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Abstract--The aim of the present paper is to study the variation of tensile strength of disordered ma- 
terials in relation to the structural size. Griffith [1] gave an explanation to this phenomenon assuming 
the size of the most dangerous microdefect as proportional to the specimen size. Therefore, decreasing 
the specimen size, the size of this microdefect decreases and the tensile strength of the specimen 
increases. 

A defect size distribution of self-similarity will be defined, for which the maximum defect size turns 
out to be proportional to the linear size of the body. In this way, a very general analytical expression 
for the tensile strength decrease with size can be obtained. Statistical Monte-Carlo simulations are per- 
formed to confirm this trend and to obtain the relation between the degree of disorder and the slope of 
the size effect law. The parameters of the defect size distribution--density and average size of the 
imperfections---can be obtained by experimental tensile tests. 

In order to consider the whole scale range, a truncated statistical model will be presented. This 
new model assumes a truncated defect size distribution and predicts a scale effect in complete accord- 
ance with that of the Multifractal Scaling Law proposed by Carpinteri [2] and Carpinteri et al. [3-5]. 
The global failure probability is obtained by the composition of the n independent local failure con- 
ditions. The paper ends with the presentation of the results obtained by this truncated model and the 
comparison with some experimental data. © 1997 Elsevier Science Ltd 

1. INTRODUCTION 

IT IS well known that the strength of structural materials is not constant, but it decreases with 
increasing the specimen size. Such a phenomenon was analyzed by Weibull[6] through the appli- 
cation of the "weakest link concept". It consists in the hypothesis that the probability of finding 
a critical imperfection in a given material increases with increasing volume. This is a simple 
assumption which does not describe either the nature of the imperfections or the constitutive 
law of the material. More recently, Freudenthal [7] and Jayatilaka [8] considered a linear-elastic 
material with a great number of embedded Griffith's cracks. They proved that the variability of 
tensile strength with specimen volume may be connected with the probability density of crack 
size distribution. The strength size effect in structures with re-entrant corners was considered by 
Leicester [9] who included the effect of stress-singularity at the corner vertex. He showed that the 
strength size effect is due to the existence of one or more stress singularity sources in the body. 
These sources can arise from macroscopic notches or partially debonded interfaces. Batdorf and 
Crose [10] developed a theory for macroscopicaUy homogeneous isotropic materials containing 
randomly oriented microcracks uniformly distributed in location under the assumption that frac- 
ture depends only on the macroscopic stress normal to a crack plane. The function representing 
the number of cracks per unit volume failing at each value of normal stress is expanded as a 
Taylor series with coefficients determined from tensile test data. 

Carpinteri [11] proposed a defect size distribution of self-similarity according to which the 
most dangerous defect size must be proportional to the linear size of the specimen. In this paper 
a three-dimensional extension of this hypothesis will be presented. Moreover, the assumed defect 
size distribution will contain a parameter N that measures the degree of disorder [12]. We will 
show that the defect size distribution of self-similarity represents the upper limit of disorder that 
can be verified in the real materials [2], while, normally, we find a lower degree of disorder. In 
particular, the connection between the slope as  of the straight line of the scale effect in a biloga- 
rithmic diagram with the parameter N of the dispersion in the imperfection size distribution will 
be evidenced. The relation between aN and N will be obtained by a series of Monte-Carlo stat- 
istical simulations. To perform these simulations it was necessary to fix the values of some par- 
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ameters, like the mode of  defect size and the density of imperfections (number of imperfection 
per unit volume). These parameters can be obtained by experimental tensile tests. 

The Multifractal Scaling Law proposed by Carpinteri et al. [3-5] is based on a multifractal 
hypothesis for material microstructure and seems particularly appropriate when the whole scale 
range is considered. In this case, the scale effect in the bilogarithmic plane is not linear. For  
large structural dimensions a non-zero asymptotic strength is achieved, whereas for small struc- 
tural dimensions the law tends asymptotically to what is predicted by LEFM. 

