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Abstract-Direct tensile testing of concrete was carried out in a stable manner and the deformation
eccentricity was adjusted continuously during the loading processo In this way, the secondary flexural
stresses were minimized so that it was possible to obtain nominai tensile strength and fracture energy of
the materia!. Both such properties appear to vary monotonically with the diameter of the cylindrical
specimens: the tensile strength decreases, whereas the fracture energy increases. For disordered materials
it is impossible to measure constant material properties, unless we depart from integer dimensions of the
material ligament at peak stress and of the fracture surface at final rupture, in the framework of fractal
geometry. In this way we can define new tensile properties with physical dimensions depending on the
fractal dimension of the damaged microstructure, which turn out to be scale-invariant materia I constants.
This represents the so-called renormalization procedure, already proposed in the statistica I physics of
random processes. As a limit case, when the material is extremely disordered, both tensile strength and
fracture energy present the physical dimension characteristic of the stress-intensity factor, [F] [L ]-3/2.

l. INTRODUCTION

DIRECT TENSILEtesting of concrete is difficult to perform in practice, and even though some
investigators have already proposed different testing methods, the problem has not yet been solved.
These methods have been, for the most part, influenced by secondary flexural stresses and do not
produce a purely tensile load [I-IO].

On behalf ofENEL-DRS-CRIS, Milan, an experimental research programme has been carried
out at the Static Tests Division of ISMES in Bergamo on fracture mechanics applied to concrete
with the following aims in view:

(a) to set up a test apparatus for performing stable tensile tests, able to operate on specimens of
large dimensions (maximum diameter 30 cm).

(b) to conduct an articulated programme of tensile tests for verifying the variability of the tensile
parameters (fu and ~r-tensile strength and fracture energy-with the variation of specimen
size.

The material making up the test specimens was to be of the same type used in ref. [Il]. The
concrete mixture was made with grave I (maximum diameter, 25 mm), 2.80 kNjm3 of Portland 325
cement and a water/cement ratio equa I to OA3.

This paper describes the loading and measuring equipment used, sets forth the procedure
according to which the tests were performed and presents diagrams of the values of the
measurements performed. Tensile strength and fracture energy prove to vary monotonically with
the diameter of the cylindrical specimens.

In the second part of the paper the problems or the size effects on tensile strength and fracture
energy are reconsidered under a new and unifying light cast by fractal geometry [12, 13]. It is
physically impossible to measure constant material properties, unless we depart from integer
dimensions of the material ligament at peak stress and of the fracture surface at final rupture. In
this way we can define new tensile properties with physical dimensions depending on the fractal
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dimension of the damaged microstructure, which turn out to be scale-invariant material constants.
This represents the so-called renormalization procedure, already proposed in the statistical physics
of random processes [14, 15]. Variations in the fractal dimension of fracture surfaces produce
variations in the physical dimension of toughness, and not, as asserted by some authors, only in
the measure of toughness [16]. In disordered materials, an attenuation of the size effects due to the
dimensional disparity between strength and toughness is found. As a limit case, any size effect.
vanishes when both tensile strength and fracture energy present the physical dimension character-
istic of the stress-intensity factor, [F] [L]-3/2. It is very likely that this criticai situation is achieved
only inside a very disordered damaged microstructure, e.g. in the vicinity of the crack tipo In the
case of tensile strength, the dimensional decrement represents self-similar weakening of the material
ligament, due to pores, voids, defects, cracks, aggregate s, inclusions, etc. Analogously, in the case
of fracture energy, the dimensional increment represents self-similar tortuosity of the fracture
surface, as well as self-similar overlapping and distribution of microcracks in a direction orthogonal
to that of the forming macrocrack.

2. STABLE TENSILE TESTS

Fracture energy '§F currently represents the most significant parameter for describing the
mechanical features of a quasi-brittle material (concrete, rocks, ceramics, etc.) subjected to
stress-concentration phenomena, such as those involved in the propagation of a crack.

