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The classical Griffith theory is modified to include the prepeak non-
linear and postpeak tension-softening response of cement mortar and
concrete. This is done through the notion of an equivalent (effective)
brittle materia l which permits the calculation of the real fracture
energy CF of the maierial. The latter is used to explain the ductile-
brittle transition via the (energy) brittleness number. A simplified
procedure for studying the crack growth in cement mortar and plain
concrete is [ormulated on the basis of an equivalent elastic maierial,
and its limitations are pointed out. AovANCEO CEMENT BASEO
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Ilhe last decade has improved our un der-
standing of the role of defects such as pores
and cracks in the tensile response of the ce-

ment based materials that were traditionalIy regarded
as being brittIe. It is now generally accepted that ali
cement based materials exhibit moderate strain hard-
ening prior to the attainment of their ultimate tensile
capacity (region AB in Figure I), reminiscent of the
response of high-strength metallic materials. How-
ever, unlike the latter, these materials are character-
ized by an increase in deformation with decreasing
tensile capacity past the ultimate strength (region BCO
in Figure 1). Such a response is called tension soften-
ing. The materials exhibiting moderate strain harden-
ing prior to the attainment of ultimate tensile strength
and tension softening thereafter may be called qua-
sibrittle. It was precisely because of such behavior that
the classical linear elastic fracture mechanics (LEFM)
was found to be inadequate for such rnaterials, al-
though attempts were made in the 1950s[1-4]. A mod-
ification of the classical LEFM was achieved through
the so-called cohesive crack model in which the real,
open macrocrack was assumed to terminate in a zone
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with a residuai stress transfer capability (fracture pro-
cess zone) [5] and the corresponding toughness (frac-
ture energy) was designated CF' The practical use of
cohesive crack model relies on sophisticated numerical
procedures that are often cumbersome. The existence
of a fracture process zone ahead of a macrocrack aiso
results in a size effect whereby the larger the size of the
object the more brittle its observed response.

This article will first describe a direct modification of
the classicalGriffith theory by the inclusion of prepeak
nonlinear and postpeak tension-softening response
and introduce the notion of an equivalent (effective)
brittle material, This will help in the direct calculation
of the rea! fracture energy CF of cement mortar and
plain concrete. It will then explain the ductile-brittle
transition based on the notion of (energy) brittIeness
number Se = CAfP), where ft is the ultimate tensile
strength of the material and D a characteristic struc-
turaI dimension. Finally, it will present a simplified
procedure for evaluating crack growth in cement mor-
tar and plain concrete based on a generaI concept of an
equivalent elastic material, pointing out the lirnitations
of this concept.

Prepeak and Postpeak
Nonlinear Response
All cement based materials contain pores and rnicro-
cracks even in their virgin, unstressed state. Under
applied tensile stresses, microcracks form at the mor-
tar/aggregate interfaces leading to the prepeak nonlin-
earity. The transition from linear to nonlinear response
(point A Figure 1) is primarily governed by the extent
of available interfaces.

For cement mortar and plain concrete, the threshold
and ultimate strains were accurately measured by Ka-
pIan [6] under several tensile loading combinations.
He found that they depend on only the volume frac-
tion of the coarse aggregate in the mix, but do not vary
with other microstructural parameters, such as the
type and texture of coarse aggregate or the water:ce-
ment ratio.

The interfacial microcracks first form between the
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FIGURE 1. Typical load-deformation response of a cement
based material in tension showing (1) the transition from
linear to nonlinear response (point A); (2) prepeak nonlin-
earity (AB);(3)anse t of localization of deformation (point B);
and (4) postpeak tension-softening response (BCD).

mortar and the Iargest size aggregates. With a further
increase in tensile stress, not onIy do the existing mi-
crocracks propagate stabIy, but also more microcracks
are progressively formed at interfaces between the
mortar and aggregates of smaller size. As cement
based materials usually contain a range of aggregate
size, the process of stable microcrack growth and for-
mation of new microcracks continues under increasing
tensile stress resulting in the prepeak nonlinearity
(stage AB in Figure 1).

This prepeak nonlinear response has been accurately
explained using damage mechanics modeis (see, e.g.,
ref 7). These models are applicable when the micro-
cracks are evenly distributed and are not too numer-
ous. However, even after the deformation has begun
to localize near the eventual fracture pIane (point B in
Figure 1), fracture does not immediately follow. Point
Bcould even lie on the ascending branch. The decreas-
ing stress transfer capacity with increasing deforma-
tion in the tension-softening regime is a result of the
progressive rupture of the intact ligaments that break
the continuity of flaws. Because this progressive mi-
crodamage consumes energy, the intrinsic toughness
of quasibrittle materials is improved. Further improve-
ment of toughness is achieved by external means, such
as fiber reinforcement, but this toughening mechanism
will not be pursued here.

