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Abstract

The problems of the size effects on tensile strength and fracture energy of brittle and disordered materials
(concrete, rocks, ceramics, etc.) are reconsidered under a new and unifying light cast on by fractal geometry. It is
physically impossib1e to measure constant material properties, unless we depart from integer dimensions of the
material ligament at peak stress and of the fracture surface at final rupture. In this way we can define new tensile
properties with physical dimensions depending on the fractal dimension of the damaged microstructure, which turn
out to be scale-invariant material constants. This represents the so-called renormalization procedure, already
proposed in the statistical physics of random processes. Variations in the fractal dimension of fracture surfaces
produce variations in the physical dimension of toughness, and not, as asserted by some authors, only in the measure
of toughness. In disordered materials an attenuation of the size effects due to the dimensional disparity between
strength and toughness is found. As a limit case, any size effect vanishes when both tensile strength and fracture
energy present the physical dimension characteristic of the stress-intensity factor, [Fl [Lj-3/2. It is very likely that
this criticai situation is achieved only inside a very disorderly damaged microstructure, e.g., in the vicinity of the
crack tipo In the case of tensile strength, the dimensional decrement represents self-similar weakening of the
material ligament, due to pores, voids, defects, cracks, aggregates, inclusions, etc. Anaìogously, in the case of
fracture energy, the dimensional increment represents self-similar tortuosity of the fracture surface, as well as
self-similar overlapping and distribution of microcracks in the direction orthogonal to that of the forming macro-
crack.

1. Introductìon

Size-scale effects 00 tensile strength and frac-
ture toughness have been recurrent subjects of
research as well as reievant topics in the scientific
Iiterature of the last few years (Carpinteri, 1986a;
Mazars et al., 1989). In spite of the many expla-
nations given to the single specific trends
(Carpinteri and Ingraffea, 1984; Shah and
Carpinteri, 1991; Carpinteri, 1992; van Mier et
al., 1991; Hu and Wittmann, 1992; Guinea et al.,
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1992; Pianas et al., 1992; Elices et al., 1992), no
unitary expIanation based on very generaI con-
cepts has so far been put forward. In this paper a
new theoretical interpretation will be proposed
according to the actual fractal nature of the refer-
ence spaces used in classical solid mechanics. A
fractal space is a mathematical domain with a
non-integer dimension. This is an oid concept,
recently reintroduced and systematized by Man-
deIbrot (1982), Falconer (1990) and other au-
thors, which presents a wide field of applications
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--------------------------- ~in modern technology. For example, the weight of
several spongy objects does not increase propor-
tionally to the volume, because they present a
non-constant classical density, understood as mass
over volume, although it is possible to define a
constant "universal" density, understood as mass
over length raised to the fractal dimension of the
space occupied by the object. This dimension is
comprised between 2 and 3.
The fractal view of solid mechanics could be

considered as one of the most important exam-
ples of transcending the bounds of classical con-
tinuum mechanics (Panagiotopoulos, 1992).In the
present century we have had more than one such
conceptual revolution, according to Popper.
Quantum Mechanics and Catastrophe Theory
could be mentioned among the most general,
even if Griffith's (1921) and Irwin's (1957) ideas
are not overlooked in the field of strength of
materials, where surface energy and, especially,
the stress-intensity factor are non-conventional
quantities having unusual physical dimensions.
The middle-third Cantor set, which is a typical

fractal set, may be constructed from a unit inter-
val by a sequence of deletion operations (Fig. 1).
Let Eo be the interval [0,1]. Let E, be the set
obtained by deleting the middle third of Eo, so
that E, consists of the two intervals [O,t] and
[t,I]. Deleting the middle thirds of these inter-
vals gives E2; thus E2 comprises the four inter-
vals [O,H [%, H [t, H [~,1]. Proceeding in like
manner, E k is obtained by deleting the middle
third of each interval in Ek-1• Thus E; consists
of 2k intervals each of length 3-k. The middle-
third Cantor set is the intersection n7~oEk' and
thus may be thought of as the limit of the se-
quence of sets Ek as k tends to infinity. The
length of the middle-third Cantor set is zero as
the limit (2/3)k ~ Ofor k ~ 00. It will be dernon-
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Fig. 1. Middle-third Cantor set (fractal dimension = 0.631).

