* Ld
Ingenieur-Archiv 54 (1984) 253—258 Ingemeur—Archlv
© Springer-Verlag 1984

Three dimensional thermoelastic analysis of a semi infinite solid
with arbitrary heat supply

M. Spiga and A. Carpinteri, Bologna

Summary: This paper is devoted to the determination of the three dimensional steady state temperature,
strains and stresses in a semi infinite elastic medium bounded by a plane, exposed to an arbitrary heat supply.
The problem is treated within the classical theory, based on the Fourier equation and Hooke’s law. A general
analytical solution is obtained in the form of double integrals (by means of Fourier transform method) and it
is shown that the stress field is plane and parallel to the boundary. The particular solution corresponding to
axisymmetrical surface heat flux is deduced; results are found for different situations and briefly discussed
with the aid of some graphs.

Dreidimensionale thermoelastische Untersuchung eines elastischen Halbraums mit beliebiger Wiirmezufuhr

Ubersicht: Es werden stationire Temperatur, Verzerrungen und Spannungen in einem elastischen Halbraum
ermittelt, der einer beliebigen Warmezufuhr unterworfen ist. Der Untersuchung liegt die klassische Theorie
(Fourier Gleichung, Hookesches Gesetz) zugrunde. Eine allgemeine analytische Losung wird mit Hilfe der
Fourier-Transformation in Form von Doppelintegralen erhalten. Dabei wird gezeigt, dall das Spannungsfeld
eben und parallel zum Rand ist. Die Losung fitr den Sonderfall eines axialsymmetrischen Wirmestroms an
der Oberfliche wird hergeleitet und diskutiert.

1 Introduction

Recent, years have seen a revival of interest in the thermoelastic problems, mainly stimulated
by the massive development of thermal and nuclear engineering applications, whose high reli-
ability requirements imply a more and more accurate knowledge of the structural behaviour of
materials subjected to non adiabatic events.

The steady state thermoelastic problem for the half space has been widely investigated;
Mindlin and Cheng [1] considered a traction free boundary subjected to an arbitrary tempera-
ture distribution in its interior; Sternberg and Mc Dowell [2] solved by the Green method the case
in which merely the surface temperature is prescribed arbitrarily and proved that the stress field
is plane; an analogous investigation was carried out by Sneddon and Lockett [3] resorting to the
Fourier transforms. Nevertheless the problem for the half space with arbitrary heat supply has been
generally disregarded, while it is clearly more relevant and actual in all heat transfer devices.
Only a particular application, confined to a uniformly heated spherical core, is presented in [1]
and Sadowsky [4] considers a circular subregion of the boundary with uniform heat input and the
remainder of the body at zero temperature, the temperature of the exposed subregion being
infinite.

The aim of this paper is to provide a quite general three dimensional solution, for any heat
supply distribution on the boundary. The temperature in the interior conforms to the heat flow
equation and the displacement vector is found by the equations of thermoelastic equilibrium.
Afterwards the strain and stress tensors are easily valuable in the classical way. Specializing the
heat supply distribution, axisymmetrical as well as asymmetrical problems can be solved in rect-
angular, cylindrical or polar coordinates. The symbols used in this paper have the usual meaning,
they are the same listed in the nomenclature of [2, 3].
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2 General solution

The boundary of an elastic semi infinite body, parallel to the plane z; = 0, is subjected to an
arbitrary heat flux q.f(z;, z5). There are no body forces within the solid and its surface is free from
traction. Introducing a characteristic length R, a reference displacement «(1 + v) ¢,R?*/ K, a
reference temperature ¢,R/K and a reference stress 2Gxg,R(1 + »)/K, the displacement equations
of thermoelasticity, the heat conduction Eq. and the linear isotropic stress-strain relations take
respectively the form

1 9
ik —_— s =—1T,; k=1,2,3, 1
u,lk+1_2vuk,k — 2 {J 1
T,kk:(): (2)
1 y 1
Gij:E(ui,i—]“uy‘,i) +(1 L i T) 0ijs (3)

where the displacements u;, the temperature 7', the stresses ¢;;, the coordinates x;, z,, 25 are

3
adimensionalized with respect to the reference parameters, and ¢ = } ou;/0x;.
1
The boundary conditions, following physical considerations, are:

oT

— = f(z, ) for z3=0, (4)
0x;

Iim 7 = 0; m u; =0, (5)
Z3—>00 Z3—>00

o3 =0 for 23 =0. (6)

The differential Eqgs. (1), (2) can be solved with a double Fourier transform:

1
W; = 2—‘f f’“'i exp [i(a1z; + ay%,)] dz; dz,,
7T

(7

7T
—00 —00

5 1
T =— f fT exp [i(a12; + agx,] de; da, .