Several two- and three-dimensional models have
been proposed to describe the tension-softening be-
havior of quasibrittle materiais. The two-dimensional
model considered first by Horii et al. [8] and later by
Ortiz [9] treats the discontinuous macroflaw as a row
of collinear cracks subjected to a normal tensile stress
well removed from the Iine of cracks. This modei pre-
dicts unstabie rupture when the ineiastic deformation
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attains a criticaI value. Such unstable behavior, how-
ever, is not a material response but is a result of the
model assuming the cracks will coalesce, which may
not happen. In fact, it wouId seem (Melin [lO]) that
when the tips of adjacent straight cracks approach so
close to each other that the straight path would be
unstable, they avoid each other by curving and form
"eyeIets" in the processo Such crack curving and for-
mation of eyeIets have been repeatedIy observed in
tension tests on cement mortar and concrete speci-
mens [11].

The tension-softening response of most cement
based materials is characterized by a pronounced tail
[12],which has been predicted by the two-dimensional
model of Karihaloo et al. [13]. In this mode l, the dis-
continuous macroflaw is treated as a row of collinear
cracks interspersed by circular pores and unbroken lig-
aments. The three-dimensional model of Li and Huang
[14]regards the discontinuous macroflaw as consisting
of a row of penny-shaped cracks separated by the larg-
est second-phase particles (assumed as circular disks)
in the matrix, so that neighboring cracks do not inter-
act. However, as the tension-softening implies pro-
gressive approach of the neighboring broken segrnents
toward each other, their interaction cannot be ignored.
In the three-dimensional model of ref 15, the discon-
tinuous macroflaw is modeled by a singly or doubly
periodic array of penny-shaped cracks in the eventual
fracture pIane, allowing for full interactions between
the cracks.

In both the two- and three-dimensional modeis a
relationship between the decreasing stress transfer ca-
pacity, U', the average net inelastic opening across the
discontinuous fracture pIane, w, as a function of the
increasing damage parameter, ",/,is obtained

(1)

F} ("Y) and F2 ("Y) are determined from the solution of
the boundary value probIem corresponding to the cho-
sen model [8,9,13-15], and the microscopic ultimate
tensile strength ti is related to F} ("'/0) and the matrix
fracture toughness K'J'c/ that is, the intrinsic crack
growth resistance of cement paste. "'/0 is the (small)
accumulated damage at the onset of tension softening,
that is, it reflects the prepeak nonlinearity. Examples of
tension-softening diagrams obtained using the model
of ref 13 are shown in Figure 2.

Effective Griffith Crack Concept
As mentioned above, for cement mortar and plain con-
crete, the classical Griffith approach to brittle materials
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FIGURE 2. Tension-softening curves predicted by the model
shown in the inset for various values of initial damage (in-
cluding the circular pores).

has to be modified to account for the prepeak nonlin-
earity and the postpeak tension softening, that is, for
the energy expended on microdamage rather than on
the creation of critical fracture surfaces (critical macro-
crack). This diffuse zone of microdamage is commonly
called the process zone.

A modification based on the concept of an equiva-
lent (or effective)crack was proposed by [enq and Shah
[16]and Nallathambi and Karihaloo [17],who used the
classical Griffith theory but with the size of any pre-
crack augmented to account for the energy expended
in the process zone. [Here it is worth recalling that test
specimens used to determine fracture toughness K1c

and/or critical energy release rate CIc are usually pro-
vided with a well-defined sharp starter crack (length
ao) from which it is easier to study the instability phe-
nomenon.] It was reasoned that the energy expended
in the process zone can be equated to that required to
create a fictitious (traction-free) crack (Figure 3). In
practice, though, the length of the latter was deter-
mined not from the indicated energy balance but
rather by comparing either the compliances [16]or the
stiffnesses [17]. The size of the supplementary ficti-
tious crack so calculated is designated by f:.a or f:.ae and
the corresponding fracture toughness IGc or Krc to dis-
tinguish it from the fracture toughness K1c of an ideally
brittle material. It will be noted that in this modified
Griffith approach the instability condition in quasibrit-
tle materials is governed by two parameters [Kic and a
= ao + f:.a(or the critical crack opening corresponding
to it) in the two-parameter model of Shah and Jenq
[16]; KJc and ae = ao + Sa, in the effective crack model
of Karihaloo and Nallathambi [18]),as opposed to just
one parameter (KIc) in brittle materials.

The procedures for determining K~c and K1c are sum-
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FIGURE 3. Process zone ahead of real traction-free crack and
the concept of effective traction-free crack.

marized in ref 18 and will not be repeated here. We
note en passant that for normal age concrete, K1c and
IGc increase with increasing Il' whereas Sa, and Sa de-
pict the opposite trend. Thus, it is Sa, or f:.a rather than
KL or K~c which defines the brittleness of a cement
based material; the higher the tensile strength, Il' the
lower Sa, or f:.a for structures of identical geometry.
This situation is unlike that in metals for which the
fradure toughness decreases with increasing tensile
strength.