E~

Fig. 2. Von Koch curve (fractal dimension = 1.262).

strated, however, that the fractal dimension of
the set is 0.631, and therefore that it can be
measured consistently only as a length raised to
0.631.
A second example of a fractal set, with dimen-

sion larger than one, is the von Koch curve (Fig.
2). Let Eo be a line segment of unit length. The
subset El consists of the four segments obtained
by removing the middle third of Eo and replacing
it by the other two sides of the equilateral trian-
gle based on the removed segmentoWe construct
E k by applying the same procedure to each of the
segments in Ek-1, and so ono The sequence of
polygonal curves Ek approaches the von Koch
curve as k tends to infinity. The length of the von
Koch curve tends to infinity as (4/3)k does for
k ~ 00. The fractal dimension of the curve is
1.262, the dimensionality increase of 0.262 being
due to its tortuosity. The curve could then be
measured only as a length raised to 1.262.
The systematic error that has been repeated in

measuring strength and toughness of disordered
materials, such as concrete and rocks, is that of
considering reference areas and volumes with the
ideal integer dimensions of 2 and 3, respectively.
If this error is made in the scale range over which
the fractal properties hold, it will be physically
impossible to measure constant material proper-
ties, unless we abandon integer dimensions of the
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material ligament at peak stress and of the frac-
ture surface after stress relaxation or at final
rupture. Defining new tensile properties with
physical dimensions depending on the fractal di-
mension of the damaged material microstructure,
represents the so-called renormalization proce-
dure, already utilized in the statistical physics of
random processes (Herrmann and Roux, 1990).
In this way it is possible to obtain the so-called
"universal" properties, i.e. scale-invariant mate-
riai constants.

Some authors have recently endeavoured to
link the fractal dimension of the fracture surface
to fracture toughness Krc (Mackin et al., 1990;
Long et al., 1991). This attempt has not been
successful, in particular because the physical di-
mension of K re was not assumed to vary with the
fractal dimension of the surface. A variation in
the physical dimension of fracture toughness (and
hence of fracture energy), together with an analo-
gous variation of tensile strength, turns out to
provide an attenuation of the scale effects due to
the dimensional disparity between strength and
toughness. For a very disordered material the
attenuation is complete and any scale effect van-
ishes, both tensile strength and fracture energy
being [force] X [length] - 1.5. Similar attenuations
were emphasized and analyzed by the writer for
strain-hardening materials in the presence of
cracks (Carpinteri, 1983) and for linear elastic
materials in the presence of re-entrant corners
(Carpinteri, 1987).

2. Hausdorff dimension

If U is a subset of the n-dimensianal Eu-
clidean space, R", the diameter of U is defined
as the greatest distance apart of any pair of
points in U:

IU I = sup{ I x - y I: x, y E U} . (1)
We say that a countable (or finite) collection of
sets of diameter at most 8 that covers V:

00

(2)

with O < IU; I .;;;8, Vi, is a B-cooer of V.
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Suppose that V is a subset of R" and a is a
non-negative number. For any 8 > O we define:

.,({{ja(V) = inf{ i~l I U; I a: {U;} is a 8-cover of V},

(3)

and then the a-dimensional Hausdorff measure of
V is given by the limit:

.,({a(v) = lim.,{{{ja(V).
0->0

(4)

The Hausdorff measure is always O or 00, except
for one particular value of a =a, which is called
the Hausdorff dimension of the set V. The Haus-
dorff dimension generalizes the familiar concepts
of length, area and volume: .,({O(V) is the number
of points of a discrete set V; .,({l(V) gives the
length of a smooth curve V; .,({2(V) gives the
area of a smooth surface; .,({3(V) gives the vol-
ume of a "non-spongy" 3-dimensional domain V.

The scaling properties of length, area and vol-
ume are well-known. On magnification by a fac-
tor A, the length of a curve is multiplied by A, the
area of a surface is multiplied by A2 and the
volume of a 3-dimensional domain is multiplied
by A3• On the other hand, the o-dimensional
Hausdorff measure scales with a factor Aa:

.,({a(AV)=A~a(v), (5)

where AV = {Ax: x E V} is the set V scaled by a
factor A.