The parameter '§F is defined as "the amount of energy needed to create a crack of unit surface".
If we consider a one-dimensional sample subjected to a direct tensile load, by adopting particular
testing techniques it is possible to determine the complete stress-strain curve. Initially the material
behaves elastically, then, as the load increases, it begins to obey a nonlinear law on account of the
appearance of microcracks distributed throughout the test specimen. When the maximum tensile
strength of the material is reached, the weakest cross-section of the sample is no longer able to
withstand further load increments, and hence there is a concentration of microcracks developing
which is limited to that cross-section. This means that once the maximum load is reached, the
phenomenon of microcracking allows further increments of strain to occur in the volume of cracked
material (fracture zone), whilst the material outside that volume undergoes elastic unloading. The
increase in the global deformation of the specimen proceeds until the process of microcrack
propagation has developed and extended right through the entire cross-section, with a graduai
reduction and eventually annulling of the load.

The energy balance at the end of the test is represented by the equality between the work
performed from outside and the energy initially dissipated owing to inelastic effects and then
consumed for crack propagation. This energy is represented geometrically by the area under the
stress-crack opening curve. The experimental value of this cracking energy, divided by the
projection of the fracture surface, yields the specific fracture energy, denoted by the symbol '§F.

3. TEST EQUIPMENT SETUP

3.1. Stable tensile tests using seruo-controlled hydraulic systems
The setup of the experimental technique was first performed on pre-notched prismatic

specimens having a minimum cross-section of 100 x 100 mm. The first tests immediately provided
an indication of the influence of certain factors with regard to the stability of the test, such as:

Sample preparation, i.e. respect of perfect parallelism of the surfaces to be glued, their
orthogonality to the vertical axis, as well as their precise flatness. This requirement derived al so
from the fact that the loading apparatus, not being equipped with ball joints, had to impose the
increment of the strain in the specimen, mechanically maintaining its end surfaces perfectly parallel.
The failure to adopt the latter essential expedient inevitably produced tenso-flexures which led to
failure of the specimen outside the pre-notched section, usually in fairly dose vicinity to the area
where the specimen was glued to the plates.

Limited length oJ the sample, which in no case was greater than twice the dimension of the side.
The loading equipment used to conduct the stable direct tensile tests on concrete specimens is

illustrated in Fig. l(b) as well as in the photograph of Fig. l(a). It consists of a cylindrical tubular
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element inside which the specimen is placed, the two upper and lower bases being glued,
respectively, to the upper lid of the cylinder and to a metal pia te with a threaded stem, previously
screwed into the hole of the hydraulic actuator piston.

The cylinder and the external structure of the actuator consti tute a counter-reaction to the
tensile force exerted by the piston, which is controlled so as to impose an increasing strain at the
site of the notch at a slow rate and in obedience to a linear law.

3.2. Test procedure
The test was carried out according to an experimental procedure which involved the following

phases.
(A) Placing o/ test specimen in the apparatus. Position the piston up against the upper stop

of the actuator (Fig. 2). Screw the threaded stem of the lower plate in the piston hole and tighten
(Fig. 3). Glue the specimen on the plate, which is held rigidly to the actuator piston, using
fast-hardening cyanoacrylate resin adhesive (Fig. 4). Mount the three instruments for checking
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676 A. CARPINTERI et al.

and controlling crack opening displacement on the three bases previously drawn at 120° from one
another (Fig. 5). For certain specimens with suitable geometry, measurement was made of the
strains in the upper and lower portions of the specimen (Fig. 6). Position the steel lid, equipped
with adjustment screws, set in their seats on the upper rim of the steel reaction tube. Line up the
steel lid against the upper end piane of the specimen, via suitable adjustment of the three screws.
Adjust the screws until their lower tips make contact with their seats. Once contact was made, care
was taken not to screw them down too vigorously or too tightly. Raise the lid, apply the adhesive
on the upper face of the test specimen (Fig. 7), and, finally, lower the lid so that the adjustment
screws are properly positioned in their seats (Fig. 8). Wait for the adhesive to harden (approxi-
mately 30 min). Carry out a final check to ensure that the spherical tips of the adjustment screws
make contact with their seats.