From the previous rnicromechanical models for ten-
sion softening it is possible to calculate the energy re-
quired for complete fracture of the material. This en-
ergy per unit area, denoted CF' is given by the area
under the curve shown, for example, in Figure 2

CF = [o w(a)da == [Wc a(w)dw
Jf, Jo (2)

where a(w) defines the tension softening and is a fune-
tion of the accumulated damage at the onset of defor-
mation localization (eq 1). In practice, CF is determined
from tests conducted in various loading geometries
(e.g., three-point bending [19]), but this value may
grossly overestimate the real fracture energy because it
includes energy expended on processes other than the
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formation of fracture surfaces, for example on cracking
in the bulk of the specimen, etc.

The area under the tension-softening curve (eq 1)
between the limits -Va ~ -V ~ 1 gives the real fracture
energy

la fl aaCF = w(a)da == w(-v) a d-v.
/. "'(o-V

The energy CF (per unit area) expended on the creation
of a traction-free crack of relative length (1 - -Va) at
complete rupture can now be used to put the effective
fracture toughness K~e' actually the effective toughness
C/c corresponding to it (C~e = (Kle)2/E'), on a firm phys-
ical footing simply by equating the total energies (per
unit thickness)

CF = C'fJl - -V)
= (K'fei(1 - -Va)!E'.

The toughening ratio K'f/K'/:; can be shown to be [13-
15,20]

where F3 (-V;-Va) is again determined from the solution
of the corresponding boundary value problem.

Figure 4 shows the ratio of the effective fracture
toughness K'fe to the matrix fracture toughness Kk (eq
5) for severallevels of the accumulated damage at peak
load -Va as a function of the parameter [3.The latter in
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FIGURE 4. Variation of the toughening ratio with 13for sev-
erallevels of the accumulated damage at peak load, "lo.
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(3)

this model [13] is a measure of the relative fractions of
microvoids and microcracks. Thus, [3 = Odenotes the
absence of microvoids, whereas [3= 1 implies micro-
voids with negligibly small edge microcracks. The
curves in Figure 4 are reminiscent of the classical creep
curves, with an initial primary region of increasing K'U
Kk with increasing [3< 0.15, an intermediate second-
ary or steady-state region for 0.15 ~ [3~ 0.60 in which
K'UKk remains practically constant, and a tertiary re-
gion in which this ratio increases sharply with increas-
ing [3> 0.6. The variation of K'fdKk with -Va for a fixed
[3is fairly moderate (Figure 5). It is evident that micro-
cracks alone cannot make a large contribution to the
toughening of quasibrittle materials. For further illus-
tration, we write explicitly the toughening ratio from
eq 5 for the two extreme cases of [3= O(no microvoids)
and [3= 1 (microvoids with negligibly small edge mi-
crocracks), using the appropriate coefficients

(4)
~ I~ = 1.0039 + 0.3265-Vo ([3 = O)

le' le 1.7360 + 0.6732-Vo ([3 = 1) (6)

(5)

Thus, for a material such as high-strength concrete,
even when the accumulated damage (including any
preexisting damage) at peak load is large (-Va = 0.25,
say), the toughening provided by this mechanism ([3=
O in eq 6) would be just 8.5%. Concretes of normal
strength and cement mortars, though, can be expected
to have a [3value in the range of 0.15 ~ [3~ 0.6, so that
the toughening provided by the tension softening
would range between 15% and 20% (Figure 5) depend-
ing on the damage present at peak load.
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FIGURE 5. Variation of the toughening ratio with "lo for var-
ious relative fractions of microvoids and microcracks (13).
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To complete this section, it may be pointed out that
the damage accumulated in concrete at peak load ("Yo)
depends only on the volume fraction of the coarse ag-
gregate Vi [6]. It follows therefore from eq 5 that K'ic can
be expressed in terms of only K'f:: and Vi (in the range
0.15 ,,;; [3 ,,;; 0.6), that is, a similar dependence to that
predicted by the tension-softening model for concrete
proposed in ref 14.

A comparison of the effective fracture toughness K'ic
calculated above from a micromechanical point of view
with the fracture toughness obtained using the effec-
tive crack model [18] clearly demonstrates that supple-
mentary fictitious traction-free crack Sa, is a measure
of the brittleness of the cement based material, The
smaller its value, the more brittle the material. In fact,
the microscopic parameters ti and "Yo can be expressed
in terms of K'ic and Sa, [21], so that we can define
brittleness using the effective crack concept.

