
ENERGY DISSIPATION DUE TO FRICTIONAL SHAKE-DOWN
ON A CLOSED CRACK SUBJECTED TO SHEAR

ALBERTO CARPINTERI and CLAUDIO SCAVIA
Politecnico di Torino, Dipartimento di Ingegneria Strutturale,

Corso Duca degli Abruzzi 24-/0129 Torino, 1taly

(Received: 22 January 1992; accepted in revised form: 15 December 1992)

ABSTRACT. The behaviour of a horizontal crack, subjected to cyclic shear and normal compressive stresses, is
investigated with the aim of studying the shake-down and alternating plasticity phenomena. The analysis is carried out
by means of tbe displacement discontinuity numerical method, conveniently modified so as to simulate tbe
development of frictional stresses on the crack surfaces. The assumptions that the crack does not propagate and that
the material behaves elastically are made. The criticaI values of the physical and geometrical parameters which
determine the occurrence offrictional shake-down or alternating plasticity are identified. An evaluation ofthe amount
of energy dissipated because of alternating plasticity is also provided.

SOMMARlO. Nel presente articolo viene esaminato il comportamento di una fessura orizzontale soggetta a taglio
ciclico e a sforzo normale di compressione. L'analisi è condotta mediante il metodo della Discontinuità di
Spostamento, opportunamente modificato in modo da simulare lo sviluppo di sforzi di attrito sulle superfici della
fessura. Vengono ricavati i valori critici dei parametri fisici e geometrici che determinano la comparsa del fenomeno
dello shake-down. Viene infine valutata la quantità di energia dissipata in ogni ciclo di applicazione del taglio.
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1. INTRODUCTION

The essential object of linear elastic fracture mechanics
analyses of open cracks is the computation of stress
intensity factors. In the case of closed cracks subjected to
normal compressive stresses, the phenomena related to the
crack surfaces contact represent another important ele-
ment to be considered [1], [2], [3], [4]. As a matter offact,
the development or frictional stresses on the crack surfa-
ces and dilation can strongly affect the values of the stress
intensity factors. Moreover, because of the plastic
behaviour of the crack surfaces, some important pheno-
mena take piace (for instance, overall crack beha viour is
seen to depend on loading history and energy dissipation)
and ne ed to be investigated.

In the present paper the frictional shake-down and the
alternating plasticity phenomena, which occur when a
cyclic shear is applied to a closed crack, are studied and the
conditions for their occurrence discussed. The model may
be applied in the cases where a cyclic loading acts on a
previously cracked and compressed medium, e.g. for rocks
and concrete.

2. BASI C SHAKE-DOWN MODEL

Some basic aspects of the shake-down phenomenon can be
interpreted by means of a simple system composed by
three elements, namely, a centraI bar, of cross-section area
A and length Il> and two lateral bars of equivalent area,
corresponding to A/2, and length In, which afe arranged in
parallel and subjected to a force F [5] (Figure 1).
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Let us now examine the behaviour of the system. In
elastic conditions, reactions XI and Xn are given by:

XI = Fln/(ll + In)

Xn = Fld2(l, + In)·
(1)

If F increases and Il < In, the centrai bar becomes plastic
first, the corresponding values of force F and displace-
ments O being:

FI = upA(1 + ldln)

01 = CIp/dE
(2)

where CIp stands for the yield stress and E for the elastic
modulus of the elements. In the lateral bars, the yield
condition is met for:

F2 = 2UpA

O2 = CIpln/E.

When 6 > 62, F is equal to F 2'

(3)

Fig. 1. Elementary shake-down mode!.
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Summing up, we find:

• a global elastic behaviour for O < O < 01;

• a global hardening behaviour for 01 < O < O2;

• an ideally plastic behaviour for O > O2•

Let us now assume that F is made to increase linearly up to
a maximum value and then to return to zero. The range of
values is chosen so that the behaviour of the lateral
elements remains elastico

Under this assumption (Figure 2):

• For O ~ F ~ Fu the system is globally elastic and its
representative point on the (F - o) diagram oscillates on
segment Ol.

• For F 1 < F ~ FsD, the central element maintains plastic
conditions only in tension (loading phase). For sub-
sequent unloading and reloading phases, the system's
representative point oscillates elastically on segment 0'1'
(shake-down phenomenon).

• For F> FSD, the yield condition is met on the central
element both in tension (loading phase) and in com-
pression (unloading phase). It can be demonstrated [5]
that the value of FSD is given by FSD = 2F 1.