To consider the whole scale range, a new statistical model is presented as an extrapolation 
of the one based on self-similarity. This model is based on a truncated dimensional distribution 
for the equivalent defects. This assumption allows a description of the microstructure in terms 
of disorder and influence of  the disorder at different scales. The analytical formulation of the 
truncated model is provided. Then the results of  the parametric analysis are shown as well as 
the comparison between the truncated model, the Multifractal Scaling Law and the experimental 
data of  direct concrete tension tests performed at the Politecnico di Torino by Carpinteri and 
Ferro [13-15]. 

2. DETERMINATION OF DEFECT SIZE PROBABILITY DENSITY FUNCTION OF 
SELF-SIMILARITY 

In the present section, three-dimensional structures with a multitude of cracks or voids of  a 
given size-distribution are considered. Three hypotheses are assumed: (1) the structure is macro- 
scopically homogeneous; (2) the structure is macroscopically isotropic; (3) the interaction among 
the imperfections is negligible. Let us consider a set of similar structures where the imperfections 
with the most dangerous shape (stress-singularity power ~ = ~max) have a probability density 
p(a) of size distribution [Fig. l(a)]. We can assert that if the size distribution p(a) is such that 
the maximum size amax is proportional to the linear scale d, then the strength size effect will be 
represented by a linear in aN VS In d diagram with slope -~ma×. The above hypothesis is very 
restrictive and is valid only when the probability density of size distribution p(a) presents par- 
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Fig. 1. Defect size distribution of self-similarity: (a) probability density; (b) cumulative distribution. 
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ticular properties. If p is the density of  imperfections (number of  imperfections per unit volume), 
the maximum size amax can be defined as follows[l 1]: 

3 1 pd p(amax)Aa-~--~ sin 0 A~oA0 = 1, (1) 

where q~ and 0 represent the longitude and latitude of the defect orientation, respectively. The 
factor 1/(4n) indicates that all the imperfection orientations are statistically equivalent. The uni- 
tary value at second member represents the certainty to have almost one defect of  size ama x. If  a 
geometrically similar structure of characteristic size kd is considered, there results: 

1 sin 0 A~oA0 = 1. (2) p(kd)3p(kamax)Aa 

The value of amax is not known, and it is assumed much greater than the mode: amax >> a. 
Then, eqs (1) and (2) must be assumed, in general, to be valid for all defect sizes a much greater 
than the mean value: 

pd3p(a)Aalsin 0 A~pA0 = 1, for a >> h, (3) 

p(kd)3p(ka)Aalsin 0 A~oA0 = 1, for a >> ft. (4) 

From eqs (3) and (4), it follows that: 

p(a) = k3p(ka), for a >> fi, k ~ ~+. (5) 

Hence, p(a) assumes the form: 

C ,  
p(a) = ~ for a >> ~, (6) 

where C is a constant with the physical dimension of an area. Equation (6) will be referred to as 
the defect size distribution of self-similarity. 

Generally speaking, when the self-similarity condition is not satisfied, the probability den- 
sity of  size distribution can have the following form: 

C 
p(a) = aN÷l, for a > a0, (7) 

which becomes eq. (6) when N = 2 and where a0 (a0 >> h) is the value beyond which the 
decreasing branch of function p(a) can be approximated by eq. (6). N (1 < N < oo) is an expo- 
nent that measures the degree of disorder. In this case, the strength size effect can be represented 
by the In o N vs in d straight line with the slope --C~N[1 1]: 

~(×) 
aN(y, N)  (N - l) ¢' (8) 

where 7 is the re-entrant corner angle of  the polyhedral void while the exponent ~ depends on 
the secondary features of the material (e.g. density of imperfections, size distribution of  the less 
dangerous defects, etc.). In refs[1 l, 12] it is shown that the size effect vanishes when 7 = ~z (circu- 
lar pores) and/or when N- - ,  oe (nearly constant defect size). On the other hand, the size effect 
becomes enormous when N--* 1 (very large dispersion in the imperfection size distribution). The 
above model applies only to the size effects related to the first microcracking. In order to study 
the subsequent stages of  material degradation, the stochastic process theory should be applied, 
or numerical methods, like the Lattice Model, should be used. 

