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Abstract-Strain softening and localization in concrete are described by means of a cohesive crack
mode!. Whereas for mode I, only untying of the finite element nodes is applied to simulate crack
growth, for mixed mode interelement crack propagation topological variation is required at each
step. In the case of four point shear testing, the load vs deflection diagrams reveal snap-back
instability for large sizes. By increasing the specimen sizes, such instability tends to reproduce the
classical LEFM instability, predicted by the Maximum Circumferential Stress Criterion. The
fracture toughness parameter of concrete appears to be unique and represented by the mode I
fracture energy GF or the stress-intensity factor K1C, even for mixed mode problems.

1. INTRODUCTION

THE INFLUENCEof shear on the process of cracking of concrete structures is of great practical
importance. In the terminology of fracture mechanics, this is calI ed mode II or mixed mode loading.

According to the cohesive crack model, the non-linear crack behaviour can be described by
means of cohesive forces in the damage zone, representing the aggregate interlocking and
bridging[I-5]. In this way, strain-softening and strain localization are taken into account. The
FEM-crack propagation requires a continuous modification ofthe mesh. Whereas for mode I, only
node untying is applied to simulate crack growth, for mixed mode interelement crack propagation
a topological variation is performed at each step automatically[6].

The numerical simulation of four point shear specimens of concrete is presented. The load vs
loading point deflection curves reveal snap-back instability in some cases, i.e. a softening branch
with positive slope. If the loading process were experimentally controlled by the deflection, the
loading capacity would undergo a negative jump and a fast and incontrollable crack propagation
would occur. On the other hand, the loading process appears stable and the crack propagation slow
in the experiments, by controlling crack mouth opening or sliding displacement, which are
monotonically increasing functions of the crack length.

The mixed mode brittle fractures (large size) are then interpretable in terms of snap-back
instability. Their virtual development can be analysed by the implemented procedure, whereas
LEFM describes only the instability condition. On the other hand, the mixed mode ductile fractures
(small size) are substantially preceded and obscured by the splitting failure at the specimen
centre[7,8].

The amount of energy dissipated in the localized mixed mode fracture zone results to be
approximately equal to the product of mode I fracture energy GF by total fracture area. Therefore,
the introduction of an additional fracture toughness parameter for mixed mode problems, appears
unnecessary. The assumption ofthe "Maximum Circumferential Stress Criterion"[9], for which any
crack growth step is produced by a mode I (or opening) mechanism, seems to be confirmed by the
experimental results.

2. EXPERIMENT AL PROGRAM

For the four point shear test, twenty-seven (27) concrete specimens were made. The amount
of Portland cement was 350 kg/rrr', while the water/cement ratio was about 0.5. The maximum
diameter of the alluvial aggregate was Dmax = IO mm. The compressive strength obtained from six
(6) cubic specimens of 16 cm side resulted equal to 33.7 MPa. The specimens were cured for 90 days
at 20DC and 65% relative humidity.
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Fig. I. Four point shear specimen.

The geometrica l features of the specimens are the following (Figs l and 2): depth b = 5, lO,
20 cm; span 1=4b; thickness t=lOcm; crack depth a=0.2b; and c lb ratio=O.4; 0.8; 1.2.
Specimen geometry, support configuration, average maximum load and mechanical properties are
provided in Table l.

The testing apparatus is shown in Fig. 3. The MTS machine (max. load = 104 N) imposed a
constant crack mouth sliding displacement rate equal to 2.5 x 10-8 m/s, through the displacement
transducer Hottinger Baldwin DD1. Through a similar transducer even the load vs crack mouth
opening displacement diagram was recorded, together with the load vs loading point deflection
diagram related to the support closer to the center.

In addition, four (4) specimens of sizes lO x 10 x 80 cm, were tested in three point bending
according to the RILEM Recommendation[10]. The mode I fracture energy resulted to be
GF~ 100 N/m.