A graph of .,({a(v) against a (Fig. 3) shows
that there is a criticai value of a = a at which

J6fl (V)

J6ii (V) - - - - - - - - - - - +

OL- ~~----------~o il ~

Fig. 3. a-dimensional Hausdorff measure of a set against the
parameter a.
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L"'(V) jumps from 00 to O. This critical value is
called the Hausdorff dimension of V:

a= dimj, V = inf{ a: L"'(V) = O}

=sup{a: L"'(V) =oo}. (6)

If a = a = dim H V, then L"'(V) is finite if V is
finite. For example, a flat disc of unit radius
presents infinite length and null volume, and,
more generally, L"'(V) = 00 if a < 2 and L"'(V)
= O if a > 2, whereas L2(V) = TI.

Reconsider the middle-third Cantor set (Fig.
1). A heuristic calculation of the Hausdorff di-
mension may be developed by observing that the
Cantor set splits into a left part VL = V n [O, t]
and a right part VR = V n [~, 1]. Both parts are
geometrically similar to V but scaled by a ratio t,
and V = VL U VR with this union disjoint. Thus
for any a:

L"'(V) =L"'(Vd +L"'(VR)

= O)'" L"'(V) + O)'" L"'(V), (7)

according to Eq. (5). If we divide both sides of
Eq. (7) by the Hausdorff measure L"'(V), as-
sumed as being a finite quantity, we obtain:

1 = 20)'" , or a = In 2/ln 3. (8)

For the von Koch curve (Fig. 2) an analogous
balance may be written:

1= 40)'" , or a = In 4/ln 3. (9)

The preceding heuristic method gives the right
answer for the dimension of several fractal sets.
More generally, if V = U ;n~1V;,where each V; is
geometrically similar to V but scaled by a differ-
ent factor Ci' then the heuristic argument gives
dim H V as the root a of the equation:

(lO)

Consider the uniform Cantor set of Fig. 4, with
m = 3 and À = TI-. In this case the balance is:

1 = 3( TI-)"',
or

a = In t/In TI- "" 0.831. (11)

Eo
ti

--- Ez
E3

f4
... _ -- -. Eoo

Fig. 4. Uniform Cantor set (fractal dimension = 0.831).

More generally, for an integer m ~ 2 and O< À <
l/m, it is possible to prove that:

dimj, V = +In m/In À, (12a)

O <L-lnm/lnÀ(V) < 00. (12b)

The case of the modified von Koch curve (Fig.
5) involves for instance more than one ratio in
Eq. (lù). If we fix O < a < t and construct a curve
V by repeatedly replacing the middle proportion
a of each interval by the other two sides of an
equilateral triangle, then dim H V is the solution
of the equation:

1=2a"'+2[H1-a)]"'. (13)

Observe that the Hausdorff dimension of the
related uniform Cantor set, with m = 2 and À

= ~(1- a), is given by:

1= 2[~(1- a) ] '". (14)

An application of Eq, (lO) provides the Haus-
dorff dimension of the fractal curve in Fig. 6. The
lengths of the segments in the generator are

.111111 dhbl .respectìve y 3' 4' 3' 4' 3' an t e a ance is:

or

a"" 1.34. (15)

Fig. 5. Modified von Koch curve.
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Fig. 6. Fractal curve (fractal dirnension = 1.34).

Whereas the von Koch curve is an example of
dimensionality increment due to tortuosity and
meandering at different scales, we may obtain a
similar increment even from overlapping at dif-
ferent scales. Let us consider the interval [0, 1] =
[0, ~] U[~, 1] and then, recursively, [0, ~] = [0, %]
u[~,n [~,1] = [~, ~]u[~,1], etc. (Fig. 7). The
balance equation is therefore:

1=2(tf, (16)

O~' --------~------~------~

OL' --------~--------~
1/3 L' ..I-- ---J

o' '4/9
2/9' , '2/3

~
1/3' '7/9

5/9' I 'l

Fig. 7. Fractal set obtained from overlapping at different
scales (fractal dirnension = 1.709).