(B) Phase of adjustment of deformation eccentricity under load. This consisted of preparation
of a diagram with a scale capable of amplifying the initial portion of the stress-strain curve; setting
of control rate at l mm x lO-3/lO0 sec; subjecting the test specimen to tension until a load was
achieved that corresponds to a nominai stress in the notched section equal to 0.5 MPa, and
subsequent interruption of the ramp; checking of the values of the three instruments and
identification ofthe one that presented the smallest elongation; adjustment ofthe screw correspond-
ing to the instrument that presented the smallest elongation, tightening it in such a way that the
magnitudes of the strains recorded on the three instruments tended to be equai. This operation can
be performed by acting on more than one adjustment screw; return to the zero of the load and
check to see also that the strains return to zero, remaining equal to one another. In the event of
this not occurring, the necessary correction was made by adjusting the screws, and the loading
operation was repeated at 0.5 MPa.

(C) Testing phase. This consisted of startup of a tensile test conducted by applying a controlled
strain, i.e. imposing a displacement equal to the average of the readings of the three instruments,
and measuring the force applied. The change of the deformation rate when the crack opening
displacement was equal to 50 mm x lO-3, bringing it to l mm x lO-3/60 sec, as well as at
lOOmm x lO-3 of the crack opening displacement, bringing it to 1 mm x lO-3/20 sec; termination
of the test when the load went to zero or when the crack opening displacement reached
300 mm x lO-3 (Fig. 9).

3.3. Measuring instruments and data acquisition
The position and numbering of the instruments used in the test are displayed in Fig. I(b).
The quantities recorded are represented by:

(1) The opening of the notch, detected by three Hottinger WITK electro-inductive displacement
transducers with 80 mm measurement bases.

(2) The global longitudinal strain of the specimen measured in six different positions by SlX

Hottinger DI electro-inductive extensometers (this was performed occasionally onIy on
specimens of suitable geometry).

(3) Tensile force of the actuator measured by a differential pressure celi.

During the course of the tests, an automatic system of data acquisition recorded the signals
coming from the measuring instruments, simultaneously storing them on magnetic medium for
subsequent graphic data processing. The automatic system allowed the control of the test in real
time via the numerica! restitution of the instrument measurements and the plotting of the
force-displacement curves on the screen.

4. EXPERIMENT AL RESUL TS AND FRACT AL CONCEPTS

In the course of the experimental programme which extended over about three years,
numerous tests were aimed principally at devising and setting up the loading and measuring
equipment and the devices for deformation eccentricity adjustment, and at the choice of the best
adhesive to use.

The tests were carried out on four specimen diameters: 12, 18, 24 and 30 cm. Different tests
were performed for each diameter (Table l). It is to be noted that the aspect ratio of the cylindrical
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Fig.!. (a) Loading equiprnent.
Fig. 2. Piston against upper stop of actuator.

Fig. 3. Screwing of threaded stern of lower plate in hole of actuator piston.
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Fig. 4. Gluing of specimen on lower plate.
Fig. 5. Assembly of the three instruments for controlling crack opening displacement.
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Fig. 6. Measurement of strains in upper and lower positions of specimen.
Fig. 7. Lifting of lid and application of adhesive on upper side of specimen.

Fig. 8. Relowering of lido
Fig. 9. Conc1usion or test.
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Table l.

Diameter
(cm) Number of tests

Tensile strength
CTu (MPa)

Fracture energy
<§F (N/m)

12 14
18 12
24 II
30 8

3.32 ± 0.53
3.66 ± 0.45
3.31 ± 0.44
2.98 ± 0.79

110.56 ± 30.89
139.66± 36.32
153.90± 20.89
149.41± 14.31

specimens was varied between 1 and 2 for each diameter, just as the initial notch to diameter ratio
was chosen to be equal to 0.1 or 0.2. In Table 1 the variability of the results with these geometrical
parameters is disregarded. More details may be obtained from the originaI report [17].

