexity of fracture dissipation spaces, as has been detected in many cases 
[3]. At the macroscopic scale, the nominal fracture energy %IF([J][L]-‘) is supposed to be 
dissipated over the nominal area Ao, whereas, increasing the resolution, more and more 
details of the ‘surface’ appear, yielding an increased nominal area Al and a corresponding 
fictitious fracture energy %r. At the next step, A2 and 9?+ can be defined, and so on. In the 
limit of the microscopic scale, the measure A* of the asymptotical invasive fractal set has 
to be considered, and therefore the renormalized fracture energy SF* comes to assume the 
anomalous fractional dimensions: 

[SF*] = [J][L]-‘2+d”‘, (2) 

where dq is the fractional topological increment of the dissipation due to the disorder 
(0 < dg < 1). Note that, from eqn (2), the dissipated energy in the fracture process is 
considered intermediate between purely surface energy (which is the hypothesis of LEFM) 
and volume energy (which is the classical approach of limit analysis and damage me- 
chanics) . 

The principles of thermodynamics state the invariance of the total dissipated energy 
AW with respect to the observation scale. The following group of transformations can be 
therefore deduced: 

AW = YiFAO = Y&A1 = . . . = 9&*A*. (3) 

From the definition of Hausdorff measure [ll], if b is a characteristic reference size of the 
structure, the following dimensional relations hold: 

Ao - b2, A* - b2+d,. (4) 

By equating the second and the last members in eqn (311, and using eqn (4), the scaling of 
nominal fracture energy is obtained: 

g1F - %,*bd? (5) 

Note that the non-integer measurability of fractal topologies exactly corresponds to the 
renormalizability of the physical quantities defined over these domains. The renormalized 
fracture energy YIIF* represents a true material constant, in the sense that scale-invariance 
can be satisfied only by abandoning the canonical topological dimensions. In the bilo- 
garithmic diagram ln%F vs In b, eqn (5) provides the linear increase of the nominal fracture 
energy with increasing structural size, with slope equal to d% (Fig. 5a). 

The same arguments can be adopted in the case of tensile strength. With reference to 
Fig. 4, a cascade of observation scales can be considered taking into account the self-similar 
weakening of the resisting material ligament due to the defects and microcracks distribution 
at all the length scales. At the macroscopic scale, the nominal tensile strength o, ([F][L]-*) 
is supposed to be carried by the nominal area Ao, whereas, increasing the resolution, more 
and more gaps in the ligament are revealed, yielding a decreased nominal area Al and a 
corresponding fictitious micro-stress ul. At the next step, A2 and a2 can be defined, and so 
on. In the limit of the microscopic scale, the measure A* of the asymptotical lacunar set 
has to be considered, and therefore the renormalized tensile strength 0: is characterized by 
the following anomalous fractional dimensions: 

[o:] = [F][L]-‘2-d,), (6) 

where d, is the fractional topological decrement (0 < tf, < 1) of the ligament due to the 
disorder. 
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Fig. 4. Real-space renormalization group for tensile strength over a lacunar set. 

Since the external force F is a macro-parameter, in the sense that it is invariant with 
respect to the scale of observation, the following cascade can be written: 

F = a,Ao = alAl = . . . = a,*A*. (7) 

Recalling the definition of Hausdorff measure [ll], if b is a characteristic reference size of 
the structure, the following dimensional relations hold: 

Ao - b2, A* - @-do. (8) 

By equating the second and the last members in eqn (7), and using eqn (8), the scaling of 
nominal tensile strength is obtained: 

0, - a:b-dc (9) 

As in the case of fracture energy, the renormalized tensile strength a: represents the 
scale-invariant material constant. In the bilogarithmic diagram In CT, vs In b, eqn (9) 
provides the linear decrease of the nominal tensile strength with increasing structural size, 
with slope equal to d, (Fig. 5b). 
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Fig. 5. Monofractal scaling of (a) fracture energy, and (b) tensile strength. 
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The non-standard scaling of the critical quantities involved in the phenomenon of brittle 
fracture has been obtained by means of renormalization groups. On the other hand, 
mathematical fractals have been considered in the modelization of the material microstruc- 
ture. This implies some inconsistencies with respect to the measured experimental scaling 
of these mechanical quantities, as it is evident from Figs 5(a), (b). For the structural size 
tending to infinity, an absurd infinite value of %.F would be predicted by the monofractal 
scaling of eqn (5), and an unreal zero value (7, is provided by eqn (9). On the contrary, as 
can be realized from everyday experience, even the largest structures possess finite values 
of strength and toughness. Indeed, a fundamental character of natural fractals comes into 
play, which has not been taken into account in the previous procedure. 