or
In 2

a = = 1.709.
In3-1n2

(17)

3. Box-counting dimension

The Hausdorff dimension, discussed in the
previous section, is the principal ..definition of
dimension for fractal geometries. On the other
hand, other definitions can be proposed from a
practical point of view. Fundamental to most
definitions of dimension is the idea of "measure-
ment at scale o". For each o, we measure a set in
a way that ignores irregularities of a size less than
o, and we see how these measurements behave as
o ~ O. For example, if V is a piane curve (e.g, a
coastline or the course of a river), the rneasure-
ment MiV) might be represented by the number
of discrete and rectilinear steps of length o nec-
essary to approximate V with a polygonal curve.
The dimension of V is then determined by the
power law obeyed by Ma(V) as o ~ O:

Ma(V) = cs=, (18)

where a is the so-called box-counting dimension
and c is the length of the polygonal curve for
o = 1. In the case of an ideal regular curve, it is
well-known from classica! geometry that a = 1.
Taking logarithms:

In Ma(V) =ln c-a In O. (19)

______ ~------------------------ InB'
O

Fig. 8. Definition of box-counting dirnension.
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This formula is useful for experimental purposes,
since a can be estimated as the gradient of a
bi-Iogarithmic graph plotted over a suitable range
of o (Fig. 8). Usually this range is limited. For
example, for concrete the lower and upper bounds
could be in some connection with the extremities
in the granulometric curve.

To find the box dimension of a pIane set V we
may draw a mesh of squares or boxes of side o
and count the number MiV) that overlap the set
for various small o. The dimension is the loga-
rithmic rate at which MiV) increases as 8 ~ O.
The number of mesh squares or cubes of side 8
that intersect a set is an indication of how spread-
out or irregular the set is when examined at scale
8. The dimension reflects how rapidly the irregu-
larities develop as 8 ~ O.

For the middle-third Cantor set, the covering
E k gives (Fig. 1):

(20a)

(20b)

and then, from Eq. (19):

kln2=lnl+kaln3, (21)

or a = In 2/ln 3.
For the von Koch curve an analogous reason-

ing holds.

4. Random fractals

Many of the fractal sets that we have met in
the preceding sections have random analogues.
For example, in the von Koch curve construction,
each time we replace the middle third of an
interval by the other two sides of an equilateral
triangle, we might toss a coin to determine
whether to position the new part above or below
the removed segment. After a few steps, we get a
rather irregular-Iooking curve which, neverthe-
less, retains certain characteristics of the von
Koch curve (Fig. 9).

The middle third Cantor set construction may
be randomized in two different ways (Fig. lO).
Each time we divide a segment into three parts
we could, instead of always removing the middle

Eo

/\
E,

E,

E.

Fig. 9. Random von Koch curve.

segment, throw a die to decide which part to
remove. Alternatively, we might choose the inter-
val lengths at each stage of the construction at
random, according to a given statistical distribu-
tion.

Whilst such random fractals do not have the
self-similarity of their non-random counterparts,
their non-uniform appearance is often rather
closer to natural phenomena such as coastlines,
topographical surfaces or fracture surfaces. We
could say that the random fractals are statistically
self-similar in the sense that enlargements of de-

o-----------------------------------~ E,
E,
E.
E.
E_

-++-
--+- +

-+--
+-

(o)

~O I~

------------- E,_____ E,

-- -E.
-- -E4

.00 ••••• E_

(b)

Fig. 10. Random Cantor set.
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tails have the same statistical distribution as the
whole set.

It is possible to demonstrate a statistical ver-
sion of Eq. (10), when the factors Ci present a
given probability density p(c) over the basic in-
terval [0, crax

]:

m rr
ax

cfp( Ci) dc,
1= L--':o~----

i~l rraxp(c
i
) dc,

O

The two limit cases are represented by "de-
terministic chaos", with p(c) provided by a ò-Di-
rac function and Eq. (22) reduced to Eq, (10),
and by "completely random chaos", with p(c) =

l/c;=X.
Regarding the latter situation, let us consider

the random von Koch curve, C being a completely
random variable with uniform distribution on the
interval [0, t]. At each stage, a segment of length
1 is replaced by four segments of lengths iO - a),
a, a, i(l - a), respectively, so we have m = 4, and
Cl = c4 = i(l - a) and c2 = c3 = a. Since in this
case p(c) = 3 for i = 1, 2, 3, 4, Eq. (22) becomes:

(22)

or

a + 1= 12 X 2-(a+1) - 6 X r(a+1), (24)

so that a == 1.144.

