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Size effects on nominaI tensile strength of concrete
structures: multifractality of materialligaments and
dimensional transition from order to disorder

ALBERTO CARPINTERI, BERNARDINO CHIAIA, GIUSEPPE FERRO
Politecnico di Torino, Department of Structural Engineering, 10129 Torino, Italy

The nominal tensile strength of concrete structures is constant for relative/y larqe sizes,
whereas it decreases with the size for relatively small sizes. When, as usually occurs, the
experimental investigation does not exceed one order of magnitude in the scale ranqe, a
unique tangential slope in the biloqarithmic strenqth versus size diaqram is found. On the
other hand, when the scale range extends over more than one order of magnitude, a
continuous transition [rom slope -t to zero slope may appear. This means that for smaller
scales a self-similar distribution of Griffith cracks is prevalent, whereas for larger scales the
disorder is not uisible, the size of the defects and heterogeneities being limited. In practice
there may be a dimensional transition [rom disorder to arder. The assumption of
multi[ractality for the damaqed material microstructure represents the basis for the so-cal/ed
multifractal scalinq law. This is a best-fit method that imposes the concavity of the
biloqarithmic curve upwards, in contrast to the size effect law of Baiant. The relevant results
in the literaturefor ranges in scale extendinq over more than one arder of maqnitude are analysed.

1. INTRODUCTION

Far size scales tending to infinity or, in other words, for
very large specimens, the nominai tensile strength of
concrete structures appears constant, whereas, for size
scales where random self-sirnilarity holds, i.e., at the
microscale, the nominai tensile strength increases with
decreasing structural size. This is well known and may
be explained partially by the approaches of Griffith [1]
and Weibull [2]. On the other hand, only when
considering scale variations over several orders of
magnitude is there evidence of this transition from a
disordered to an ardered regime. Usually, the scale range
of experimental investigations does not exceed one arder
of magnitude. In these cases, which are very frequent, a
unique tangential slope in the bilogarithmic strength
versus size diagram is found [3]. However, when the scale
range chosen is more than one order of magnitude, a
continuous transition from slope -t to zero slope may
appear [4-7].

In physical reality, material ligaments under peak Ioad
can be considered as multifractals [8, 9] of dimension
1.5 for smaller scales and dimension 2 for larger scales.
This means that for smaller scales a self-similar distri-
bution of Griffith cracks is prevalent whereas for Iarger
scales the disorder is not visible, the size of the
defects and heterogeneities being limited. Evidence for a
transition from extreme disarder (slope -t) to extreme
order (zero slope) may therefore be found in the
bilogarithmic strength versus size diagram.

A slope of - t, therefore, should not be considered as
uni versai behaviour throughout the whole size range of
unnotched structures. On the other hand, Bazant's
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size effect law (SEL) was obtained only for pre-notched
specimens and assuming a notch size proportional
to the structure size. In particular for some testing
geometries, e.g., the Brazilian splitting test, the inadequacy
of the SEL has aIready been demonstrated. The assump-
tion of multifractaIity for the damaged material micro-
structure represents the basis for the so-called multifractal
scaling law (MFSL). This is a best-fit method that
imposes the concavity of the bilogarithmic curve upwards,
in contrast to the SEL, and for this reason reproduces
several experimental results in a very consistent way.
According to the MFSL, the nominaI strength tends to
infinity as the size tends to zero (e.g., the Griffith's glass
filaments); also, it tends to a very low constant value as
the size tends to infinity (e.g., Liberty ships).

2. SIZE EFFECT LAW

Bazant [lOJ proposed the so-called size effect law (SEL),
shown in a bilogarithmic form in Fig. 1, where LEFM
and limit anaIysis concepts were joined together yielding

Bh
(1)

where (TN is the nominaI tensile strength, d is the
characteristic specimen size, h is the strength parameter
(which can be the direct tensile strength), B and 20 are
two empirical constants that can be determined by fitting
test results from geometrically similar specimens of
various sizes, and dmax is the maximum aggregate size.
. Several experimentai results, however, indicate that
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Fig. 1 Bazant's size effect law.