3. MIXED MODE COHESIVE CRACK AND SNAP-BACK INST ABILITY

The snap-back load-displacement branch may be captured experimentally only if the loading
process is controlled by a monotonically increasing function of time, e.g. the crack mouth opening
or sliding displacement. On the other hand, the snap-back load-displacement branch may be
captured numerically only if the loading process is controlled by a monotonically increasing
function of the craek length. An example of such functions is provided by the "indirect displacement
control scheme"[ll]. This technique uses a displacement norm as controlling parameter. On the
other hand, as a monotonically increasing function ofthe crack length, it is possible to use the crack
length itself[4, 5]. The same numerical procedure based on discrete cohesive crack modelling, was
then extended from mode I to mixed mode crack propagation in [6].

Some dimensionless load-deflection diagrams obtained numerically for a three point bending
specimen, with initial crack depth ao = O.lb and ultimate strain fu = 0.87 x 10-\ are displayed in
Fig. 4, by varying the brittleness number:

GF (1)SE=-'
O'ub

Table l. Specimen geometry, support configuration and mechanical properties

Number
Specimen of b t a e/b Pmax E "u GF

size specimens [rn . 10-2] [dn] [MPa] [MPa] [N/m]

A 3 5 20 lO 1 0.4 1190 27000 2 100
3 5 20 lO 1 0.8 1222 27000 2 100
3 5 20 lO 1 1.2 1370 27000 2 100

B 3 lO 40 lO 2 0.4 2027 27000 2 100
3 lO 40 IO 2 0.8 1980 27000 2 100
3 lO 40 lO 2 1.2 1535 27000 2 100

C 3 20 80 lO 4 0.4 3493 27000 2 100
3 20 80 lO 4 0.8 3446 27000 2 100
3 20 80 lO 4 1.2 3700 27000 2 100
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Fig. 2. Different specimen sizes selected for the experimental investigation.

Fig. 3. Testing apparatus.
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Fig. 4. Size effect on the three point bending behaviour.

The specimen is brittle for low SE numbers, i.e. for low fracture energies, GF, high tensile
strengths, CTu e and large sizes, b. For SE ~ 10.0 X 10-5, the p-/J curve presents a softening part
with positive slope and a catastrophical event (snap-back) occurs if the loading process is
deflection-controlled.

Whereas for mode I, only node untying was applied to simulate crack propagation, for mixed
mode interelement crack propagation a continuous modification of the mesh was required. The
numerical response of a four point shear specimen (Fig. 5a) is then presented. A finite element
rosette was translated and rotated at each non-collinear crack growth step. Figure 5(b) shows two
different steps of the crack propagation processo The presence of the cohesive forces is shown
by the connections. At the first step the cohesive zone is missing and the load P producing
the ultimate tensile stress at the crack tip is computed. Such a value, P, together with the related
loading point displacement, /J, gives the first point of the p-/J curve. The fictitious crack tip
propagates by a pre-defìned length da in a direction orthogonal to the maximum circumferential
stress[9]. Then, the load P producing the ultimate tensile stress at the up-dated fictitious crack tip
and the related deflection /J are computed at each step in order to obtain the subsequent points
of the curve.

Some dimensionless load-displacement diagrams obtained numerically for the four point shear
specimen are displayed in Fig. 6, by varying the number SE' Even in this case, the curves reveal
a snap-back instability, when SE ~ 75.0 X 10-5.

The mixed mode brittle fractures are interpretable in terms of snap-back instability. Their
virtual development may be analysed by the previously presented "fictitious crack length control
scheme", whereas LEFM describes only the instability condition.
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Fig. 5. Subsequent finite element meshes in the analysis of four point shear specimen.

4. DISCUSSION

In the case of the largest distance between the central supports, c lb = 1.2 (Fig. I), flexural
failure at the supports is achieved prior to mixed mode crack propagation for each specimen size.
In the remaining cases, c lb = 0.4 and 0.8, two different failure mechanisms are in competition by
varying the size scale b of the four point shear specimen[12]:

(1) mixed mode crack propagation; and
(2) splitting at the center of the specimen.

By increasing the size-scale of a concrete element, the heterogeneity disappears and the
influence of the cohesive crack tip forces vanishes, so that the crack propagation is governed only
by the linear elastic stress-singularity in the crack tip region[4, 5]. This means that LEFM is a valid
crack branching criterion for large concrete structures.
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Fig. 6. Size effect on the four point shear behaviour.
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In the four point shear test, stress intensification is produced in both the crack tip regions and
the stress-intensity factors for mode I and mode II can be expressed respectively as (Fig. I):

(2a)

KII = t:/2;;1 G, ~,~).
where ji and;;1 are the shape functions.