Now we suppose that the probability density function is exponential for defect sizes less 
than a0: 

ae- Ba 
pl(a) = N----if-, for 0 < a < a0, (9) 
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while, for defect sizes greater than ao, we use the function previously defined: 

C 1 
p2(a) = NaN+-------f- ~ , for a > ao. (10) 

The constants B, C, D will be calculated by appropriate boundary conditions. B and C are 
determined assuming that the two functions Pl and P2 have the same value and the same first de- 
rivative in ao. D is determined by imposing the normalization condition for the global prob- 
ability density function. From the first two conditions we obtain: 

B -- N +  2 and C = aN+2e -(N+2). (11) 
a0 

The mode fi, i.e. the value for which function pl(a) assumes the maximum value, is related to 
the parameter a0 by the following relation: 

1 a0 
or a0 = ( N +  2)~. (12) 

B N + 2  

The primitive functions ofp l (a )  and pz(a) turn out to be: 

N e -Ba 
Pl(a) - D B 2 ( - B a -  1) + Ct, (13) 

1 C  
P2(a) - D a  N + C2. 

Once we have determined the constants Ct and C2 by setting 
P2(ao) = fo°Pl(a) da, the constant D is determined assuming that P2 (~ )  = 1: 

Ne -aa° N C 
D -  B ~ ( - B a o - 1 ) + ~ - 2 + a - -  ~ .  

PI(O) = 0 

(14) 

and 

05) 

3. STATISTICAL SIMULATION WITH TH E DEFECT SIZE DISTRIBUTION OF SELF- 
SIMILARITY 

The defect size probability density functions p~(a) and p2(a), obtained in the previous sec- 
tion, can be used to perform Monte-Carlo statistical simulations. With these simulations it is 
possible to determine the value of  some mechanical and/or geometrical parameters of a given 
material and, moreover, the relation between the defect statistical dispersion N and the slope of  
the diagram that defines, in the In au vs In d plane, the strength size effect law. In order to 
obtain these functions, we have assumed that the defect interactions are negligible and that the 
tensile strength depends exclusively on the imperfection with the maximum size and the most 
dangerous orientation. According to this hypothesis, the tensile strength of a cubic specimen can 
be evaluated as for a specimen with a unique Griffith's crack of an assigned size: 

n" KIC 
au = - (16) 

2 ~,/-~ff~m~x 

The probability density functions depend on the parameters N and ao. In order to define their 
values, it is necessary to use, if possible, the experimental results of  tensile tests. 

The parameter N represents the defect size dispersion degree. The lower limit of  this par- 
ameter is 1 for bidimensional structures and 2 for tridimensional ones. These values correspond 
to the maximum degree of  dispersion which could be present in real materials, that is given by 
the self-similarity dimensional distribution. Increasing the value of N, we obtain a lower degree 
of  dispersion. For  N---~ oo, we obtain an ordered dimensional distribution, i.e. all the defects 
present the same dimension. 

The parameter a0, on the other hand, represents the dimension beyond which we use the 
density function pz(a) and it is strictly related to the mode defect size by eq. (12). 
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We can obtain a valuation of  a0 and p by measures carried out on specimens of  the ma- 
terial to be analyzed. The values obtained in this way are conditioned by the kind of  obser- 
vation and by the precision of the instruments. In general, increasing the sensibility of the 
instrument, we can observe smaller defects. We can appreciate defects at the atomic level using 
electronic microscope, 

The diagrams of the functions pl(a) and p2(a), obtained by varying the parameter ao, are 
plotted in Fig. 2. We can observe that, for a0 ~ 0, the function tends to a Dirac f-distribution. 
In that case, in fact, p(a) 0 for a ~ 0, and +~ = f~o~ p(a) = 1, function p(a) being normalized. 

If we want to perform a macroscopic analysis on concrete specimens, the average defect 
size to use for statistical simulations must have the order of the vacancies between the sand 
grains, because these result in being the most numerous of those of  physical relevance. Defects 
smaller than such vacancies have not any importance from the mechanical point of view. From 
the experimental results it is possible to obtain the value of amax for a given structural dimen- 
sion, using the inverse of eq. (16): 

rr ( KIc'~ 2 (17) 
amax = ~ \  a--u- / " 

The knowledge of this value permits to resolve the problem, that is indeterminate, without the 
information about the values of  a0 and p. In fact, the simulation process consists of  performing 
a set of pseudo-random extractions of numbers between 0 and 1. It is possible to associate the 
size a to each number, by means of  the cumulative function P(a). With fixed density, an incre- 
ment of  linear dimension of a bidimensional square specimen implies a quadratic increment of  
the number of  extractions to carry out. For  a cubic tridimensional specimen, an increment of 
linear dimension implies a cubic increment of the number of  extractions. 