Fig. 2 Bazant's hypothesis: a/d = constant.

even the largest members without an initial crack resist
some stress, contrary to the SEL predictions. Therefore,
based on this experimental evidence, some theoretical
explanations of the inadequacy of Bazant's size effect law
have been provided in the recent literature. Briihwiler
et al. [11] argued that the effect of dmax on the behaviour
of concrete with size is not consistent with that predicted
by the SEL. Tang et al. [12] pointed out the essential
misunderstanding that clearly appears when examining
the hypotheses on which the SEL is based. Bazant
obtained his formulation only for notched specimens for
which it was assumed that the notch size, responsible for
the stress singularity, was scaled proportionally to the
structural size (Fig. 2). When applying the SEL to
unnotched specimens, the above hypothesis fails since, in
a disordered material, the size a of the characteristic flaw
which is responsible for the crack propagation, should
be independent of the specimen size. This departure from
reality is related to the anomalous strength behaviour in
Bazant's SEL which, in the limi t of infinite structural size,
incorrectly appears to be governed totally by linear eiastic
fracture mechanics. In this way, we should expect a tensile
strength equal to zero for very large structures (Fig. 1).

Kim et al. [13] proposed taking into account the
variable influence of the characteristic flaw size a, in the
case of uncracked specimens, by assuming that the
parameter À-o in Equation 1 is a monotonically decreasing
function of the ratio a/d, thus obtaining a larger value
of À-o as the specimen size increases:

Equation 2 provides, for concrete specimens without

an artificially introduced crack, a rather milder strength
reduction than the severe one predicted by the SEL.
Unfortunately, it is very difficult to derive function f(a/d)
exactly. Therefore an empirical 'modified size effect law'
was proposed by Kim and Eo [14] and Bazant et al.
[15], in order to fit the experimental data obtained from
Brazilian splitting tests on concrete cylinders, where the
inadequacy of the SEL was strongly indicated

Bft
(3)

3. MULTIFRACTAL SCALING LAW

The topological concept of geometrical multifractality,
which can be considered as an extension of the concept
of self-affinity, may explain the inconsistencies shown in
the preceding section. A self-affine fractal [16] is a fractal
showing a different scaling law with respect to self-
similarity, in the sense that (statistically) similar mor-
phology can be obtained only if the lengths are rescaled
by direction-dependent factors. Such a fractal set can be
identified by two different values of the fractal dimension:
a local fractal dimension, in the limit of scale tending to
zero, which is the classica l non-integer scaling exponent,
and a global fractal dimension, corresponding to the
largest scale, which is strictly equal to the (integer)
topological dimension.

On the other hand, as is shown in Fig. 3, it appears
more consistent to deal with a continuous variation of
the fractal dimension against the observation scale length
(i.e., geometrical multifractality), than to consider only
two limit values of the fractal dimension [17]. From a
physical point of view, a strong correspondence with this
trend can be emphasized: 'the effect of microstructural
disorder on mechanical behaviour becomes progressively
less important for larger scales, whereas it represents the
fundamental feature for smaller scales'.

The analytical expression of the multifractal scaling
law (MFSL), is the following (Fig. 4):

(JN = (A + ~yI2, (4)

(2)

§.~
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Fig. 3 Geometrical multifractality.
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Fig. 4 Multifractal scaling law: proportional diagram.

where (J N is the nominal tensile strength, d is the
characteristic structural size, A = [[FJ[LJ -2J2 is a
constant with physical dimensions of the square of stress,
and B = [[FJ[Lr3/2J2 is a constant with physical
dimensions of the square of stress intensity factor. The
two constants will be determined in each case by means
of a nonlinear least-squares numerical algorithm, such as
the Levenberg-Marquardt method [18J, in arder to
perform a best-fit of the experimental data. The physical
requirements previously outlined are thus respected

(
B)1/2

lim A + - = JA
d~oo d

( B)1/2
lim A+- =+00

d~O+ d

In the bilogarithmic diagram shown in Fig. 5 (X = log d;
Y = log (J N), the analytical expression becomes

Y(X) = tlOg( A + l~X)
The asymptotes in the bilogarithmic pio t present peculiar
physical meanings (Fig. 5). The horizontal asymptote,
corresponding to the large sizes (homogeneous regime), is
associated with the following expression:

H1 (X) = log JA
while the oblique asymptote, which corresponds to the
macroscopic dimension d tending to zero (i.e., X --t - 00 )

and governs the disordered orfractal regime, is associated
with the following expression:

We wish to emphasize the fundamental difference
with respect to Bazant's size effect law (SE L), where
the underlying physical arguments are conceptually the
opposite. In that case, in fact, a constant asymptotic
value of strength is reached for sizes tending to zero,
where limit analysis is supposed to govern the failure
mechanism (Fig. 1), whereas, in the MFSL, limit
analysis comes into play only in correspondence of the
homogeneous regime, when the disordered microstructure
has been homogenized at the larger scales.

r------
lo, -lA< B r --

log ..JB homogeneous regime

log -.fA
X =Iogd

log B/A

Fig. 5 Multifractal scaling law: bilogarithmic diagram.