5. Fractal nature of material ligament and size
etTects on nominai tensile strength

It is well-known that the nominaI tensile
strength of many materials undergoes very clear
size effects. The usual trend is that of a strength
decreasing with size, and this is more evident for
disordered (i.e. macroscopically heterogeneous
andyor damaged) materials. Griffith (1921) ex-
plained the strength size effect in the case of
glass filaments, assuming the existence of inher-
ent microcracks of a size proportional to the
filament cross-section diameter. Some years later
Weibull (939) gave a purely statistical explana-
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tion to the same phenomenon according to the
weakest-link-Ìll-a-chain concept. Only recently the
two views have been harmonized, enriching the
empirical approach of Weibull with the phe-
nomenological assumption of Griffith (Freu-
denthal, 1968; Jayatilaka, 1979; Carpinteri,
1989a). A statistical size distribution of self-simi-
larity may be defined (Carpinteri, 1986a; 1989a)
for which the most dangerous defect proves to be
of a size proportional to the structural size. This
corresponds to materials presenting a consider-
able dispersion in the statistical microcrack size
distribution (disordered materials), In this case,
the power of the LEFM stress singularity, 1/2,
turns out to be the slope of the strength versus
size decrease in a bilogarithrnic diagram. When
the statistical dispersion is relatively low (ordered
materials) the slope is less than 1/2 and tends to
zero for regular distributions (perfectly ordered
materials).

Although the above-described view contains
the fractal concept of self-similarity, this is cir-
cumscribed only to the defect of maximum size,
whereas the disordered nature of the material
microstructure is completely disregarded. The real
nature of the material will be herein described
through a more complex fractal model, where the
property of self-similarity is extended to the whole
defect population. This model represents a more
realistic picture of reality and is consistent with
the fractal explanation to the fracture energy size
effect, which will be proposed in the next section.
On the other hand, as will be shown, slope values
higher than 1/2 would represent, with both mod-
els, a degree of disorder that is so high that it is
usually absent in real materials.

Let us assume that the reacting section or
ligament of a disordered material at peak stress
could be represented as a fractal space of dimen-
sion a = 2 - dO", with 1 < a ~ 2 and, therefore,°~d; < 1. The dimensionality decrement d; may
be due to the presence of cracks and voids and
then, generally, to a cross-sectional weakening.
Let us consider two bodies, geometrically similar
and made up of the same disordered material
(Fig. 11). If the ratio of geometrical sirnilitude is
equal to b and the fractal tensile strength O"u* is
assumed to be a material constant and to have
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l"
b

-II- '1

Fig. 11. Geometrically similar bodies where b is the ratio of
geometrical similitude.

the physicai dimensions [force]X [Iength]-(2-dO"\
we have:

F1 F20:*---=--
u - 12-dO" b2-dO" '

(25)

F1 and F2 being the ultimate tensile forces acting
on the two bodies, respectively.

On the other hand, the apparent nominaI ten-
sile strengths are respectively:

(1) _ F1 (26a)
(Tu - 12'

F2
0:(2) = -- (26b)

u b2'

where the Iatter, according to Eq. (25), becomes:
(T~2) = (T~1Jb -dO". (27)

We can write the relationship between nominaI
strengths related to different sizes in Iogarithmic
form:
In (Tu = In (Tu(1) - d; In b. (28)

Eq. (28) represents a straight line with siope -dO"
in the In (Tu versus In b plane (Fig. 12).