Ductility Size Effects
From a practical point of view, an approach based on
the concept of brittleness number has been found to be
more useful, Brittleness is often confused with low ma-
terial strength. The two properties are in fact entirely
distinct. Materials can be strong but brittle (glass, ce-
ramics, cast iron, etc.) and they can be weak but tough
(concrete, rock, wood, etc.). Brittleness is the tendency
to break suddenly and noisily but not necessarlly at
low stresses.

One of the most significant discoveries in recent
years in the field of Structural Engineering was that the
brittleness of structural elements depends on their
size. Small elements fai! in a ductile or plastic manner,
while large elements of the same material fail in a brit-
tle or catastrophic manner. Thìs can be explained by
the fact that the two intrinsic properties of the material,
namely the strength and toughness, have different
physical dimensions: strength is force per unit area,
that is, energy per unit volume, while toughness is
force per unit of length, that is, energy per unit area. It
is possible to demonstrate that the brittleness of struc-
tures may be measured through the ratio of the tough-
ness of the material CF to the product of its strength ti
and of the maximum size of the structure D. This ratio
is a pure number, with no physical dimension, and
depends on the dimensional scale of the body. Based
on this ratio, a small glass body and a large steel ship
of same geometry may appear to be equally brittle, just
as a thin steel body and a microscopic glass filament
may appear equally ductile.

The variation in structural response as the size of the
structure changes is called "d uctile-brittle transition,"
and in recent years has led to a flourishing crop of
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theories and models capable of describing and repro-
ducing this surprising phenomenon. As has always
occurred in the history of science, there has been much
discussion, at times heated, among researchers be-
cause of the fact that the new and generaI models must
only simulate the transition, but must not contradict
the most classic and by now firmly accepted facts. Ma-
terial behavior laws have therefore been generalized
to include, as limit cases, theory of plasticity on the one
hand, and linear elastic fracture mechanics on the
other. New mathematical theories concerning catastro-
phes [22] and fractals are also providing a useful con-
tribution to the description and understanding of this
phenomenon, which is irregular, discontinuous, and
without any physical similitude as the scale changes.

The classic elastìc-perfectly plastic constitutive law
(Figure 6a) is obviously not appropriate for describing
the localization of damage into a crack, nor brittleness,
in the sense of a sudden structural unloading. Quite
recently it has been pointed out how even the strain-
softening constitutive laws (Figure 6b), which repre-
sent tension (J' as decreasing with strain E, are not suit-
able for simulating localization phenomena, especially
for reproducing dimensional effects. Only a double
constitutive law which uses stress and strain up to the
maximum load, and stress and crack opening in the
softening stage (Figure 6c) is useful for this purpose
(cf. eq 1).

Let us consider three bars of the same material but of
different lengths under tension (Figure 7a). While the
stiffness of the bars decreases with length, peak-stress
ti and dissipated energy Wd = CFA, where CF = frac-
ture energy and A = area of the cross-section, must