(5)

However, according to the MFSL, linear elastic
fracture mechanics is supposed to govern the collapse
mechanism of an unnotched material when the charac-
teristic flaw size a becomes comparable with the macro-
scopic dimensions or, which is the same thing, when the
disorder comes essentially into play. Thus, as the
structural size decreases progressively, the mechanical
behaviour (Fig. 5) tends to the oblique asymptote
(disordered orfractal regime) controlled by the parameter
B, whose dimensions are, significantly, those of a stress
intensity factor squared. Furthermore, as the structural
size d tends to zero, the slope of the bilogarithmic diagram
tends to - 0.5, which is the LEFM scale effect provided
by dimensional analysis. The Griffith's mode of collapse,
governed by a 0.5 stress singularity, becomes the main
failure mechanism only in the limi t of the observation
scale d tending to zero. From this point of view,
the MFSL represents an ideaI example of Griffith's
pioneering work [lJ, where the glass fibre's strength was
Iound to be surprisingly high if compared with that of
normal size glass specimens.

The intersection points are indicated in Fig. 5. Point
Q is the intersection of the two asymptotes and its
horizontal coordinate is given by:

(6)

(7)

(8)
B

XQ = log-
A

(lO)

(9)

where the dimension of the quantity B/A is that of
length. Point Q ideally separates the disordered regime
from the ordered (homogeneous) regime. It seems to
be natural to associate this quantity with the micro-
structural characteristic size I, which could be, in
the case of concrete, proportional to the maximum
aggregate size dmax:

B
I=-=cxdA max (11)

It is reasonable to suppose that, for finer grained
materials (rocks, ceramics, metals) this value should be
considerably smaller than in the case of concrete, thus
causing the MFSL to shift horizontally to the left in the
bilogarithmic diagram. Given a particular size di, for
exampIe, a concrete specimen could behave according to
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Fig. 6 Multifractal scaling law for two different material
microstructures.

the fractal disordered regime, whereas a ceramic or glass
specimen of the same size could be set in the (nearly)
horizontal branch (Fig. 6), thus showing homogeneous
macroscopic behaviour.

The ranges of pronounced scale effects, corresponding
to the fractal regime, have then to be investigated
individually case by case for each material and, more
precisely, for each microstructure. This explains why, in
materials like metals, the strength size effect is not
observed, in the absence of initial cracks, for the usual
structural dimensions. In order to clarify the physical
meaning of the various terms, Equation 4 may .be
rearranged in the form:

!t( exdmax) 1/2aN= 11+-
d
- (12)

where the non-dimensional term in the parentheses
represents the positive deviation, due to disorder, from
a limi t nominal strength !t, valid for infinitely large size.
In this case ex and f.. represent the two constant parameters
to be determined from the best-fit of the experimental
data,

4. EXPERIMENTAL CONFIRMATION

The multifractal scaling law, proposed in the previous
section, will now be used to analyse the size effect on
some significant experimental tests where the scaling
range was considered over one or more orders or
magnitude.

The first geometry that we consider is the splitting
cylinder (Fig. 7) by Hasegawa, Shioya and Okada [19].
The scale range of these tests was 1:30. The thickness of
the specimens was 500 mm and the maximum aggregate
size of concrete was 25 mm. The average compressive
strength of the 100 mm diameter and 200 mm height
cylinders was 23.4 MPa. The nominai tensile strength
was defined according to the maximum principal stress
given by the theory of elasticity:

aN = 2Pu (13)
nbd

where Pu is the failure load, and b and dare the specimen
thickness and diameter, respectively.

The values of the MFSL constants are A = 2.09 MPa2

and B = 416.30 MPa2 mm. The horizontal asymptote for
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Fig. 7 Multifractal scaling law against size effect law for tests
from reference [19].
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Fig. 8 Multifractal scaling law against size effect law for tests
from reference [15].

d -> 00 is given by !t = .JA = 1.45 MPa. Fitting the test
data with the MFSL gives a correlation coefficient
R = 0.966 while from SEL we obtain a value R = 0.663.
The ratio B/ A gives an internallength l equal to 199.2 mm
and a non-dirnensional ratio l/dmax of 7.96.