Confirmation of Eq. (28) has been provided by
severai previous investigations, carried out on dif-
ferent metallic or cementitious materiais and with
different specimen geometries: tension, bending,
Brazilian, etc. These results are summarized in
Carpinteri (1989a). The same trends have been
found aiso in two recent experimentai programs

L- Inb

Fig. 12. Nominai tensile strength decrease with specimen size.

aimed at evaluating the true tensile properties of
concrete. A completely new testing apparatus
made up of three orthogonally disposed actua-
tors, was utilized at the Politecnico di Torino so
that it was possible to perform a true direct
tensile experiment on concrete (Carpinteri and
Maradei, 1994, Carpinteri and Ferro, 1994),
whereas usually tension and bending are both
presento As may be seen from Fig. 13, the siope
of the strength decrease proves to be equai to
0.14, thus revealing a materialligament of dimen-

4.0

-3.0

o

•
3.5 y = 3.98 -0.14x

COIT. = 0.979 •

3.0 f.::---------!-------~------+------ I b
-1.5 o 2 3 4 n

-2.0 y = - 3.08 + 0.38x
COIT. = 0.990

In ?p

-2.5

Fig. 13. Variations in tensile strength and fracture energy with
specimen size. Tensile tests in (Carpinteri and Maradei, 1994;
Carpinteri and Ferro, 1994): <Tu measured in kgjcm2; JlF
measured in kgjcm; b measured in cm.
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1.50

1.25

y = 2.48 -0.41x

~
1.00b:-----;;~-----:;,l;:---~ l b
5.252.0 2.5 3.0 3.5 n

5.00

ln~ y = 3.52 + 0.48x
corro = 0.987

4.75

4.50'-;;-;:-----::~----::,:..,,---~
2.0 2.5 3.0 3.5

Fig. 14. Variations in tensile strength and fracture energy with
specimen diameter. Tensile tests in (Carpinteri et al., 1994):
O"u measured in MPa; :9'F measured in N/m; b measured in
cm.

sion 1.86, i.e. a fractal set which is very close to a
two-dimensional surface. It may be noted that the
specimen sizes explored in this investigation
ranged over four values of the width: 5, lO, 20, 40
cm. The fractal nature of the material ligament
emerges very clearly at such scales. On the other
hand the property of self-similarity is very likely
to vanish or change at higher or lower scales,
owing to the limited character of the granulomet-
ric curve.

Higher slope of the strength decrease is ob-
tained in an experimental research study per-
formed at ISMES-Bergamo (Carpinteri et al.,
1994), using pre-notched concrete cylinders of
diameter 12, 18, 24, 30 cm, respectively (Fig. 14).
The exponent 0.41 is closer to the LEFM limit
0.5, which is valid for disordered materials (high
statistical dispersion), and, at the same time, it

implies a very weak fractal ligament of dimension
1.59 at peak stress.

6. Fractal nature of fracture surface and size
effects 00 fictitious fracture eoergy

It is well-known how the fracture surfaces of
metals (Mandelbrot et al., 1984) and concrete
(Saouma et al., 1990) present a fractal nature
with a roughness producing a dimensional incre-
ment with respect to the number 2. Even in this
case we can detect an evident mechanicaI conse-
quence, considering the size effects on fracture
energy :9'F. Since Hillerborg's proposal for a con-
crete fracture test was published as RILEM Ree-
ommendation (1985), several researchers have
measured a fracture energy :9'F which increases
with the specimen sizes, and, more specifically,
with the size of the uncracked ligament. Such a
trend has been systematically found and in each
case the authors of the papers describing these
experiments have tried to provide various ernpiri-
cal or phenomenological explanations, without,
however, endeavouring to interpret their findings
in a larger conceptua! framework. On the other
hand, if we wish to understand the experimental
observations, it is necessary to abandon the classi-
cal thermodynamic concept of surface energy of
an idea! soIid, and to assume the energy dissipa-
tion to be occurring in a fractal space of dimen-
sion ex = 2 + d?, with 2 ~ ex < 3 and, therefore,
O ~ d? < 1. This represents an attenuation of
fracture localization due to materia! heterogene-
ity and multiple cracking.