o o

~~~----------~E ~----------~--~E
(a) (b)

o' o

(c)

FIGURE 6. Material constitutive laws: (a) elastic perfectly
plastic; (b) strain-softening; and (c) cohesive.



Advn Cem Bas Mat
1993;1 :92-105

a

3

a

a

(a) (b)

FIGURE 7. The response to uniaxial traction may be unstable
or catastrophic depending on the length of the bar.

remain constant as the length changes (Figure 7b). This
means that the triangle formed by the elastic branch,
the softening branch, and the axis 8, where 8 = total
lengthening of the bar, must always have the same
area as the length of the bar changes. The maximum
elongation Wc (Figure 6c) must also be the same. Con-
sequently, as soon as the stiffness of the bar falls below
ft/wc, so that its length exceeds .ea = Ew/tl' the soften-
ing branch takes on a positive slope and represents a
particularly unstable failure phenomenon, called
"snap-back." It is observed that for concrete with E =
30, GPa, Wc = 10-4 m, .ea = 1 m. When the snap-back
branch is present, failure occurs in a catastrophic man-
ner even if controlled by the displacement 8. Once the
value of 8 relative to the peak stress ti has been
reached, the loading capacity immediately falls to zero
and the bar snaps.

The same transition from ductile to brittle response
takes pIace even in structures of complex form as the
dimensions increase but the geometric ratios remain
unchanged (geometric similitude). Figure 8 shows the
load-deflection response of samples from a polymeric
material, subjected to three-point bending. Note how
no physical similitude in failure behavior appears as
the size changes. Sudden failures, with large energy
release and rapid crack propagation, whether or not
any cracks existed before the test, may all be inter-
preted through a virtual snap-back branch which is not
traversed in a stable manner, but rather "jumped" by
the point representing the system (Figure 9). These
occur with materials having relatively low fracture en-
ergy and relatively high tensile strength, in addition to
large structural sizes. It is not the individual values of
CF' ti' and O (O = characteristic dimension of the
structure) that determine the degree of brittleness or
ductility of geometricalIy similar structures, but their
nondimensional function known as the brittleness
number [23],

p
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FIGURE 8. Ductile-brittle dimensional transition in three-
point bending tests.

although it is not quite clear yet as to why exactly this
combination of parameters should describe the ductile-
brittle transition so well.

In a flexed beam, the crack opening W is not uni-
form, but increases away from the tip of the crack itself
(Figure 10a). In agreement with the cr-w diagram of
Figure 6c, the interaction between the opposite faces of
the crack decreases away from the tìp, until it vanishes
at W =. Wc (Figure 10b). The constitutive model in Fig-
ure 6c IS thus correlated to the cohesive crack model,
which is schematically represented in Figure LOb, This
model predicts a softening structural response, which
exhibits the same size effect as illustrated earlier for the

p

(7) FIG~RE9. V~rtu.alsnap-back branch and vertical drop in the
loadmg capacìty if the controllingparameter isthe deflection 8.
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FIGURE 10. (a) Crack in the flexural concrete element; (b)
cohesive crack model (cf. Figure 3).

uniaxial tension test. As the initial depth of the crack,
aiD increases, a decrease in stiffness and loading ca-
pacity is observed, as well as an unexpected increase in
ductility (Figure lla). As CF decreases to a value more
characteristic for mortar than for plain concrete (Figure
llb), the various tendencies remain, but the system
appears to be much more brittle-so much indeed that
the snap-back phenomenon occurs for aiD ~ 0.25. For
aiD = O, that is, for an initialIy uncracked beam, the
cusp is especialIy sharp and implies an explosive re-
lease of kinetic energy.

If instead the material is kept unchanged, say a con-
crete with CF = 50 N/m, but only the depth scale is
changed (with C/O = 4), one notices a considerable
increase in brittleness as the beam depth D increases
(Figure 12). As mentioned previously, all of these ten-
dencies may be captured by changing only the nondi-
mensional parameter se (eq 7). Figure 13 shows the
structural responses considered earlier in a nondimen-
sional form as se changes over four orders of magni-
tude. At the lower extremity of the range (curve A),
one can find both especialIy brittle materials (low CF/!t
ratio) and especially large beams (high value of D).

For the purpose of building safety, it is therefore
very important to control the evolution of the mechan-
ical damage processes, which, as we have seen, can be
intrinsicalIy stable, unstable, or catastrophic. The de-
formation of a loaded structure increases first in pro-
portion to the load and then more rapidly as the stiff-
ness reduces because of damage. Thus, as deforma-
tions increase beyond a certain level of damage, it is
necessary to decrease the applied force to avoid sud-
den failure. This unstable damage stage may be kept
under check by controlling the monotonicalIy growing
deformation but not by controlling the force, which
must decrease. Often the unstable stage is folIowedby
a third catastrophic stage when a macrocrack forms
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FIGURE 11. Structuralload-deflection response as the depth
ao/D of the initial notch changes in a three-point bend beam.

and extends. While the crack separates the element
into two distinct parts, the internal stresses relax and
the deformations are reduced, just as the external force
continues to decrease. The catastrophic stage can be
kept under check by controlling the crack opening or