3. DIMENSIONAL TRANSITION FROM BROWNIAN DISORDER 
TO EUCLIDEAN ORDER: MULTIFRACTALITY 

All the fractal sets in Nature show random self-similar morphologies, in the sense that 
their aspect looks statistically (and not exactly, as in the case of mathematical fractals) the 
same under the changes in the scale of observation. Besides randomness, two more aspects 
have to be highlighted that are peculiar to all natural fractal structures. First of all, there is 
the presence of an upper and a lower bound in the scaling range and, consequently, the 
unavoidable transition from the fractal (disordered) regime at the microscopic level towards 
an Euclidean (homogeneous) regime at the largest scales. The upper bound is represented 
by the macroscopic size of the set, whilst the lower one is related to the size of the smallest 
measurable particles, these being the grains, in the case of metals, the crystals, in the case 
of rocks, and the aggregates, in the case of concrete. It can be argued that the presence of 
this internal length, typical of each microstructure, inhibits the development of a perfect 
self-similar scaling through the whole scale range, whereas mathematical fractals like those 
in Fig. 1, lacking absolutely any characteristic length, exhibit uniform (monofractal) scaling 
without any bound. 

Mandelbrot [16] first pointed out the transition from a fractal regime, characterized by 
non-integer dimensions, to the homogeneous one, characterized by the classical topological 
dimensions, defining ‘self-affinity’ to be such non-uniform scaling of natural fractals. 
Experimental investigations carried out by the authors [3] on concrete fracture surfaces 
show that the two regimes are only the asymptotics of a continuous topological transition. 
Therefore, it has been proposed to define this kind of scaling as geometrical multifractality, 
since an infinity of exponents is necessary to describe the entire range of the scaling. 

Moreover, these investigations show that the highest possible disorder in the microstruc- 
tures is represented by a Brownian disorder, in the sense that a fractal dimension equal 
to 2.5 seems to be the highest in the limit of microscopic scales of observation. Such a 
thermodynamical assumption (Brownian motion is the archetype of dissipative phenomena) 
is confirmed by the multitude of fractal dimension measurements in different materials that 
have been reported in the literature, and by the suggestive hypothesis that Brownian 
surfaces would globally minimize the energy dissipation [17]. Note the remarkable analogy 
between the Cantorian model of lacunar material ligaments (dimension = 1.5) and the 
Kolmogorov theory of turbulence, where a 2 power law comes into play in the scaling 
[2]. It can be argued that a connection must exist between all the chaotic dissipative 
phenomena. 

On the other hand, an indirect validation of this assumption comes from the experi- 
mental determination of the size-effect exponents, either in the case of fracture energy [18] 
or in the case of tensile strength [19], the absolute values of which have never been 
measured larger than 5. Carpinteri [20], on the basis of dimensional analysis arguments, 
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and postulating that the reversal of the physical role of strength and toughness is absurd, 
has obtained the following relation between the critical exponents: 

ds + d, < 1. 

In the framework of multifractality, the above relation can be easily extended as: 

Macroscale: dq = d, = 0, 

Mesoscale: dg + d, < 1, 

(10) 

(114 

@lb) 

Microscale: dw = d, = 5, 

eqn (10) being thus valid in every case. 

WC) 

The geometrical multifractality of natural fractal domains implies the physical multifract- 
ality of the critical quantities defined over them. Synthesizing Wilson’s multiple-scale-of- 
length approach [14] with Barenblatt’s interpretation [12], renormalization group can be 
applied, in a closed form, to any non-differentiable physical quantity @(CC), by ‘smoothing’ 
the fractal nature of the field at various scales E and by stating that the variation of C#J due 
to an infinitesimal scale transformation 3 In (E) depends only on #: 

W(x, -4 = f(O), 
aln(c) ’ 

(12) 

where differentiation, due to the property of the dilatation operator [21], is made with 
respect to the logarithm of the length scale E in order to obtain directly the power law 
solution of the equation. The simplest form of f(#) is provided by a power series expansion 
of the function, interrupted at the first term. The following first-order differential equation 
is therefore deduced: 

(13) 

whose solution is given by 

#(XT 4 = &dx)[l + ~(~:w-‘l, (14) 

where F&X) represents the integration constant and & = -Q/C. Note that this notation 
allows one to choose c(x) in a way that ( C(X)) = 1. Taking a # 0, suppose initially that 
c < 0: clearly, eqn (14) separates two domains of the solution, corresponding to the critical 
and the trivial fixed points of the renormalization group [14]: 

(1) 6 << il. In this case ~(x)(A/E)-~ >> 1, and C#J results in a power-law (fractal) scaling, 
thus characterized by the scale-invariance, controlled by the fractal dimension A = 1 - c 
(anomalous dimension). In this case r#@, E) - (~/.F-~ (fractal regime). 