The average values of the nominaI tensile strength are plotted in Fig. lO against the specimen
diameter b in a bilogarithmic diagram. The size effect is represented by the slope of the linear
regression diagram, excluding the results of the smallest specimens. It is evident how the tensile
strength decreases with increasing specimen diameter.

The fracture energy instead shows the opposite trend, i.e. it increases with specimen diameter.
The average values obtained experimentally are reported in Fig. lO on the bilogarithmic pIane In f§F

versus In b, excluding those of the largest specimens.
Size-scale effects on tensile strength and fracture toughness have been recurrent subjects of

research, as well as relevant topics, in scientific literature for the last few years. In spite of the many
explanations given of the single specific trends, no unitary explanation based on very generaI
concepts has so far been put forward. In this paper a new theoretical interpretation will be proposed
according to the actual fractal nature of the reference spaces used in classical solid mechanics. A
fractal space is a mathematical domain with a non-integer dimension. This is an old concept,
recently reintroduced and systematized by Mandelbrot [12], Falconer [13], and other authors, which
presents a wide range of applications in modern technology. For example, the weight of severa I

1.75

1.50

y = 2.48 -0.41x
COlTo = 0.994

1.25

1.00 f-=--:;,------,;!-;------;;;-'-;;-----;;-' In b
5.25 2.0 2.5 3.0 3.5

5.00

ln~ y = 3.52 + 0.48x
COlTo = 0.987

4.75

4.50 L:--:,----:-'-::------='":,-------::"
2.0 2.5 3.0 3.5

Fig. lO. Tensile strength decrease and fracture energy increase with specimen diameter.

EFM 48/,S-E



682 A. CARPINTERI et al.

spongy objects does not increase proportionally to the volume, because they present a non-constant
classical density, understood as mass over volume, although it is possible to define a constant
"universal" density, understood as mass over length raised to the fractal dimension of the space
occupied by the object. This dimension is comprised between 2 and 3.

The middle-third Cantor set, which is a typical fractal set, may be constructed from a uni t
interval by a sequence of deletion operations (Fig. Il). Let Eo be the interval [O, l]. Let E, be the
set obtained by deleting the middle third of Eo, so that E, consists of the two intervals [O,1/3] and
[2/3, I]. Deleting the middle thirds of these intervals gives E2; thus E2 comprises the four intervals
[O, 1/9], [2/9, 1/3], [2/3,7/9], and [8/9, l]. Proceeding in a like manner, E; is obtained by deleting
the middle third of each interval in E, _ l' Thus E, consists of 2k intervals, each of length 3=". The
middle-third Cantor set is the intersection

and thus may be thought of as the limit of the sequence of sets Ek as k tends to infinity. The length
of the middle-third Cantor set is zero as the limit (2/3l ~ ° for k ----> 00. It can be demonstrated,
however, that the fractal dimension of the set is 0.631, and therefore that it can be measured
consistently only as a length raised to 0.631.

A second example of a fractal set, with dimension larger than one, is the von Koch curve
(Fig. 12). Let Eo be a line segment of unit length. The subset E, consists of the four segments
obtained by removing the middle third of Eo and replacing it by the other two sides of the
equilateral triangle based on the removed segment. We construct Ek by applying the same procedure
to each of the segments in Ek-1, and so ono The sequence of polygonal curves E, approaches the
von Koch curve as k tends to infinity. The length of the von Koch curve tends to infinity as (4/3l
does for k ~ 00. The fractal dimension of the curve is 1.262, the dimensionality increase of 0.262
being due to its tortuosity. The curve could then be measured only as length raised to 1.262.

The systematic error that has been repeated in measuring strength and toughness of disordered
materials, such as concrete and rocks, is that of considering reference areas and volumes with the
ideai integer dimensions of 2 and 3, respectively. If this error is made in the scale range over which
the fractal properties hold, it will be physically impossible to measure constant material properties,
unless we abandon integer dimensions of the materialligament at peak stress and of the fracture
surface after stress relaxation or at final rupture. Defining new tensile properties with physical
dimensions depending on the fractal dimension of the damaged material microstructure represents
the so-called renormalization procedure already utilized in the statistical physics of random
processes [14, 15]. In this way it is possible to obtain the so-called "universal" properties, i.e.
scale-invariant material constants.