Let us consider two bodies, geometrically simi-
lar and made up of the same disordered material
(Fig. 11). If the ratio of geometrica! similitude is
equal to b and the fractal fracture energy :9'; is
assumed to be a materiaI constant and to have
the physical dimensions [force] x [length]-(l +d".),

we obtain:

(29)

E; and Ez being the energies dissipated in the
two bodies, respectively.
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5.00

98

L- Inb

Fig. 15. Fictitious fracture energy increase with specimen size.

On the other hand, the apparent fictitious
fracture energies are respectively:

~(l) = El
F 12 ' (30a)

E
~(2)=~

F b2'
(30b)

where the latter, according to Eq. (29), becomes:
~~2)=~~1)bdw. (31)

We can write the relationship between fracture
energies related to different sizes in logarithmic
form:

In ~F = In ~F(I) + d:y In b. (32)

Eq. (32) represents a straight line with slope d:y
in the In ~ F versus In b plane (Fig. 15).

The same trends have been found in recent
experimental studies. Tensile testing performed
at the Politecnico di Torino (Carpinteri and Ma-
radei, 1994; Carpinteri and Ferro, 1994)provides
a plot slope equal to 0.38 (Fig. 13),which allows a
constant (universal) energy parameter to be ob-
tained in the case where the dissipation is consid-
ered as occurring in a damaged space of dimen-
sion 2.38. Tensile testing at ISMES-Bergamo
(Carpinteri et al., 1994) (Fig. 14) provides a plot
slope very dose to the LEFM singularity 1/2,
namely 0.48, and thus a fractal dimension 2.48,
which implies a very disordered material. It is
interesting to observe that the range of self-simi-
larity does not extend to the largest size for ~F'

just as it does not extend to the smallest size for
(Tu. So the ranges of self-similarity for fracture

4.75

6.0 In b

In 3if

y = 3.50 + 0.21x
corro= 0.996

4.50

•

4.25 • y = 2.87 + 0.32x
corro= 0.985

4.00 4.0 4.5 5.0 5.5

Fig. 16. Variation in fracture energy with beam specimen
depth. Bending tests in (Perdikaris and Romeo, 1992): ~F
measured in N/m; b measured in mm.

energy and tensile strength do not necessarily
coincide.

Even in the paper by Perdikaris and Romeo
(1992) the fracture energy evaluated according to
RILEM appears as steadily increasing (Fig. 16).
The high strength concrete, which is the less
tough and is indicated with C2 in the diagram,
presents a slope equal to 0.32, whilst the low

5.00

• •

In 3if o Drn.x=8mm

• Drnax=32mm

4.75

•4.50
y = 3.89 + 0.112x
corro= 0.958

y = 3.97 + 0.085x
corro= 0.976

4.00 L2---------L3---------14--------5L---------.J6 In t

Fig. 17. Variation in fracture energy with specimen thickness.
Wedge splitting tests in (Wittmann, 1992): ~F measured in
N/m, t measured in mm.
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4.75
o results out of the scale range

of self-similarity

• self-similar results
4.50

y = 3.37+ 0.24x
corro= 0.9887

4.25

o

o
o

4.00 ':-3.-=-0-----:3c'-:.5:-----4;';.0~---4:'".5~---;'5.0 In(b- a)

Fig. 18. Variation in fracture energy with specimen ligament.
Wedge splitting tests in (Wittmann, 1992): :9'F measured in
N/m; (b - a) measured in rom.

strength concrete, which is indicated with Cl in
the diagram, presents a slope equal to 0.21. The
three data are related to three-point bending
specimens of depth 64, 128, 256 mm, respectively.

A very recent confirmation of fracture energy
increase with size was given by Wittmann (1992),
using the wedge-splitting technique with concrete
slices of thickness varying between lO and 200
mm (Fig. 17). In the case of maximum aggregate
size Dmax = 8 mm the slope is very weak, 0.085,
whereas for Drnax = 32 mm the slope becomes
0.112 (more disordered material), In any case the
slope appears considerably smaller for a thickness
effect than for a width effect.