4. SIZE EFFECTS DUE TO DEFECT STATISTICAL DISPERSION 

In this section, we define a relation connecting the parameter N, indicative of the degree of 
defect size dispersion, with the size effect on nominal tensile strength experimentally obtained. A 
characteristic property of  functions pl(a) and p2(a) is that the size effect obtained from them 
results in independence of ao. Therefore, for any value of a0, the same straight line for strength 
versus structural size is obtained, the value of the parameter N being the same. From an operat- 
ive point of view, four series of extractions were carried out with different seeds for each speci- 
men size. The laws obtained for a tridimensional cubic body by varying N, are reported in 
Fig. 3(a) with a0 = 1 mm and p equal to one defect per cubic cm. 
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Fig. 2. Defect size distribution of self-similarity: diagrams of function p(a) by varying the parameter a0- 
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Fig. 3. (a) Strength size effect laws for a tridimensional body by varying the statistical dispersion par- 
ameter N (a0 = 1 mm). (b) Power law that relates the slope :tN of the straight line with N. 

It is possible consequently to associate the size effect experimentally derived with the defect 
dispersion degree. It is immediately possible to connect the value of the slope of the interp- 
olation straight line in the bilogarithmic plane, with the parameter N. The power law that relates 
the slope C(N of the straight line with the defect dispersion parameter N is reported in Fig. 3(b). 
In this way, it is possible to determine, for any material, the disorder degree of the microstruc- 
ture by deriving the value of N from experimental results, or, in other words, from the decreas- 
ing law tr u vs d. Obviously, the greater the slope the less N will be, and thus the greater the 
material disorder. 

For ordered materials, the parameter N is very large. These materials present a weak tensile 
strength size effect. In the extreme case, the size effect vanishes and the parameter N tends to oo 
for materials with a perfect internal order. On the other hand, for materials that, from the 
microstructural point of view, present remarkable disorder and then an accentuated size effect, 
the slope of the straight line tends to -1/2, i.e. the power of the LEFM stress singularity. In this 
case the defect dispersion parameter N tends to the lower limit 2. From the simulations in 
Fig. 3(a), we obtain, for N = 2, a value slightly larger than 0.5. The relationship obtained for 
C(N VS N, by statistical simulations, is the following [Fig. 3(b)]: 

0.616 
OtN - -  ( N -  1) 0.67. (18) 

The value of the exponent of (N - 1), (, defined in eq. (8), results in dependence on material sec- 
ondary features. 

A considerable aspect that arises from the performed simulations consists in the indepen- 
dence of ~N from the parameter a0. Different analogous simulations with different values of a0 
were performed and the same size effect was obtained. Therefore, we can state that the par- 
ameter CtN is a function only of the defect dispersion N. 

The linear interpolation of the nominal tensile strength results obtained at the Politecnico 
di Torino [12-14] presents a negative slope equal to 0.125, from which eq. (18) provides 
N = 11.81 [Fig. 4(a)]. 

5. THE TRUNCATED DISTRIBUTION MODEL 

The goal of the truncated distribution is to take into account the influence of disorder over 
the entire scale range. The structural volume is divided into many elementary volumes, each 
representative of the effective microstructure. The elementary volume is simulated by an equival- 
ent defect population (penny-shaped cracks) embedded in a linear elastic material. The defect 
population is characterized by a unique random variable that represents the defect size, a, the 
interaction between the imperfections being neglected and only the imperfections with the most 
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dangerous shape and the most dangerous orientation considered. The probability density func- 
tion (PDF) of  the random variable, i.e. the crack size, can be assumed to be the so-called Beta- 
Distribution. This function is known in the probabilistic field to describe bounded populations 
and has already been utilized by other authors [16] in an analogous model. The PDF of the 
Beta-Distribution can be easily written as a function of a/aM, namely the defect size normalized 
with respect to the theoretical maximum defect size: 