extension as these are the only quantities which con-
tinue to increase (Figure 14). With the aid of modern
automatic control techniques, it is therefore possible to
observe a brittle failure "in slow motion." It is quite
possible that what we are able to stabilize today in the
laboratory, we will be able to do in practice in the
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FIGURE 12. Structuralload-deflection response as the dimensional scale changes.

future and be able to stabilize, or even stop, an immi-
nent structural collapse.

Flexural Strength Size Effects
In this section, two-dimensìonal structures which are
initially uncracked and with a unique growing cohe-
sive macrocrack, are considered [24,25]. A slab in
three-point bending is numerically simulated by vary-
ing the brittleness number se'

Several dimensionless load-deflection diagrams are
plotted in Figure 13 for a concretelike material with
ultimate tensile strain Eu = 87 um, Poisson' s ratio v =
0.1, t = D, C = 40, a)D = 0.0. The specimen behavior
is brittle (snap-back) for a low fracture toughness CF'
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FIGURE 13. Structural load-deflection response as the brit-
tleness number Se = GFI(!tD) changes.

high tensile strength ft, and/or large sizes D. For Se ,;;;

10.45 X 10-5, the P-8 curve has a positive slope in the
softening branch, and a catastrophic event occurs if the
loading process is deflection-controlled, which can be
avoided if the loading process is controlled by a mono-
tonically increasing function of time, for example, by
the displacement discontinuity across the crack or by a
linear combination of load and deflection [26]. When
the postpeak behavior is kept under control up to com-
plete rupture, the area under the load-deflection curve
represents the product of the fracture energy CF and
the initial cross-sectional area Dt.
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FIGURE 14. Stabilization of a catastrophic branch by control-
ling the crack mouth opening Wl'
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The maximum loading capacity P~ax of initialIy un-
cracked specimens with e = 40 is obtained from Fig-
ure 13, whereas the maximum load P~ax at the ultimate
strength is given by

(3) _ ~ftt 02

Pmax-3 e '

The ratio P~aiP~ax may also be regarded as the ratio
of the apparent tensile strength fa (given when the
maximum load P~ax is substituted into eq 8) to the true
tensile strength fl (considered as material constant). It
is evident from Figure 15 that the results of the cohe-
sive crack model tend to those of the ultimate strength

l . f l l h' l' p(l) - p(3)ana yS1S or ow se va ues, t at IS, rm max - max-Se----òl>Q

Therefore, fa = fl only for comparatively large speci-
men sizes. With the usual laboratory specimens, an
apparent strength higher than the true one is always
found [27].

In the limit as O ---,> O or fracture energy CF ---,> 00

(elastic-perfectly plastic material in tension), that is, as
se ---,> 00, the apparent strength fa tends to 3 ft.

There are similar size effects in the indirect tensile
strength (split strength) of quasibrittle materials, but
their description is beyond the scope of this article.

R-Curve Approach to Fracture of
Cementitious Materials
Linear Elastic Approximation of the
Cohesive Creck
In the preceding sections, the cohesive crack concept
was shown to be useful for the discussion of the due-

3 r--------------------------------------,

~ 2 ~aO!D=O.O
......'"•..
o

~~c,e
e::
~~ ----------------ce
~ 1 ~-------------------------------------;

O~----~I----~I----~I------~I----~I----~
O 1 2 3 4 5

Dimensionless Size, D ft /G F (x 103)

FIGURE 15. Decrease in apparent flexural strength with in-
creasing specimen size.
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tile-brittle transition. Nevertheless, its implementation
is not straightforward. A simplified procedure to study
crack growth in cement mortar and plain concrete is
based on the equivalent elastic crack concept and its
associated R-curve. One such elastic equivalence was
already pointed out in the section on Effective Griffith
Crack Concept. Like all simplifications, it has limita-
tions that are worth examining.

The use of crack growth resistance curves (R-Aa) to
predict the behavior of cracked specimens is a well-
established practice for ceramic, cementitious, and
other quasibrittle materials (see, e.g., ref 28). Assum-
ing that the cohesive crack model can be applied to
these materials, it will be shown that the use of R-Aa
curves is equivalent to setting up an elastic equivalence
between the actual (cohesive)specimen and a fictitious
(linear elastic) one.

A further reason for exploring how far a cohesive
crack can be treated as a linear elastic one is the use of
the fracture toughness concept=-Kj, or K~c-for the
quasibrittle materials. When the design is based on K~c
or ~c' it is quite obvious that this value should be a
material property to predict the behavior of a compo-
nent from a valueextracted from a particular specimen
tested in a laboratory. Consequently, the validity and
significance of this concept is by no means clear unless
an acceptable degree of linear elastic behavior is
proven.

The equivalent elastic crack greatly simplifies the
computations by shifting from a cohesive material (and
hence a nonlinear structural analysis) to a linear elastic
material (which only requires linear analysis). But as
already mentioned, this simplification is not always
acceptable and a discussion of its suitability and range
of its validity is the objective of this section. The uni-
fied concept of equivalent elastic crack, as described in
this section, was developed by Elices and Planas et al.
in several articles [29-32], and some of their results are
summarized here.

First, the more familiar equivalences based on load,