Some authors ha ve recently endeavoured to link the fractal dimension of the fracture surface
to fracture toughness K/c [16]. This attempt has not been successful, in particular because the
physical dimension of K1c was not assumed to vary with the fractal dimension of the surface. A
variation in the physical dimension of fracture toughness (and hence of fracture energy), together
with an analogous variation for tensile strength, turns out to provide an attenuation of the scale
effects due to the dimensional disparity between strength and toughness. For a very disordered
material the attenuation is complete and any scale effect vanishes, both tensile strength and fracture
energy being [force] x [length]"!". Similar attenuations were emphasized and analysed by the first
writer for strain-hardening materials in the presence of cracks [18] and for linear elastic materials
in the presence of re-entrant corners [19].

o ~ ~ 1------------------------------------------Eo
-------------- E,

--E2

-E.
-- E.-- r·
--- E~

Fig. I I. Middle-third Cantar set (fractaI dimension = 0.63 I).
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Fig. 12. von Koch curve (fractal dimension = 1.262).
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Fig. 13. Random von Koch curve.

The fractal sets that we have presented previously have random analogues. For example, in
the von Koch curve construction, each time we replace the middle third of an interval by the other
two sides of an equilateral triangle, we might toss a coin to determine whether to position the new
part above or below the removed segmento After a few steps, we get a rather irregular-looking curve
which, nevertheless, retains certain of the characteristics of the von Koch curve (Fig. 13).

The middle-third Cantor set construction may be randomized in two different ways (Fig. 14).
Each time we divide a segment into three parts we could, instead of always removing the middle
segment, throw a dice to decide which part to remove. Alternatively, we might choose the interval
lengths at each stage of the construction at random, according to a given statistical distribution.

Whilst such random fractals do not have the self-similarity of their non-random counterparts,
their non-uniform appearance is often rather closer to natural phenomena, such as coastlines,
topographical surfaces, or fracture surfaces. We could say that the random fractals are statistically
self-similar in the sense that enlargements of details have the same statistical distribution as the
whole set.

5. FRACTAL NATURE OF MATERIAL LIGAMENT AND SIZE EFFECTS ON
NOMINAL TENSILE STRENGTH

It is well-known that the nominai tensile strength of many materials undergoes very c1ear size
effects. The usual trend is that of a strength decrease with size, and this is more evident for
disordered (i.e. macroscopically heterogeneous and/or damaged) materials. Griffith [20] explained
the strength size effect in the case of glass filaments, assuming the existence of inherent microcracks
of a size proportional to the filament cross-sectional diameter. Some years later Weibull [21] gave
a purely statistical explanation of the same phenomenon according to the weakest-link-in-a-chain
concept. Only recently have the two views been harmonized, enriching the empirical approach of
Weibull with the phenomenological assumption of Griffith [22-25]. A statistical size distribution o/
self-similarity may be defined [24, 25] for which the most dangerous defect proves to be a size
proportional to the structural size. This corresponds to materials presenting a considerable
dispersion in the statistical microcrack size distribution (disordered materials). In this case, the
power of the LEFM stress singularity, 1/2, turns out to be the slope of the strength versus size
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Fig. 14. Random Cantor set.

decrease in a bilogarithmic diagram. When the statistical dispersion is relatively low (ordered
materials) the slope is less than 1/2 and tends to zero for regular distributions (perfectly ordered
materials).

Although the above-described view contains the fractal concept of self-similarity, this is
circumscribed only to the defect of maximum size, whereas the disordered nature of the material
microstructure is completely disregarded. The real nature of the material will be described herein
using a more complex fractal model, where the property of self-similarity is extended to the whole
defect population. This model represents a more realistic picture of reality and is consistent with
the fractal explanation of the fracture energy size effect, which will be proposed in the next section.
On the other hand, as will be shown, slope values higher than 1/2 would represent, with both
models, a degree of disorder that is so high as to be usually absent in real materials.