The representative point of the system moves cyclically
along the parallelogram SD-A- B-C. In particular, at the
end of the first loading phase the point is in A; in the
unloading phase it reaches B elastically, when the plastic
flow of the compressed central element starts. The flow
stops at C(F = O).The second loading phase starts from C,
it is elastic along C-SD and plastic along SD-A, etc. The
energy dissipated in each cycle of hysteresis, due to this
phenomenon of alternating plasticity, is determined by the
area of the parallelogram SD-A-B-C.

3. FRICTIONAL SHAKE-DOWN

The frictional shake-down phenomenon is examined with
reference to a closed crack located in an elastic medium

oE
Op lI!

Fig. 2. Elementary shake-down model: non-dimensional foree versus
displaeement eurves (F versus .5) for loading-unloading proeesses
UIII" = 1/3).

and subjected to normal compressive stresses and cyclic
shear (Figure 3). Frictional tangenti al stresses can develop
on the compressed crack surfaces and, once shear re-
sistance has been overcome, plastic displacements occur
according to an assumed elastic-ideally plastic model. The
analysis has been performed by assuming that during a
cyclic pulsating shear application:

(1) the crack remains closed and does not propagate;
(2) the behaviour of the medium is elastico

It should be noted that the behaviour of the model being
considered presents several aspects in common with the
elementary model described in Section 2. In particular, the
following correspondences may be observed:

• applied shear r and applied force F;
• crack surfaces and central element (surface shear re-

sistance and yield stress, (Jp);
• elastic medium and lateral elements.

For a quantitative analysis it is necessary to determine the
stresses and relative displacements occurring on the crack
surfaces. To this end, a numerical technique, developed to
deal with compressed cracks subjected to shear, has been
employed.

4. NUMERICAL METHOD

The amount of energy dissipated because of the frictional
shake-down will be calculated by resorting to a numerical
technique based on the displacement discontinuity method
(DD M). According to the DDM [6], a crack is subdivided
into a set of N elements, over which the relative 'displace-
ments (displacement discontinuities) vary according to a
given distribution (constant, linear, parabolic, etc.). Const-
ant displacement discontinuity elements can be used, save
for two special square root elements, to be introduced at
the crack tips in order to simulate the stress singularities if
the behaviour of the material is assumed to be elastico
Knowing the analytical solution for a single (constant or
square root) element, it is possible to calculate the stresses
and the displacements produced by the cracks in the

111lillillLLll
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Fig. 3. Horizontal eraek subjeeted to normal (a) and tangenti al (T)
stresses aeting al infìnity.
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material by adding up the effects of the N elements. If the
stress distribution on the crack surfaces is known, the
unknown values D; and Dn ofthe displacement discontinu-
ities (DDs) at the elements' midpoints can be found by
solving the following system of 2N equations (Figure 4):

N

O'ii) = I Ass(i,j)DsU) + Asn(i,j)DnU)
j=l

N

O'n(i)= L Ans(i,j)DsU) + Ann(i,j)DnU)
i= 1

where:

DD), DnU) are the unknown tangenti al and normal DDs at
the midpoint of the j-th crack element;
Asii,j), Asn(i,j), etc. are the influence coefficients of DsU)
and DnU) on the stresses at the i-th element, obtained from
the analytical solutions for constant and square root DD
elements, through the application of the theory of
elasticity;
O's(i), O'n(i)are the known tangential and normal stresses
acting on the i-th element.

The stresses O'ii) and O'n(i)are called 'induced stresses'
because they represent the stress variation in the body
originated by the presence of the DD elements. Such a
variation from an initial state of stress O'so(i)and O'no(i)(e.g.
due to far field stresses) to the final state O'sf(i)and O'nf(i)(e.g.
vanishing stresses on the surfaces of an open crack) is given
by:

O's(i)= O'sf(i)- O'so(i)

O'n(i)= O'nf(i)- O'no(i).

The standard DDM described above applies to cracks
which are supposed to remain open during the whole
loading processo It does not apply when the crack is
located in a compressive stress field. In this case:

(1) the crack surfaces, in contact in unstressed conditions,
deform in the normal direction without giving rise to
displacement discontinuities [2]. Consequently, the
symmetrical singularity in the stress field near the
crack tips disappears and a K1 value equal to zero is to
be assumed;

(2) if a shear stress is also applied, frictional stresses
develop in the tangential direction, on the crack sur-
faces. Direct shear tests, carri ed out on smooth sur-
faces, have shown that [7], [8], [9]:

y

x

Fig. 4. Representation of a crack by means of a set of N displacement
discontinuity e1ements (local coordinates sand n at each element are also
shown).