A second investigation by Wittmann (1992)
was devoted to the ligament effect (ligament = (b
- a); b = specimen width; a = initial crack
length), With specimens of width 150 or 200 mm,
the ligament effect is described in Fig. 18, the
ligament ranging from 28 to 110 mm. It is found
that only from 50 mm upwards is the self-similar-
ity respected, the three results related to 28, 35
and 48 mm, respectively, being non-aligned with
the others. This is consistent with the relatively
large aggregate size of 32 mm. The correlation
coefficient proves very high for the data between
50 and 110 mm, namely 0.9887. The slope of the
regression line is equal to 0.24.
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The abundant literature on tensile strength
and fracture energy size effects as welI as the
newly-introduced fractal theories would appear
to indicate the need for a dramatic change in the
conceptual framework and even in our whole way
of thinking, if we want to consider and measure
material constants in strength of materials as welI
as in fracture mechanics. This means that we
have to give up ideaI reference areas when we
consider the tensile strength and fracture energy
of disordered materiaIs with a fractal microstruc-
ture. The socalled homogeneous materiaIs (on
the macroscopic scale or macrolevel) present, on
the other hand, a very small deviation from the
ideai case. Only on the microscopic scale or mi-
croIevel might they present a higher degree of
fractaIity (Meakin, 1991). For concrete and rocks,
for which the micro- and mesoIevel coincide with
the structural leveI, the tensile strength is given
by a force acting on a surface having a fractal
dimension lower than 2, while the fracture energy
is represented by a dissipation over a surface with
a fractal dimension higher than 2.

In the case of tensile strength the dimensional
decrement represents self-sirnilar weakening of
the reacting cross section or ligament, due to
pores, voids, defects, cracks, aggregates, inclu-
sions, etc. Likewise, in the case of fracture en-
ergy, the dimensional increment represents self-
similar tortuosity of the fracture surface, due to
aggregates and inclusions, as welI as self-similar
microcrack overlapping and distribution even in
the direction orthogonal to that of the forming
macrocrack (Fig. 7) (van Mier, 1992). It is possi-
ble to prove that, when the ratio of the generic
microcrack to the immediately larger hierarchical
microcrack is Iarger than li /2, energy dissipa-
tion occurs in the volume instead of on a fractal
surface, see Eq. (16):

(33)
Regarding the dimensional decrement d ; and

the dimensional increment d~, experimentalIy
they appear always comprised in the interval
[O, n The dimensional decrement d ; tends to
the LEFM limit ~ only for extremely brittle and
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disordered materials (defect size distribution of
self-similarity) and is connected to the Weibull
parameter m in the case of planar similitude
(Carpinteri, 1989a):

(34)

Even the dimensional increment d:y tends to the
same limit ~ for extremely brittle and disordered
materials. The explanation for the latter bound
could arise for dimensional analysis reasons. A
generalization of the brittleness number defined
by the writer (Carpinteri, 1981a; 1981b; 1982,
1985, 1986b, 1989b) could in fact be the follow-
ing:

(35)

If we postulate that the reversal of the physical
roles of toughness and strength is absurd, the
exponent of the characteristic linear size b must
be positive:

du + d:y < 1. (36)

The sum of the dimensional decrement (for mate-
rial ligament) and the dimensional increment (for
fracture surface) must therefore be lower than
unity. On the other hand, when, for very disor-
dered materials, we have d; "" ~, the upper bound
of Eq. (36) becomes: d:y::; ~.

The above fractal interpretations could be re-
garded by some as purely mathematical abstrac-
tions, if not indeed distortions of reality. The
truth is that both classical geometrical domains
and fractal geometrical loci are idealizations of
reality. The question that should be answered is
the following: which model is closer to a real
fracture trajectory in a concrete specimen: a
straight line or the von Koch curve? Of course
the latter, even though the fractal nature of the
fracture trajectory is random and valid only in a
limited scale range. This means that, for size
scales tending to infinity, or, in other words, for
very large specimens, tensile strength au and
fracture energy JfF may appear constant by vary-
ing the specimen size, whereas, for size scales
where random self-similarity holds, the so-called
"universal properties" of the system (a:, Jfn are
constant, although they are represented by physi-

cal quantities with unusual dimensions. The last
result represents the target of the so-called "re-
normalization" procedure (Wilson, 1971), i.e. the
determination of physical quantities that are in-
variant under a change of length scale.
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