Most relevant mixed mode fracture criteria can be expressed in the approximate form:

K~ + q2 K~I= K~c= GFE,

(2b)

(3)

where q is a measure of inftuence of mode II on crack branching. Equations (2) and (3) provide:

r.: Klc

tbl/2 Jf~+q2f~1

If the geometric ratios l lb and alb are constant, eq. (4) becomes:

(4)

s
(5)FG),

where s is the brittleness number[12]:

(6)

On the other hand, splitting at the centre of the specimen occurs when[7, 12]:

p max n [ (c )2J ( c)
(Jutb="2 1+ b 1+/.

Equations (5) and (7) are in competition by varying the value of the brittleness number and
a size-scale transition occurs like that described in Figs 7(a) and (b). The bilinear diagram represents
the size-scale transition when the two failure mechanisms are non-interacting. On the other hand,
such an interaction is simulated by the cohesive crack mode!. The curve obtained according to the
cohesive crack model, is tangent in the origin to the straight line of eq. (5)[9], while the horizontal
line of eq. (7) represents an asymptote for s -4 00. The experimental results in Fig. 7 reproduce the

(7)
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Fig. 7. Size-scale transition from mixed mode LEFM to splitting at the specimen center: (a) cjb = 0.4;
(b) cjb =0.8.
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Fig. 8. Experimental load vs deflection curves and numerica l cohesive crack simulation, for c lb = 0.8:
(a) b = 5cm; (b) b =20cm.

numerical curves with a sufficient accuracy. For the ratio c jb = 0.4 (Fig. 7a), the cases explored
in the present investigation are closer to the asymptotical condition than they are for e lb = 0.8
(Fig. 7b). This means that the splitting failure is favoured by small c lb ratios.

Fig. 9. Finite element remeshing: c tb = 0.8; b = 20 cm.
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Fig. Il. Experimental trajectories followed by the two symmetrical cracks in the case c tb = 0.4, b = 20 cm.
Two deviations at the beam edges can be observed.
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For c /b = 0.8, the totalload vs loading point deflection diagrams are plotted in Figs 8(a) and
(b), in the cases b = 5 and 20 cm, respectively. The mixed mode cohesive model (see Section 3)
describes both the experimental curves satisfactorily. The size b = 20 cm (Fig. 8b) produces
snap-back instability in the experimental as well as in the numerical curve. The mechanical
properties utilized in the numerical analysis are those reported in Table 1. The area enclosed
between numerica 1 curve and deflection axis is approximately equal to the product of mode I
fracture energy GF by total fracture area, and represents the amount of energy dissipated in the
localized fracture zone. The amount of energy dissipated by punching at the supports, was
deliberately neglected, assuming ascending elastic branches consistent with the elastic modulus of
the material (Fig. 8).

It is remarkable that the application of the usual mode I fracture energy GF only, was able
to provide consistent results. It was unnecessary to introduce additional fracture toughness
parameters, like, for example, the mode IIfracture energy G~[8, Il]. As a matter of fact, the mixed
mode fracture energy results approximately equal to the mode I fracture energy GF, each crack
growth step being produced by a mode I (or opening) mechanism along the curvilinear trajectory.

Fig. IO. Finite element remeshing: c lb =0.4; b = 20 cm.
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The sequence of the finite element meshes utilized for the case b = 20 cm, c/b = 0.8, is reported
in Fig. 9. The trajectory of the finite element rosette reproduces the experimental fracture trajectory
accurately. It is remarkable that the real crack (complete disconnection) starts propagating only
at the 13th step, when the fictitious crack (cohesive interaction) is beyond one half of the beam
depth. On the other hand, at the 22nd step, both fictitious and real crack are close to the upper
beam edge. The single steps are indicated also in the diagram of Fig. 8(b).

The sequence ofthe finite element meshes utilized for the case b = 20 cm, c lb = 0.4, is reported
in Fig. IO. Also in this case, the numerical simulation describes the experimental fracture trajectory
very accurately, included the deviations at the beam edges shown in Fig. Il.
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