(a--~) = 1 ( ~ M ) ~ ( a ~ )  ~ _  a P aMB(Ot + 1,/5 + 1) 1 , for 0 < --aM < 1. (19) 

The PDF is a polynomial expression with non-zero values comprised between zero and aM, 
and it implies zero probability for finding defects larger than aM. The parameters ~ and fl deter- 
mine the shape of  the distribution (Fig. 5); from a mathematical point of view, they represent 
the infinitesimal order of PDF,  for the a/aM ratio tending to zero and to 1, respectively. The 
cumulated density function (CDF) can not be found in closed form. It is possible to obtain the 
following expression only if the values of the parameters cc and fl are integers: 

=B(ot+l,/5+l) i=o (-1)i ot+i+lKaM/l a , for 0 < - -  <_aM_ 1, (20) 

where ( / ~ ) =  .,,~!.,, is the binomial coefficient while B(cc + 1, fl + 1) is the so-called Beta- 
x i " t . t p - - t ) .  

Function of parameters (= + 1) and (fl + 1), that is, the normalizing factor of the area under 
the PDF  function. The patterns of  p(a/aM) and P(a/aM) are shown in Fig. 5 for different values 
of the shape parameters e and ft. 

To obtain the local failure probability distribution, it is necessary to define a local failure 
criterion. A penny-shaped crack of radius a, subjected to orthogonal tensile stress a, is con- 
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Fig. 5. Truncated defect size distribution by varying the parameters cc and fl: (a) probability density; (b) 
cumulative distribution. 
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Fig. 6. Local failure criterion (penny-shaped crack) according to LEFM. 

sidered; the stress of fracture propagation is expressed by LEFM (Fig. 6). This criterion can be 
provided in a more convenient form, in terms of  the maximum defect size aM, that corresponds 
to the failure stress a~: 

= ,/'_x:_". (21) 
au V a 

In this way, au becomes the threshold stress beyond which there is no probability of  failure. The 
physical meaning of Ou is thus identical to that of  threshold strength proposed by Weibull [6] in 
his statistical distribution. The failure criterion adopted in this formulation is characterized by a 
monotonically decreasing trend. This allows a CDF for the local failure probability distribution 
Pf0(cr/tr~) to be obtained by using the CDF of the defect size P(a/aM), and the criterion of 
eq. (21), in the following form[7]: 

{ O{cru2~ ' f°r o r<an  \ / for (;u)-- Pf0 
1 - P , a 2 ,  , o >_ tru, 

where a is the critical stress associated with the incipient propagation condition of the defect of 
size a. Substituting eq. (20) into eq. (22), the local failure probability Pfo(tr/au) becomes: 

{ ~ fl 0 //-~ )x 2(ct+/+ 1) ,' for o-_~<o" u 
Pf0 1 - B ( a + l , f l + l ) ~ ' ( - 1 ) ( i ) o t + - i +  1 for a > tru. 

Deriving eq. (23) with respect to the macroscopic stress a, the PDF  of the local failure prob- 
ability is obtained: 

{ ~ 0 ( )(-~)-- , for t r < t r U f o r  cr>cr u. 
Pf0 = 2 ~ i /~ (24) 

auB(ot + 1 fl + 1) i__Z-~0 ( -1 )  , / ' _ 

The PDF  and C DF of the local failure probability are plotted in Fig. 7 for different values 
of the parameters ~ and fl, as functions of  the macroscopical stress tr normalized with respect to 
the limit tension tr u. It is possible to observe how high values of  parameter ct are related to a 
PDF  of the defect size accumulated at the largest value aM. Therefore, the PDF  of the local fail- 
ure probability Pro shows a small variance of  the strength mean value, very close to tru. 
Consequently, the microstructure presents a more ordered behaviour. On the other hand, high 
values of parameter fl correspond to a defect distribution with small crack size predominance. 
In this case, the local failure probability is characterized by a large dispersion and the micro- 
structural disorder increases. 
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Fig. 7. Local failure probability for the truncated defect size model by varying the parameters ct and fl: 
(a) probability density; (b) cumulative distribution. 