The split-cylinder tests (Fig. 8), performed at the
Northwestern University [15], were in the scale range
l: 26 and were conducted on cylinders of diameters
d = 19, 38, 76, 152, 254 and 508 mm. The thickness of
ali specimens (i.e., the cylinder length) was b = 51 mm.
Ali the specimens were cast from the same batch of
concrete. The maximum aggregate size was dmax = 5 mm.
The concrete mix proportion of water: cement: aggregate
was 1:2: 4 (by weight). The specimens were cast with the
cylinder axis vertical. The compressive strength f~was
measured on companion cylinders 76 mm in diameter
and 152 mm in height, cast from the same batch, and
proved to be 51.4 MPa.

The nominai stress values from the measured maxi-
mum load are plotted in a log aN versus log d diagram.
The MFSL fit provides the values A = 22.84 MPa 2
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Fig. 9 Multifractal scaling Iaw against size effect law for two
series from reference [20].

and B = 559.50 MPa2 mm. The level of the horizontal
asymptote is f. = fA = 4.80 MPa and represents nearly
one tenth of the compressive strength f~. The correlation
coefficient R is 0.872 for the MFSL and 0.570 for the
SEL. The ratio B/ A gives an internallength l of 24.5 mm
and a non-dimensional ratio l/drnax of 4.9.

The second geometry that we consider is that of the
double-punch tests (Fig. 9) performed by Marti [20J in
two different series, of 23 and 19 specimens, respectively,
ali cast from the sa me batch of concrete. Specimen
representative size d (which is the diameter of the bases
of the cylinders) ranges from 76 mm to 1219 mm for
series l (range l: 16) and from 76 mm to 610 mm for
series 2 (range l: 8). The maximum aggregate size used
was IO mm. Average compressive strengths determined
from cylinder tests were found to be 23.6 MPa and
33.3 MPa for series l and 2, respectively.

The nominaI strength used for the statistical analysis
was:

(14)
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Fig. 10 Multifractal scaling law against size effect law for tests
from reference [21].

where Pu is the failure load, and d is the specimen
diameter. The nominaI stress values from measured
maximum load are plotted in a log (J N versus log d
diagram. For the first series the MFSL fit provides the
values A = 1.54 MPa2 and B = 173.33 MPa2 mm. The
horizontal asymptote for d ---+ 00 is given by f. = fA =
1.24 MPa. The correlation coefficient R is 0.903 for the
MFSL and 0.996 for the SEL. For the second series the
MFSL fit provides the values A = 2.65 MPa 2 and
B = 282.89 MPa2 mm. The horizontal asymptote for
d ---+ 00 is given by f. = fA = 1.63 MPa. The correlation
coefficient R is 0.906 for the MFSL and 0.989 for the
SEL. For the first series the ratio B/A gives an internaI
length l of 112.7 mm and a non-dimensional ratio l/drnax
of 11.27. For the second series the ratio B/A gives an
internaI length l of 106.75 mm and a non-dimensional
ratio l/drnax of 10.6.

The third geometry concerns the four-point bending
tests (Fig. lO) carried out by Sabnis and Mirza [21J for
unnotched specimens. The size range of these tests was
1:17. The specimens ranged from 6 mm x 9 mm to
100 mm x 150 mm in cross-sectional size. Each beam
presented a span of four times its depth. Conventional
bending theory was used to calculate the extreme-fìbre
stress:

(15)

The values of the parameters A and Bare A =
14.67 MPa2 and B = 616.31 MPa2 mm. The square
root of the parameter A represents the asymptotic
value of the nominai strength for d ---+ 00. In this
case we obtain f. = fA = 3.83 MPa and parameter
1= B/A = 42.02 mm. The correlation coefficient R is
0.999 for the MFSL and 0.952 for the SEL. This means
that the MFSL gives an excellent fit for the test data.
Moreover, graphically it is evident how the data in the
log (JN versus log d pIane suggest a curvature opposite to
that of SEL and that, increasing the structural size d, the
decrement of the nominaI strength tends to attenuate.
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Fig. Il M ultifractal scaling law against size effect law for tests
from reference [22].

This means that, for d --+ cc, the nominal strength should
have a horizontal asymptote, as predicted by the MFSL.