the so-called P-Y equivalences, are reviewed and then
the generaI X-Yequivalences are considered. It should
be remarked that the discussion to follow is valid only
for materials which can be modeled with cohesive
cracks, that is, the experimental values should coincide
with numerical computations using a cohesive crack
modeI.

Load -Y Equiva/ences
The concept of elastic equivalence is best illustrated on
a particular example. Let us choose the force-crack
mouth opening displacement equivalence or P-CMOD
equivalence, as in the two-parameter model [16]. As
shown in Figure 16, two geometrically identical
cracked samples are loaded under CMOD controI. One
sample is made from a cohesive material and the other

6
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p Peq

CMODt=::::==~~\;.;

CMOD CMODeq

FIGURE 16. Force-crackmouth opening displacement (P-
CMOD)equivalence.

(the equivalent) from a linear elastic material. The mea-
sured loads in the two samples-P and Peq-for the
same crack mouth opening displacement CMOD will
be in generaI different, but we can force the loads to
match each other (P = Peq)-at each value of CMOD-
by choosing a suitable equivalent crack length aeqand
a suitable equivalent crack growth resistance Req'

In this way we force both samples to exhibit the
same P-CMOD behavior, but generally the equivalence
ends here; stress fields, for example, need not be the
same, as seen on Figure 16. The price paid for the
forced equivalence is that the linear elastic material
does not have a constant toughness (GF for cohesive
material) but rather a changing resistance-an R-6.a
curve. What is worse is that this R-6.a curve is not a
material property but depends on the geometry and
specimen size.

For computing the R-6.a curve we proceed as fol-
lows. First, the equivalent elastic crack length is de-
duced. From the measured P and CMOD values in the
cohesive sample, the equivalent elastic crack length aeq
is derived from the expression of the compliance for
the equivalent elastic sample Ceq (aeq) = CMOD/P.
Then, the corresponding stress intensity factor is com-
puted from LEFM

-~ (~)K1eq - B.yD 5 D

where B is the specimen thickness, D is one of its char-
acteristic in-plane dimensions, and S(alD) is the geo-
metrical shape factor. Finally, the R-!:J.a curve is estab-
lished from the well-known relation
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(lO)

where the equivalent crack length was written explic-
itIy as aeq = ao + 6.aeq to emphasize its dependence on
the crack increment, and E' is the generalized elastic
modulus (= E in plane stress, or = E/(l - v2

) in plane
strain). Notice that this R-6.acurve is dependent on the
size and geometry of the specimen because of the im-
plicit size and geometry dependence of !:J.eq.

As an example of the application of the load-CMOD
equivalence, imagine we want to predict the load-
CMOD of a cracked panel in tension (CPT) made from
a cohesive material using test results of a three-point
notched beam (TPB)made of the same material. These
two different geometries are chosen because the load-
ing of the respective uncracked ligaments is quite dif-
ferent; flexuralloading in the beam ligament and ten-
sile loading in the panel. Figure 17shows the geometry
of the specimens and the assumed softening function
of the cohesive material.

The procedure, based on the R-curve approach, to
compute the load (P)-CMOD is as follows: The
P-CMOD is first measured from TPB test, from which
the corresponding R-!:J.acurve is derived. Then, assum-
ing that the R-curve is a material property, a P-CMOD
curve for the notched panel is predicted under the ad-
ditional assumption of linear elastic behavior. As we
shall see later in this section, the accuracy of the pre-

thickness = D

(9)

(J
1
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SOFfENING FUNCTION

crfft=(l+A)exp(-B*wfwc)-A

cr/ft=O

A=0.OO82896
B=0.96020

G=~F 5

FIGURE 17. (a) Referencebeam and notched panel geome-
tries; and (b) softening function.
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diction depends on the validity of these two assump-
tions.

As the experimental values are assumed to be indis-
tinguishable from the numerical computations based
on cohesive cracks, the measured (computed)
P-CMOO curve for the TPB is as shown in Figure 18a
for O = lch (where lch = EGF/f/) and ao = 0.50, and
the resistance curve, R_LlaP-CMOD, of the equivalent
elastic beam computed according to the above proce-
dure is as depicted in Figure 18b. The prediction under
the above assumptions of P-CMOO is shown in Figure
19a together with the experimental results. That the
prediction is very dose to the experimental results is
because the R-curves of the beam and the panel are
very similar for the sizes and relative notch depths
considered, as shown in Figure 19b.

If the relative sizes and notch depths are different
there is no reason why a good agreement should re-
sult, as is dear from Figure 20 for a panel with O = 31ch
and ao = 0.10, which has been computed based on the
R-Lla curve derived from the small beam (Figure 18b).

a
0.30

0.10

0.000 16 204

1.5,----------------"""7'"""---,

1.0

0.5

ao = 0.5 D b
0.0 L....L.~~___'__~~"'___"~~~~~~'___'_~~--'--.J

o 0.1 0.2 0.3 0.4 0.5
6a / le h

FIGURE 18. Reference beam (a) measured P-CMOD values;
and (b) corresponding R-Lla curve (for P-CMOD equiva-
lence).
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FIGURE 19. Prediction for a notched panel using a P-CMOD
equivalence: (a) P-CMOD curves (predicted and experimen-
tal); and (b) R-Lla curves (TPBreference and corresponding
CPT curve).

0.1 0.4 0.5

Apart from the P-CMOO equivalence, other P-Y
equivalences may be sought (where Y stands for other
possible magnitudes). For example, when the displace-
ment u in the load-displacement record is chosen as a