(2) E >> h. In this case c(x)(jl/~)-~ << 1, and 4 becomes scale-independent, practically 
resulting in a classical Euclidean quantity (characterized by the canonical physical dimen- 
sions). In this case @(x, E) = &o(x) (homogeneous regime). 

Therefore, even in its simplest (linear) form, renormalization group yields not only the 
peculiar scaling laws of the critical quantities in the fractal regime, characterized by the 
scale-invariance, but also the spontaneous breaking of this symmetry at the macro-scales 
(beyond a crossover scale A). Physical quantities undergo a natural dimensional transition 
(multifractality) according to the scale at which they are measured. The mean field ap- 
proach thus becomes consistent only in the limit of the largest scales, when the internal 
length of the phenomenon is negligible with respect to the macroscopic scale. 

Note that the solution obtained for c > 0 is the symmetrical of eqn (14), which was 
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obtained for c < 0: in the case of c > 0, the fractal regime appears at the largest scales 
whereas the Euclidean scale-independence occurs below the crossover length A. This case, 
although less intuitive than the previous one, seems to control the scaling of the physical 
quantities at the cosmology level [21]. 

4. MULTIFRACTAL SCALING LAWS FOR STRENGTH AND TOUGHNESS OF 
HETEROGENEOUS MATERIALS 

The monofractal scaling of (SF and (5, is valid only in a narrow size range, where the 
fractal dimension can be considered as a constant. The topological multifractality implies 
the progressive vanishing of fractality (d, + 0, d, + 0) as the scale increases: correspond- 
ingly, the progressive homogenization of the critical quantities is provided, as outlined in 
the previous section. Intuitively, since the microstructure of a disordered material is the 
same independently of the macroscopic size, the influence of disorder on the mechanical 
properties essentially depends on the ratio between a characteristic internal length Ich 
(related to the crossover scale A of the phenomenon) and the external size b of the 
specimen. Therefore, the effect of microstructural disorder on the mechanical behaviour of 
materials becomes progressively less important at the largest scales, whereas it represents a 
fundamental feature at the smallest scales. In particular, at the smallest scales, a Brownian 
disorder seems to be the highest possible disorder, yielding, respectively for invasive and 
lacunar topologies, fractional scaling exponents equal to +f and -i. 

On the basis of these hypotheses, two multifractal scaling laws (MFSL) are proposed, for 
fracture energy [18] and tensile strength [19], respectively, which can be written in the 
following analytical form: 

(SF(b) = %I;[1 + l&/b]-@, W-4 

a,(b) = fJ1 + l,,/b]‘P Wb) 

These scaling laws, shown in Fig. 6, are both two-parameter models, where the asympto- 
tical value of the nominal quantity ((3; or fJ, corresponding to the highest nominal 
fracture energy and to the lowest nominal tensile strength respectively, is reached only in 

h 
L 

Fig. 6. Multifractal scaling laws for the critical parameters SF. and q, 
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the limit of infinite sizes. The dimensionless term in brackets, which is controlled by the 
characteristic value of the internal length Ich, represents the variable influence of disorder 
on the mechanical behaviour, thus quantifying the difference between the nominal quantity 
measured at scale b and the asymptotic constant value. Note the perfect duality between 
the two scaling laws, where the only difference is the sign of the Brownian exponent +t, 
respectively related to an invasive or to a lacunar topology. 

In the bilogarithmic diagrams, shown in Fig. 7, the transition from the fractal regime to 
the Euclidean one becomes evident. The threshold of this transition is meaningfully 
represented by point Q, whose abscissa is equal to In Ich. Note that the oblique asymptotic 
is -controlled in-both cases by a quantity with the 
([F][Lle3p), signifying that LEFM comes into play 

dimensions of a stress-intensity factor 
only when the characteristic size a of 

microdefects is comparable with the external size (highest disorder), whereas, at larger 

(b) 

fractal (Brownian) regime 

homogeneous (euclidean) regime 

Fig. 7. Multifractal scaling laws: bilogarithmic diagrams. 



Multifractal scaling laws 145 

scales, the correlation among the microcracks increases, leading to the homogenization in 
the limit of infinite size (ordered regime). 