Some hypotheses can make the analytical computation easier. It is considered that the inter- 
action among the defects is negligible and that each volume element of the whole structure is 
made of the same material and subjected to the same direct tensile state of stress. Under these 
assumptions, the weakest link concept provides the probabilistic problem of the composition of 
n independent, equidistributed random variables: 

P,x = 1 - (1 - ex)' .  (25) 

If V is the volume of the entire structure, Vo the elementary volume over which the defect distri- 
bution P(a) is defined, n = V/Vo being the volume ratio, the global failure probability becomes: 

1 {  0 ( - ~ )  . ] , , _ .  , for a>_au.a<-au 
= 1 ~ 1 2 ( ~ + / + 0  ~0 ( 2 6 )  

Pn 1- B(ot+l,~+l) i~_o(-1)i(flii)ot+i+ 1 for 

Then, if bidimensional structural similarity is considered, the ratio V/Vo becomes equal to d2 /~  
and the global probability of failure takes the form: 

0 , for a _< au 

1- B(a+l,/~+l) (-1)i  1 for a > a u ,  
_ o t + i + l  ' - 

w h e r e  d is the structural dimension and do is a characteristic length for the microstructure. 
Deriving eq. (27) with respect to the stress a, the PDF of the global failure probability is 
obtained: 

0 , for a _< au 
fl ~ / \ 2(a+i+l)+| 

pn= 2 - - ( - l ) (  i -~- {i_~ ° ( ) 1 (__~)2(~+i+,, ]~_, 
a u B Z ( a + l , f l + l )  ( -1 ) i - f l i  ~ + i + 1  ' for a>au._ 

(28) 

The PDF and CDF of the global failure probability are plotted in Fig. 8, as functions of 
a/au, for different values of  the volume ratio n. Increasing n, or the structural volume, the global 
failure probability is characterized by a smaller dispersion, while the mean value of  the failure 
stress tends to a~. A very large structure tends to a deterministic behaviour with failure stress 
equal to a~. On the other hand, decreasing n, i.e. for smaller structural size, the dispersion 
increases, increasing in this way the failure stress scattering. This agrees with the physical evi- 
dence that the microstructural disorder is visible and influences the carrying capacity only at the 
smallest scales, whereas it vanishes at the largest scales, for which the structure appears as 
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Fig. 8. Global failure probability for the truncated defect size model by varying the structural volume 
ratio n: (a) probability density; (b) cumulative distribution. 

homogeneous. This model is thus suitable for describing the scale effect on the nominal strength 
for wide dimensional ranges. Equation (28) in fact links the strength a of a particular fractile 
P,, for a material characterized by a defect population with parameters aM, a, r, and a charac- 
teristic length do of the microstructure, with the structural dimension d. Due to the analytical 
complexity of the expression P. [eq. (27)], it is impossible to write the relation between the 
strength and structural dimension in a closed form. Therefore, the help of a numerical routine 
of function inversion is needed. The first step, in this case, must be the parametric analysis of 
the model in order to evaluate the influence of the different terms as well as their physical mean- 
ing. 

6. P A R A M E T R I C  A N A L Y S I S  O F  T H E  T R U N C A T E D  M O D E L  

The results of the parametric analysis of the model are presented with the help of a numeri- 
cal method of inversion. The output of the model is the strength of the structure as a function 
of the structural dimension and of the above mentioned parameters: 

aN = tr(d; or, r ,  aM, do, e , ) .  (29) 

W h a t  has  first been ana lyzed  is the influence o f  the m a x i m u m  theoret ica l  defect  size. This is 
equiva lent  to the analysis  o f  the influence o f  au, because  the two values are  determinis t ica l ly  
l inked by  the local  fai lure cr i te r ion  (Fig.  9). No te  tha t  the val id i ty  range o f  the probabi l i s t i c  
mode l  covers  on ly  s t ructura l  d imens ions  greater  than  do, or  volumes  V greater  than  V0. V0 is the 
m i n i m u m  volume over  which the d imens iona l  defects d i s t r ibu t ion  o f  eq. (19) is defined. I t  is 
obvious  tha t  the d imens ion  o f  the m a x i m u m  defect  size aM mus t  be smal ler  than  do. 
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Fig. 9. Strength versus size, varying the parameters aM or a, (~ = 1, fl = 2, do = 1, P, = 0.5). 
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Fig. 10. Strength versus size, varying the parameter do (ct = 1,/3 = 2, tz, = 3.67 MPa, P, = 0.5). 