The same geometry (Fig. 11) was adopted by Bazant
and Kazemi [22J for unnotched reinforced specimens
with effective beam depth d (d is the distance from the
compression face to the centroid oftensile reinforcement)
to verify the diagonal shear size effect. The size range
was 1: 16. The thickness of all the specimens was
b = 38.1 mm. The compression strength of concrete was
f~= 46.2 MPa, as measured on cylinders 76 mm in
diameter and 152 mm high. The nominal shear strength
can be defined according to the theory of elasticity:

(16)

where Pu is the failure lo ad, b is the specimen thickness
and d the effective beam depth.

The parameters A and B of the MFSL in this case are
0.326 MPa2 and 158.4 MPa2 mm, respectively. The
asymptotic strength for d --+ cc is J; = JA = 0.571 MPa,
while the characteristic size 1= B/ A = 485.9 mm and
l/drnax = 101.23.

The fit was performed, for both the MFSL and the
SEL, on the averaged values. In this case, the MFSL
provides a correlation coefficient R = 0.986 whereas for
the SEL R = 0.980. From the diagram it is possible to
see how the two curves present nearly the same trend
only in the range of the experimental data.

The last geometry presented is a three point bending
test on notched high strength concrete beams (Fig. 12),
performed at the Northwestern University by Gettu
et al. [23]. Beam specimens of four different sizes, three
in each size, were cast from the same batch of concrete.
The tests in the scale range 1: 8 were conducted on beams
of depth d = 38.1,76.2, 152.4 and 304.8 mm, respectively.
The notch depth was set as ao = d/3 and the beam
span as L = 2.5d. The thickness of all the specimens
was b = 38.1 mm. The concrete mix proportion of
cement: sand: gravel: water: fly ash: silica fume was l: 1.35:
2.42:0.35:0.25:0.04 (by weight). The maximum aggregate
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Fig. 12 M ultifractal scaling law against size effect law for tests
from reference [23].

o

size was drnax = 9.5 mm. The mean cylinder compressive
strength was 96.0 MPa. The nominal stress at failure used
for the statistical analysis was set according to the flexural
elastic solution:

(17)

where M; is the failure bending moment, b and dare the
beam thickness and depth, respectively, and ao is the
initial notch length. The parameters A and B of the MFSL
in this case are 16.69 MPa2 and 2618.1 MPa2 mm,
respectively. The asymptotic strength for d --+ Cf) is
J; = .J4 = 4.1 MPa while the characteristic size l = B/A
is 156.9 mm and l/drnax is 16.51. In this case, the MFSL
provides R = 0.981 whereas for the SEL R = 0.914. It is
important to note that, in the original paper, the test
resu1ts of the largest beams were excluded from the
statistical analysis, since the SEL was not able to capture
the asymptotic behaviour for increasing sizes. However,
the MFSL regression fits the whole range of data very
consistently.
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RESUME
Effets de dimensionnement sur la résistance à la traction
nominale de structures en béton: multifractalité des
Iigaments du matériau et transition dimensionnelle de
l'ordre au désordre

La résistance à la traction nominale des structures en béton
est constante pour les dimensions relativement grandes,
mais elle diminue en rapport avec la réduction des
dimensions pour les dimensions relatioement petites. Quand,
comme il arrive normalement, la recherche expérimentale
ne dépasse pas un ordre de grandeur dans l'intervalle
d'échelle, on relève une seule pente tangentielle dans le
diagramme résistance - dimensions, comme cela a déjà été
observé. D'autre part, si l'intervalle d'échelle s'étend à plus
d'un ordre de grandeur, il peut y avoir une transition

continue d'une pente - t à une pente zéro. Cela signifie
que, pour des dimensions réduites, une distribution auto-
similaire des jìssures de Griffith est prédominante, tandis
que, pour les échelles supérieures, le désordre n'est pas
visible à cause des dimensions réduites des défauts et des
hétérogénéités. Pratiquement, on peut mettre en évidence
une transition dimensionnelle du désordre à l' ordre.
L'hypothèse d'un caractère multifractal de la micro-
structure du matériaujìssuréforme la base de la loi d'échelle
multifractale (multijractal scaling law). Il s'agit d'une
méthode d'interpolation (best jìt) qui impose la concavité
vers le haut de la courbe biloqarithmique, en contraste avec
la loi SUl' l'effet d'échelle (size effect law) de Baiant.
On examine les résultats pertinents contenus dans la
littérature, qui considèrent les interoalles d'échelle com-
portant plus d'un ordre de grandeur.