Let us assume that the reacting section, or ligament, of a disordered material at peak stress
could be represented as a fractal space of dimension (X = 2 - du, with l < (X ::::; 2 and therefore
O ::::;d; < l. The dimensionality decrement d; may be due to the presence of cracks and voids and
hence, generally, to a cross-sectional weakening. Let us consider two bodies, geometrically similar
and made up of the same disordered material (Fig. 15). If the ratio of geometrical similitude is equal
to b and the renormalized tensile strength (J: is assumed to be a material constant and to have the
physical dimensions [force] x [length]-(2-d.), we have

*_ FI F2
(J u - 12-d. b 2-d.' (1)

where FI and F2 are the ultimate tensile forces acting on the two bodies, respectively.
On the other hand, the apparent nominaI tensile strengths are respectively

(I) FI
(Ju ="}2 (2a)

(2) _ F2
(Ju-b2' (2b)

where the latter, according to eq. (l), becomes

(3)

We can write the relationship between nominaI strengths related to different sizes in
logarithmic form

(4)
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Fig. 15. Geometrically similar bodies, where b is the ratio of geometrical similitude.
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Fig. 16. (a) Nominai tensile strength decrease with specimen size. (b) Fictitious fracture energy increase
with specimen size.
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Equation (4) represents a straight line with slope - do in the In (Tu versus In b piane (Fig. 16(a)).
Confirmation of eq. (4) has been provided by several previous investigations, performed using

different metalli c or cementitious materials and with different specimen geometries: tension,
bending, Brazilian, etc. These results were summarized by Carpinteri in refs [24, 25]. The same
trends have been found also in the present experimental programme aimed at evaluating the true
tensile properties of concrete. As ma y be seen from Fig. IO, the slope of the strength decrease proves
to be equal to 0.41, thus revealing a material ligament of dimension 1.59. The fractal nature of
the materialligament emerges very clearly at the size scales of the specimens. On the other hand,
the property of se\f-similarity is very likely to vanish or change at higher or lower scales, owing
to the limited character of the granulometric curve.

6. FRACTAL NATURE OF FRACTURE SURFACE AND SIZE EFFECTS ON
FICTITIOUS FRACTURE ENERGY

It is well-known that the fracture surfaces ofmetals [26] and concrete [27] have a fractal nature
with a roughness producing a dimensional increment with respect to the number 2. Even in this
case we can detect an evident mechanical consequence, considering the size effects on fracture
energy t"§F. Since Hillerborg's proposal for a concrete fracture test was published as a RILEM
Recommendation [28], several researchers have measured a fracture energy t"§F which increases with
the specimen size and, more specifically, with the size of the uncracked ligament. Such a trend has
been systematically found, and in each case the authors of the papers describing these experiments
have tried to pro vide various empirical or phenomenological explanations, without, however,
endeavouring to interpret their findings in a broader conceptual framework. On the other hand,
if we wish to understand the experimental observations, it is necessary to abandon the classical
thermodynamic concept of surface energy of an ideai solid, and to assume the energy dissipation
to be occurring in a fractal space of dimension IX = 2 + d(§, with 2:::;;IX < 3 and, therefore,
O:::;; d(§ < I. This represents an attenuation offracture localization due to material heterogeneity and
multiple cracking.