It has been proposed [19] to link the value of the internal length Ich to some 
characteristic size d, of the microstructure, for example, in the case of concrete, to the 
maximum aggregate size: 

(16) 

The internal length parameter becomes important when the scaling behaviour of two 
different materials is compared, as is shown in Fig. 8 for the scaling of fracture energy. It 
can be stated that, in the case of a finer-grained material like a ceramic composite, the 
MFSL is shifted to the left compared with the case of concrete, the value of Ich being much 
lower for ceramics than for concrete. Therefore, two specimens of different materials, with 
the same structural size bl, besides obviously showing two different values of the nominal 
fracture energy, have to be set in two different scaling regimes. With reference to Fig. 8, 
the concrete specimen behaves accordingly to the fractal regime, whereas the ceramic one 
lies on the asymptotic branch of the MFSL, thus showing a homogeneous macroscopic 
behaviour. Generally speaking, one has to determine for each material the proper range of 
scales where the fractal regime is predominant, and consequently the minimum structural 
size beyond which the local toughness and strength fluctuations are macroscopically 
averaged and a constant value of fracture energy can be determined. 

In the framework of statistical mechanics, the duality between %, and o, emerges simply 
considering the dichotomy between an ‘entropic’ term, related to the microstructural 
(mechanical and topological) disorder, and an ‘energetic’ term, related to the elastic energy 
stored in the bulk surrounding the propagating macrocrack. The latter term tends to favour 
the unstable propagation of a pre-existing crack, whilst the former tends to scatter the 
damage throughout the material. In the incessant competition between these terms, the 
entropic term prevails in the initial stages of the damage process (before the peak stress), 
when the phenomenon is weakly correlated. On the other hand, beyond the peak stress 

ceramic material 

lnb 

Fig. 8. Different scaling of fracture energy in two different materials. 
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(softening branch), the damage evolution becomes highly correlated and disorder is over- 
come by the energetic term. 

Therefore, in the fractal regime where the influence of disorder is predominant, the 
nominal tensile strength o, increases, being produced by the ascending branch of the 
stress-strain curve, whereas the nominal fracture energy YIF reaches its maximum value in 
correspondence of the homogeneous regime, being essentially equal to the area under the 
softening branch, which is an energetic branch. Note that, in a perfectly ordered material, 
the entropic term would be absent and the purely energetic theory of Griffith would be 
recovered. 

5. APPLICATION OF MFSL TO RELEVANT EXPERIMENTAL DATA 

The multifractal scaling laws described in the previous section are now applied to 
relevant experimental data reported in the literature. This statistical analysis aims first at 
the validation of the multifractal model by means of the goodness of fit of the experimental 
data and, subsequently, to the extrapolation of reliable values of the mechanical proper- 
ties, valid for real-size structures, starting from laboratory-size specimens. The nonlinear 
best-fitting algorithm of Levenberg-Marquardt has been used extensively in this analysis: a 
complete review of all the examined references is in [22], where the multifractal scaling law 
for tensile strength is also compared with the Bazant’s size effect law [23]. In any case, 
both for fracture energy and tensile strength, fitting of the data appears to be consistent 
only if (at least) one order of magnitude is considered in the size range. 

Experimental results obtained by rigorously following the RILEM recommendation [15] 
are those by Elites et al. [24]. Three-point bending tests under crack opening control have 
been carried out on beams made of concrete with d,,, = 10 mm and compressive strength 
fC = 33.1 MPa. Only a two-dimensional similitude is provided, the thickness t being equal 
to 100 mm for all the beams. The beam height b, assumed as the reference size, ranges 
from 50 mm to 300 mm (range 1:6). The nominal fracture energy is obtained from the total 
work of fracture, divided by the initial ligament area ((b - ao) x t, where a0 = b/3 is the 
initial notch depth). The application of the MFSL to the experimental fracture energy 

100 

80 

60 

Fig. 9. Application of the MFSL to the fracture energy data by Elites er al. (241. 
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values is shown in Fig. 9: the best-fitting values are s; = 110.6 N/m and I, = 133.1 mm, 
respectively. The asymptotic fracture energy is therefore almost 90% larger than the 
smallest specimens’ value (57 N/m). The dimensionless parameter cx = Ich/dmax is equal to 
13.3, whilst the correlation coefficient turns out to be R -= 0.982. 