second variable, one arrives at the load-displacement
equivalence, P-u equivalence. If the second variable is
the crack tip opening displacement, the P-CTOO
equivalence results. Also, a p-J equivalence may be
considered when information about the softening be-
havior of the cohesive material is known. AH these
equivalences are analyzed in detail in ref 31.

The corresponding crack growth resistance curves
need not be the same. Figure 21a shows the computed
R-Lla curves for a TPB (O = lCh'ao = 0.50) for the three
equivalences P-CMOO, P-u, and P-J. Although they do
not coincide, the shapes are similar for small crack ex-
tensions, so that similar outputs can be expected re-
gardless of the type of equivalence, as is seen from
Figure 21b. The main difference between the
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FIGURE 20. Prediction far a notched panel using a P-CMOD
equivalence: (a) P-CMOD curves (predicted and experimen-
tal); and (b) R-ila curves (TPB reference and corresponding
CPT curve).
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P-CMOD, P-u equivalences, and the P-l equivalence
appears at large crack extensions because the P-l equiv-
alence does not induce crack arrest when it reaches the
free surface, but it is of no practical consequence [30].

Far large specimens, the linear elastic equivalence
may be useful for the following reasons: for cohesive
materials it was shown [29,33] as the specimen size
increases the crack resistance curve tends toward an
asymptotic limit that is independent of the specimen
geometry (besides, of course, size) and depends solely
on the shape of the softening function. For the quasiex-
ponential softening function chosen for these exam-
ples, the asymptotic R-!1a curve is shown in Figure 22a.
The point of tangency of the rising R curve with the
horizontal branch (R/GF = 1)happens at !1aeooP-CMOD =
2.48 lch[29]. Here, !1aeooP-CMOD is the equivalent crack
extension far infinite specimens at peak load. Aiso
shown on Figure 22are two R-!1a curves corresponding
to two large specimens of quite different geometry; a
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FIGURE 21. Comparison of different equivalences: (a) R-ila
curves for TPB far three equivalences; and (b) P-CMOD
curves far the three equivalences. Notice that, by definìtion,
the P-CMOD curve "predìcted" by the P-CMOD equivalence
exactly coincides with the "experimental" P-CMOD curve.

16 20

TPB (O = 6 lchand ao = 0/6) and a CPT (O = 6 lchand
ao = 0.10). It is seen that both curves are very similar
(except near the very end) and tend to merge with the
asymptotic curve.

Results of P-CMOD curves for the CPT panel are
shown in Figure 22b using the references beam (TPB)
and the asymptotic R curve. For comparison, the ex-
perimental values are also shown. These results show
that it is possible to compute accurate values of the
maximum loads and of the shape of the P-CMOD
curve using the equivalent elastic crack concept when
samples are sufficiently large.

The asymptotic behavior of the P-CMOD equiva-
lence may serve as a guide for discussing the asymp-
totic behavior of other equivalences. In this respect it is
convenient to compare the equivalences based on vari-
ables associated with fields far away from the cohesive
zone [29]. The variables P, CMOD, u, and l used to
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FIGURE 22. Predictions for the large notched panels, using a
P-CMOD equivalence: (a) R-.::la curves for the large speci-
mens; and (b) P-CMOD curves for a CPT specimen predicted
from the TPB R-.::la curve and the asymptotic R-.::la curve.
Experimental values are also shown.

define equivalences are far field variables. In refer-
ences 29 and 33 it is shown that the equivalences based
on far field variables merge into a single one for very
large sizes. In particular, the far field crack extensions
for the different equivalences (for the same softening
function) are the same, that is,

(11)

so that all R-6.a curves will tend toward a unique R-6.a
curve for very large sizes, irrespective of the geometry
considered. This curve will still depend on the soften-
ing properties of the cohesive material [29]. From this
it folIows that the predictions for large sizes will be the
same irrespective of the chosen elastic equivalence, so
long as it is based on a far field variable. When the
variable is a near field one, such as the crack tip open-
ing displacement CTOD, the generaI trend is still the
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same, but the asymptotic R-6.a curve does not coincide
with the far field equivalents [33].

1.5

x-v Equiva/ences
The concept of P-Y equivalence can be generalized to
any controlling variable, not necessarily the load, P.
The procedure used for P-Y equivalences can be ex-
tended to any pair of variables X-Y. This generalization
will alIow us to consider within the same framework
apparently unrelated procedures, such as Bazant's
R-6.a approach [34] or the J-CTOD approach [32].

The cohesive and the equivalent (linear elastic) spec-
imens are not now bearing the same load, in generaI,
and the equivalent pX

-
Y and equivalent crack length

aX
-
Y corresponding to the elastic equivalent specimen

can be computed by equating X and Yof the two spec-
imens

XeqCpX-Y,aX-Y) = X

Y (pX-YaX-Y) = Yeq ,

(12)

(13)

where the right-hand members are the actual values of
X and Y (either measured or computed using the co-
hesive model) .

Equations 12 and 13 determine the equivalent load
and crack length from which any other quantity can be
found for the equivalent specimen. In particular, the
equivalent crack growth resistance curve R-6.a is ob-
tained from10

(14)

(15)

Further details may be gleaned from refs 32 and 33.
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