Let us consider two bodies, geometrically similar and made up of the same disordered material
(Fig. 15). If the ratio of geometrical similitude is equal to b and the renormalized fracture energy
t"§~ is assumed to be a material constant and to have the physical dimensions
[force] x [lengthj=" +d<§), we obtain

(5)

where E) and E2 are the energies dissipated in the two bodies, respectively.
On the other hand, the apparent fictitious fracture energies are, respectively

t"§(I) _ E)F-]2 (6a)

(6b)

where the latter, according to eq. (5), becomes

t"§~) = t"§~)bd<§. (7)

We can write the relationship between fracture energies related to different sizes in logarithmic
form

(8)

Equation (8) represents a straight line with slope d(§ in the In t"§F versus In b piane (Fig. 16(b)).
The same trends have been found in the present experi menta I investigation. Tensile testing

performed at ISMES-Bergamo has provided a plot slope equal to 0.48 (Fig. lO), which allows
a constant (universal) energy parameter to be obtained in the case where the dissipation is
considered as occurring in a damaged space of dimension 2.48. It is interesting to note that the
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range of self-similarity does not extend to the largest size for t§F, just as it does not extend to the
smallest size for (Jl/' So the ranges of self-similarity for fracture energy and tensile strength do not
necessarily coincide.

7. CONCLUSIONS

The abundant literature regarding tensile strength and fracture energy size effects as well as
the newly introduced fractal theories would appear to indicate the need for a dramatic change in
our conceptual framework and even in our whole way of thinking, if we want to consider and
measure material constants in strength of materials as well as in fracture mechanics. This means
that we have to give up ideai reference areas when we consider the tensile strength and fracture
energy of disordered materials with a fractal microstructure. The so-called homogeneous materials
(on the macroscopic scale or macrolevel) present, on the other hand, a very small deviation from
the ideai case. Only at the microscopic scale or microlevel might they present a higher degree of
fractality [29]. For concrete and rocks, for which the microlevel and the mesolevel coincide with
the structural level, the tensile strength is given by a force acting on a surface having a fractal
dimension lower than two, just as the fracture energy is represented by a dissipation over a surface
with a fractal dimension higher than two.

In the case of tensile strength, the dimensional decrement represents self-similar weakening of
the reacting cross-section or ligament, due to pores, voids, defects, cracks, aggregates, inclusions,
etc. Likewise, in the case of fracture energy, the dimensional increment represents self-similar
tortuosity of the fracture surface, due to aggregates and inclusions, as well as self-similar
microcrack overlapping and distribution al so in the direction orthogonal to that of the forming
macrocrack [9].

As regards the dimensional decrement da and the dimensional increment d,§, experimentally
they appear to be always comprised in the interval [O, 1/2]. The dimensional decrement da tends
to the LEFM limi t 1/2 only for extremely brittle and disordered materials (defect size distribution
of self-similarity) and is connected to the Weibull parameter m in the case of planar simili-
tude [24, 25]

2
da=-·

m
(9)

Even the dimensional increment d'§ tends to the same limi t 1/2 for extremely brittle and
disordered materials. The explanation for the latter bound could arise for dimensional analysis
reasons. A generalization of the brittleness number, as defined by the first writer [30-35], could in
fact be the following:

(lO)

If we postulate that the reversal of the physical roles of toughness and strength is absurd, the
exponent of the characteristic !inear size b must be positive

(11)

The sum of the dimensional decrement (for materialligament) and the dimensional increment
(for fracture surface) must therefore be lower than unity. On the other hand, when for very
disordered materials we have da ~ 1/2, the upper bound of eq. (11) becomes d'§:S 1/2.

The above fractal interpretations could be regarded by some as purely mathematical
abstractions, if not indeed distortions of reality. The truth is that both classical geometrical
domains and fractal geometrical loci are ideaIizations of reality. The question that should be
answered is the following: which model is closer to a reaI fracture trajectory in a concrete specimen,
a straight line or the von Koch curve? Of course the latter, even though the fractal nature of the
fracture trajectory is random and valid onIy in a Iimited scale range. This means that, for size scales
tending to infinity, or, in other words, for very Iarge specimens, tensile strength (J1I and fracture
energy t§F may appear constant by varying the specimen size, whereas, for size scales where random
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self-similarity holds, the so-called "universal properties" of the system «(J:, t§t) are constant,
although they are represented by physical quantities with unusual dimensions. The last result
represents the target of the so-called "renormalization" procedure [14, 15], i.e. the determination
of physical quantities that are invariant under a change of length scale.
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