Another series of three-point bending tests is due to Perdikaris and Romeo [25]. Two 
mixtures of concrete have been examined, with the same granularity (d,, = 6.4 mm), but 
with different compressive strengths. In the case of Series I, fc(I) = 35 MPa whereas, in the 
case of Series II, a higher strength is obtained, fc(I1) = 75.5 MPa. The size range examined 
is equal to 1:4 for both series and, as usual, only a two-dimensional similitude is present, 
the thickness of the beams being constant and equal to 127 mm. The application of the 
MFSL to the toughness data from Series I (low-strength concrete) is described in Fig. 
10(a): the best-fitting values are respectively ?I: = 129.5 N/m and lC,, = 104.1 mm, and the 
correlation coefficient is R = 0.892. From the value of the internal length Ich, the 
nondimensional parameter a/ = 16.3 is obtained. The application of the MFSL to the data 
from Series II (high-strength concrete) is shown in Fig. 10(b): in this case, the best-fitting 
procedure gives % z = 160 N/m, Zch = 320.9 mm, (Y = 50.1. and R = 0.921. In the latter case, 
the asymptotic fracture energy turns out to be about 130% larger than the smallest 
specimens’ value (68 N/m), and the dimensionless parameter a! is anomalously large with 
respect to most of the other cases (where cx is generally between 10 and 20). 

Regarding the tensile strength values, a nominal tensile strength cr, in three-point 
bending tests can be defined, according to the elastic solution, given by 

0, = 6Mll 

t(b - a# ’ (17) 

where M, is the failure bending moment, t and b are respectively the beam thickness and 
depth, and a0 is the initial notch length. The application of the MFSL to the nominal 
strength data from Series I (low-strength concrete) is described in Fig. 11(a): the best- 
fitting values are ft = 1.41 MPa and lch = 562.8 mm, and the correlation coefficient 
R = 0.990. The dimensionless parameter cy is equal to 87.9. The application of the MFSL 
to the data from Series II (high-strength concrete) is shown in Fig. 11(b): in this case, the 
best-fitting procedure gives ft = 4.21 MPa, Ich = 131.1 mm, a: = 20.5 and R = 0.901. 
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Fig. 10. Application of the MFSL to the fracture energy data by Perdikaris and Romeo [25]. 
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Fig. 11. Application of the MFSL to the tensile strength data by Perdikaris and Romeo [25]. 

An interesting comparison can be made between the strength and toughness properties 
of the two series. Whereas, in fact, the compressive strength value of Series II is 114% 
larger than in the case of Series I, and the asymptotical (nominal) tensile strength of Series 
II is almost 300% larger than in the case of Series I, a much smaller difference (24%) 
between the asymptotic fracture energies of the two series has been detected. This confirms 
the (relative) increase of brittleness corresponding to the increase of compactness and 
homogeneity in the microstructure which, in its turn, aims to the increase of the strength 
value. The transition to a more brittle behaviour, in the case of the high-strength concrete, 
can be synthesized by means of Carpinteri’s brittleness number s [13]: setting, for example, 
b = 100 mm for both series, one would obtain ~~~~~~~~~ = 0.00091 and S(seriesn) = 0.00038, 
thus concluding that the larger the strength the larger the brittleness. 

Another interesting test geometry is represented by the Brazilian tests (splitting cylinder 
tests) carried out by Hasegawa et al. [26]. Concrete cylinders, geometrically similar in two 
dimensions (the height of the cylinders being constant and equal to 500 mm), have been 
tested in the (wide) size range 1:30 (b,i” = 100 mm, b,,, = 3000 mm). The maximum 
aggregate size is equal to 25 mm, whilst the average compressive strength results 23.4 MPa. 
The nominal tensile strength is supposed equal to the maximum principal stress, according 
to the theory of elasticity: 

2plI 
o,(b) = -> 

lrbh 
(18) 

where P, is the ultimate load, and b and h are, respectively, the diameter and the 
(constant) height of the specimens. The application of the MFSL is plotted directly in the 
bilogarithmic diagram (Fig. 12), where the fitting by Bazant’s size effect law (SEL) is also 
shown for comparison. The computed best-fitting values are 5 = 1.45 MPa and 1, = 
199.2 mm. Note that the asymptotical strength f; is equal to 80% of the average ultimate 
tensile stress (1.80 MPa) and only to 56% of the smallest specimens’ strength. On the basis 
of relation (16), the dimensionless parameter a is obtained equal to 7.96. The correlation 
coefficient yielded by the MFSL is R = 0.966, whereas Bazant’s SEL yields R = 0.663. 
Note that, in the case of tests characterized by wide size ranges, the MFSL modelizes much 
better than SEL the scaling behaviour of tensile strength, the concavity of data being 
clearly upwards according to the aforementioned multifractal transition. 
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Fig. 12. Application of the MFSL to the tensile strength data by Hasegawa et al. [26]. 
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