(4)

(a) before maximum shear strength is attained, relative
slips (displacement discontinuities) of limited mag-
nitude occur between the surfaces of the joints,
mostly due to the presence of limited areas of
contact;

(b) once maximum shear strength has been attained,
relative slips greatly increase, the shear stresses
remaining almost equal to maximum shear
strength.

(5)

Based on these observations and referring to the DD
elements simulating the fracture, the DDM has been
modified as follows.

N ormally to the crack, the displacement discontinuities
are set to zero. Consequently the equations concerning the
normal stress acting on the DD elements disappear in the
equation system.

Tangentially to the crack, a simplified model ofthe crack
surfaces developed for rockjoints [6] has been introduced
in order to represent the crack surfaces behaviour. The
tangenti al stress O's(i) acting on the i-th DD element is
assumed to increase proportionally to the tangenti al
displacement discontinuities, as shown in Figure 5. This
hypothesis is made according to experimental results
obtained for a realistic range of normal stress levels [7],
[8]. The local stiffness, Hs, is assumed to be independent of
the normal applied stress leve!.

The tangenti al stress can increase up to the maximum
shear resistance, defined according to Coulomb's failure
criterion. In order to prevent the stresses at the i-th
element from exceeding this maximum resistance, an
iterative procedure and an incrementaI application in M
steps of the stresses acting on the crack are to be used [6].

At the m-th step, the initial stresses acting on the i-th
element are:

O'~(i) = mO'so(i)/ M

O';:'o(i)= mano(i)/M.
(6)

The corresponding tangential final stresses O'~(i) depend on
the unknown value of the displacement discontinuity at
the m-th step, D';(i), through the local stiffness Hs:

O'~(i) = HsD';(i). (7)

1
asr
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Fig. 5. Model of crack surface shear behaviour. Maximum shear re-
sistance values, er;, and er;" for two normal stresses, er~and er~,are shown.
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Bearing in mind the definition of induced stresses [Equa-
tion (5)] and referring to the problem illustrated in Figure
3, the system of Equations (4) is now made up of N
equations of the type:

N

HsD';(i) - <Tso(i)m/M = L Ass(i,j)D';u).
j= 1

By solving the system of equations at the m-th step, for
each DD element, the value of D';(i) can be found and the
final stresses <T~(i) and <T::1-(i)can be calculated; <T~(i) can
then be compared to the shear strength <T~(i) available on
the element so as to determine whether the yield condition
has been met. By assuming a simple Coulomb's frictional
criterion, the yield condition is given by:

<T~(i) = <T~(i) = <T::Hi)tan ep,

ep being the friction angle.
If the yield condition is met for one or more DD

elements, the m-th step is to be repeated, by substituting
into the system of Equation (8) one or more equations of
the type:

N

<T~(i) - <Tso(i)m/M = L Ass(i,j)D';(j)
j=i

(lO)

as the final shear stress <T~(i) must be equal to the yield
stress <T~(i). Equation (8) can be used in elastic conditions
only for elements that have not experienced previous
unelastic displacements. Suppose, in fact (Figure 6), that
the yield condition is first met, for element i, at the (m - 1)-
th step: this step having been repeated, <T~-1(i) is not equal
to the elastic value <T~; l (i) (point B), but is set equal to
<T~;-1(i) (point C). Now suppose that, because of new stress
increments, a <T~(i) stress can be achieved on the i-th
element elastically, without meeting the yield condition
(point E). Using Equation (8), at the m-th step, point D
would be reached, adding to <T~f(i)the portion of stress BC
that the element was not able to bear at the (m-l)-th step,
which is equal to:

<T~;l(i) + Hs[D';(i) - D';-l(i)].

l')
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Fig. 6. Final tangential stresses 0'" versus tangential displacement dis-
continuities D, al dilIerenl loading steps.

Therefore, the value of <T~-lei) is given by:

<T~(i) = <T~-l(i) + Hs[D';(i) - D';-l(i)]. (11)

Bearing in mind Equations (11) and (5), Equation (8)
becomes:

(8)
<T~-l(i) + Hs[D';(i) - D,;-l(i)] - <Tso(i)m/M

N

= I Ass(i, j)D:'(j).
i= 1

(12)

(9)

The stress intensity factor Kn can then be calculated at the
end of each m-th step and the onset of fracture propagation
can be assessed on the basis of the maximum circum-
ferential stress criterion [2]. In the case of a normal
compressive stress (K1 = O), the criterio n becomes:

K1C ~ I~KIIsin90COS(90/2)1 (13)

where the value of the angle 90 can be found from the
equation:

KIJ(3 cos 90 - 1) = O. (14)

Summing up, at the m-th loading step, the numerical
procedure will consist of the following steps:

(1) The initial stresses on the DD elements are applied
according to Equations (6).