It appears that the scale effect in the bilogarithmic diagram is non-linear and shows an 
upward concavity. The parameter aM, alias a, ,  is thus responsible for the asymptotic trend of 
strength for structural dimensions tending to infinity. 

Structures with a larger maximum theoretical defect size aM show a lower asymptotic 
strength. On the other hand, two structures with the same defect distribution show different 
asymptotic strengths only if they present different values of  toughness Kic. 

As was already said, the same material can exhibit a more or less evident size effect when 
different scale ranges are considered. The parameter that seems to be indicative of  this phenom- 
enon is the characteristic length do (Fig. 10). Varying do, the scale effect curve shifts horizontally 
in the bilogarithmic diagram. A structure with a larger value of do (i.e. a larger volume element 
Vo of the microstructure) could behave according to the disordered regime, whereas, for the 
same structural dimension d, a structure with a smaller characteristic length do could be set in 
the nearly horizontal branch (Fig. 10). 

The parametric analysis by varying ~ and fl reveals how they can influence the slope of  the 
size effect law. Increasing the parameter ct the local strength, related to the structural size d = do, 
decreases (Fig. 1 l). On the other hand, increasing the parameter 3 the local strength increases 
(Fig. 12). As has been said before, a more ordered behaviour is related to larger values of the 
parameter ~ [P(a/aM) closer to the maximum size aM]. In the bilogarithmic plane aN VS d, this 
behaviour is represented by small differences between the local strength (d = do) and the asymp- 
totic value a, .  On the other hand, a larger dispersion of defect size distribution is obtained for 
larger values of parameter 3. In this case, the slope of the left asymptote of  the bilogarithmic aN 
versus d curve increases, representing an increment of  microstructural disorder. 

Eventually, the influence of the failure probability fractile P,  is considered. It appears that 
the size effect decreases by considering a small failure probability (Fig. 13). This dependence on 
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Fig. 11, Strength versus size, varying the parameter ct (do = 1, fl = 2, ~u = 3.67 MPa, P, = 0.5). 
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Fig. 12. Strength versus size, varying the parameter  fl (~t = 1, do = 1, tru = 3.67 MPa,  P ,  = 0.5). 

the fractile P,  is not shown by statistical models based on unbounded defects size distribution. 
Freudenthal [7] showed how an unbounded statistical model can be characterized by a global 
failure cumulative distribution function that shifts horizontally to the left, without changing its 
shape, when the composition factor n grows. This corresponds to a scaling power law rep- 
resented, in the bilogarithmic diagram, by a straight line, for any fractile considered. The limit 
of the unbounded model is due to the probability to find a defect size larger than the structural 
dimension. 

It is worth noting that, when interpreting laboratory data, the best fractile to choose is 
P,  = 0.5, since it is related to the mean value of the nominal strength. 

7. COMPARISON WITH MFSL AND EXPERIMENTAL DATA 

A comparison of the statistical size effect with the Multifractal Scaling Law will be pro- 
posed. It is obvious that such comparison is possible only in the dimensional range where both 
the models hold (for d > do). The MFSL can be expressed as: 

( l c h )  1/2 
Or N ~---j~ 1 +--~- , (30) 

where ft is the asymptotic tensile strength for infinite structural dimensions, aN is the nominal 
tensile strength for a structure of size d, and lch is the characteristic length depending on the ma- 
terial microstructure. The MFSL behaviour, in the bilogarithmic plane In aN vs In d, shows two 
asymptotes, with slope -1/2 in correspondence with the smallest scales, and slope zero for the 
largest scales, respectively. The curve presents an upward concavity (Fig. 14). 
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Fig. 13. Strength versus size, varying the fractile P,, (ct = 1, fl = 2, do = l, au = 3.67 MPa). 
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Fig. 14. Multifractal Scaling Law. 

The two approaches result in being in complete accordance. The analogies can be summar- 
ized by the following points. 

1. Both approaches predict an asymptotic nominal strength for large structural sizes. The stat- 
istical parameter tr u and the MFSL parameter ft certainly have the same physical meaning. 

2. In both cases, the size effect law, when plotted in the bilogarithmic plane In aN VS In d, is 
nonlinear with an upward concavity. 

The bases of the MFSL and those of the truncated statistical model are very similar. They 
predict a transition from a disordered regime at the smallest scales, to an ordered regime at the 
largest scales. At the smallest scales, with the condition d < do, the truncated statistical model is 
characterized by a strong strength dispersion. In this case, the strength value, for a given fractile 
(Fig. 8), decreases with increasing structural size. On the other hand, at larger scales, the statisti- 
cal composition of the local failure probability causes a flattening of the strength scale effect, 
and the distribution tends to the value tru with zero variance. 

This trend is correlated with the MFSL, i.e. with the hypothesis of self-affinity for the ma- 
terial ligament. In other words, the physical dimension of the reacting section at the peak load 
can be identified by two different values: a local fractal dimension, in the limit of scales tending 
to zero, and a global dimension, corresponding to the largest scales, strictly equal to the (inte- 
ger) topological dimension. In consequence of this, the nominal tensile strength is constant for 
relatively large sizes, whereas it decreases with the size for relatively small sizes. 
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Missing a closed form expression of eq. (29) for the description of the nominal strength 
decrease, it is impossible to link explicitly the characteristic length do with the corresponding lch, 
in spite of their evident analogous meaning. It is possible to determine particular values of the 
parameters that provide a good correspondence with experimental data obtained from concrete 
tensile tests at the Politecnico di Torino by Carpinteri and Ferro [13-15]. The best-fit parameters 
are shown in Fig. 15 (~ = 1, fl = 2, aM = 216mm, P, = 0.5 andd0 = 10 mm). 

8. CONCLUSIONS 

In this paper we have examined the problem of tensile strength variation using a statistical 
approach. A defect dimensional distribution has been presented in which the material micro- 
structure disorder plays a fundamental role. An important result is the independence of par- 
ameter ~U (the rate of scale effect) with respect to parameter a0 (the mode of defect size). 
However, in the hypothesis of the present distribution law, it is possible to affirm that the slope 
0~ N of the size effect law for tensile strength depends exclusively on the degree of material micro- 
structure disorder, measured by the parameter N. 

The parameter N is shown to be very large for material ordered at microstructure level. 
Materials with these characteristics present a weak tensile strength size effect. In the extreme 
case, for materials with a perfect internal order, the scale effect vanishes and the parameter N 
tends to c~. On the other hand, materials characterized by a large disorder at microstructure 
level, present an accentuated scale effect represented in the In au vs In d plane by the slope of the 
straight line that tends to -1/2, and is equal to the stress singularity power of LEFM. In this 
case, the defect dispersion parameter tends to the lower limit, 2. 

A truncated statistical model for analyzing the size effect on nominal tensile strength of 
concrete structures has been developed. It allows the description of the nominal tensile strength 
variation when a large scale range is considered. The model provides an accurate description of 
the microstructural disorder, and a continuous transition of the tangential slope in the biloga- 
rithmic diagram is obtained. In this way a continuous transition from order to disorder may be 
evidenced, by varying the values of the defect distribution parameters. 

The defect size distribution of self-similarity is strictly related to the mono-fractal hypoth- 
esis of material ligament, where the disorder parameter N can be associated with the anomalous 
noninteger dimension of the reacting section. According to both these approaches, a size effect 
law characterized by a linear slope in the bilogarithmic diagram is obtained. 

On the other hand, the truncated statistical model is in a good agreement with the results 
of the MFSL, giving a transition from a disordered regime to an ordered one, when the struc- 
tural size increases. In conclusion, the truncated model represents the physical nature of the ma- 
terial better than the statistical self-similar model, the maximum defect size being always smaller 
than the elementary volume dimension. On the contrary, unbounded statistical distributions pro- 
vide a nonzero probability value to find a defect size larger than the structural dimension, in 
contrast with the physical evidence. 
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