(2) A system of N algebraic equations (12) is set up; a
number N of D'; displacement discontinuities is
computed.

(3) At each DD element, the final stresses <T~(i) and <T::1-(i)
are determined and a check is made to assess whether
the yield condition (9) has been met.

(4) Ifthe yield condition is met on, say, a number Q ofDD
elements, the m-th step is to be iterated, and the
following system of equations is set-up:

Q equations (lO)
N - Q equations (12).
Because of the unelastic behaviour of the Q elements,
some of the elastic elements could meet the yield
condition at the end of the iteration, so that another
iteration must be performed. In this connection a new
system of equations is set up, taking into account a
different value of Q;

(5) Once the m-th step has been completed, a check is
made to assess the possibility of fracture propagation.
If the condition of propagation is not met [Equations
(13) and (14)J, the (m + l)-th step is performed on the
basis of the values of <T~(i) and D$', as calculated at the
m-th step.

(6) Based on the values D; and <Tscomputed at each step,
the amount of energy W dissipated because of shake-
down can be determined, for each element, at the end
of the loading-unloading cycle (shaded area in Figure
7). The total amount of energy WT is then computed by
summing up the contributions of all the elements.
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Ds

Fig. 7. Energy dissipated because of alternating plasticity (shaded area).

5. ENERGY DISSIPATION

A series ofnumerical analyses has been performed with
the computer program BEMCOM developed on the
basis of the proposed method. For the horizontal crack
shown in Figure 3, the inftuence of the following
parameters on the shake-down phenomenon was
analysed:

• elastic characteristics of the material, E, v;
• shear resistance of the crack surfaces, S;
• maximum shear applied at infinity, "m' which is applied

according to a pulsating pattern, while norma l stresses
are kept at a constant value;

• length of the crack, I;
• local stiffness of the crack surfaces, Hs' The results listed

below refer to a value of H; equal to 10000 Mf'a/m,
which is considered a realistic value according to [7J and
[8].

For each analysis, the following parameters have been
obtained:

• Ds, trs and trn far each element, at each m-th step;
• total energy dissipated, WT•

The results obtained show that:

~ 0.40
I

NE
~ 030
'S-

i-
S 0.20

,..•....... ..••...
,/ "'-

/ ,
/I ~

/ \
/ \, lo

I \
I \! \

I \
I \
I \
I \, ~

I \
/ \
I \
I \

0.10

0.00 L- __ -<- __ --+- _+_--=-: __
O 1/8 1/4 1/2 S/7.m

Fig. 8. Non-dimensional variation in total dissipated energy, WT, as a
function of crack surface resistance, S.

(1) if Tm < S, a global elastic behaviour is observed;
(2) if S < Tm < 2S, the yield condition is met on the crack

surfaces in the first loading phase only, and the shake-
down phenomenon is seen to occur;

(3) if Tm > 2S, an amount of energy WT is dissipated at
each cycle.

Namely, WT is found to:

• increase linearly with (1/ E), (1 - v2), l, Tm;

• vary parabolically as a function of the shear resistance S
of the crack surfaces, the maximum value being attained
for Tm = 4S (Figure 8).

6. CONCLUSIONS AND FURTHER
DEVELOPMENTS

The phenomenon offrictional shake-down and alternating
plasticity occurring in a closed and compressed crack
subjected to cyclic shear has been analysed by analogy to a
simple system made of three in-parallel elements.

A dispiacement discontinuity technique, specially devel-
oped for closed and compressed cracks, has been
employed to determine the stresses and the relative
displacements along the crack surfaces.

The results ha ve shown that the crack is affected by the
shake-down phenomenon if the applied shear stresses are
greater than the shear resistance of the crack surfaces but
lower than a criticai value. This criticaI value has been
assessed to be twice the value of the resistance, in perfect
analogy with the three in-parallel elements system.

Beyond the criticaI value, the alternating plasticity
condition is found to set in, so that a certain amount of
energy is dissipated, depending on elastic parameters of
the material, crack length, maximum applied shear stress
and shear resistance of the crack surfaces. Because of the
simple constitutive law ofthe crack surfaces, the amount of
energy does not vary from one cycle to another.
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