The transformed equations read as

dz 1 _ 2
— — a?) i, — Ay Ay, = —ia, T s, k=1,23,
da? 1— 2 2
2 ~
i —a?)|T =0,
da?
where @ = |(a? 4 a2)*2| and a3 =1—.
T3

The transformed boundary conditions are similar to the ones stated in Eqgs. (4—6); hence,

since 7' and % vanish for z; —> oo, the solution to Egs. (8) can be represented as:

T = E exp (—axs), (9)
i; = (4; + Pa;xs) exp (—axs), 1 =12 " (10)
iy = (43 — 1aPx;) exp (—axs).
The quantities E, 4; are arbitrary constants and P is given in terms of them by the expression:
1
T B —4#)a
The transformed boundary condition (4) and Eq. (9) specify the constant £ = —f/a.

( 4y + a4y — iad, — 21E). (11)
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Performing the Fourier transform on Eqgs. (3) and making use of relations (9), (10), the trans-
formed stresses are obtained

1
Gjs = 5 [—ad; — aa;Pr; + a;P — ia(A; — iaPxg)] exp (—ax;) § =1, 2,

1—y . . .
e l:l o (—ad; + ia*Pry — iaP) — i o (12)
X (@ dy + aiPx;y + ayds + a5Prs) + 11— 2 (f;] exp (—axy).

Imposing the transformed boundary conditions (6) in Eqgs. (12) the constants 4; are determined
A; = —ia;fa’ j=1,2, Ay = fla?.

Hence, from Jq. (11), it is easily verified that P = 0; this implies, from eqs. (12), that
013 = Opg = 033 = 0 for any  x;.

So it is demonstred that the stress field is plane and parallel to the boundary, regardless of the
distribution of the heat flux on the boundary surface.

The general solution to the problem is now obtained, simply resorting to the back transform
of Egs. (9), (10)

9
o o (13)
1 o 7 .
(g, U, Uy) = —— (ia,, ia;, —a) — exp [—ax; — a2 + aa2,)] da,da,.
27 a?

3 Axially symmetrie heating

The general solution (13) can be profitably applied to the case of axially symmetric heating of the
surface. Introducing the cylindrical coordinates 7, z, 6, it follows:

xy=rcosl; x,=rsinl, z;=12, [fa;,z)=Ff).
Analogously for the Fourier transformation parameters
ay =acosy, G, =asiny.

Consequently the transformed function f reads as:

2n T [o]

7 £3 d@f rf(r) exp [iar cos (0 — x)] dr :frf(r) Jolar) dr. (14)

:2n

The function § is then the Hankel transform of .
From the theory of Bessel functions, it derives, for any function g(a), that

i f fg(a) exp [_i(alxl -+ azxz)] da1 da/2 :fg(a) JO(CZT) da. (15)
27 a
0

— 0 —x

Hence the solution of the axisymmetrical problem, from Eqgs. (13) and Eq. (15), takes the form:

T = ff exp (—az) Jy(ar) da, (16)
0
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U, = Uy coS 0 + Uy sin O = —f—— exp (—az) Jy(ar) da,

(17)
f i —az) Jo(ar) da.
a
In cylindrical coordinates the strains are determined as
& = 6%, = —f}‘exp —az) [J(,(ar) — M] da,
ar
gy = e [fexp(—az)il—(a—r) da, (18)
r y ar
. a: _ f 7 exp (—az) Jo(ar) da
2

0

It is to point out that the dimensionless temperature distribution and the dimensionless longi-
tudinal strain distribution ¢, are exactly alike. At last the stresses can be obtained by the Hooke’s
law

GT:87+1 L (ve — ffexp —az) (7)d

op = & +

L (ve — = ‘/f exp ( [Jl(ar) Jo(‘”)] da, (19)
1— 2

1
— Ty =0,
1_21)(1)6 )

0, = ¢& +
where ¢ = &, + & + &,
Again it is easily verified that the stress field is plane (o, = 0). As clearly shown in Egs. (19),
the dimensionless stress field is quite independent from the Poisson’s ratio.
According to the von Mises principle it is possible to define the equivalent dimensionless
stress:

1/2
Ogg = {‘;_ [(or — 05)® + (07 — 0,)* + (05 — 02)2]} = {0} + 0§ — o,oa}12. (20)

Now the axisymmetrical problem is solved in terms of temperature Eq. (16), displacements
Eqgs. (17), strains Eqgs. (18) and stresses Egs. (19), (20). Different physical situations can be in-
vestigated simply specifying the heat supply distribution f(r), deducing the function (@) from
Eq. (14) and resorting to the Hgs. (16) to (20).

An‘interesting feature appears from the mathematical method developed; in fact (unless the
function f be directly proportional to a®, n > 0) the displacements are not determined since the
integrals in Eqgs. (17) diverge. However the strains are well defined, since obtained by the deri-
vatives of the displacements where the diverging term a~! disappears; so the stress field is pre-
cisely specified, even if the displacements are not definable. Meaningful axisymmetrical heating
problems can be solved, for instance the most common and useful heat flux distributions are
analyzed.
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a) Delta Dirac heating

The boundary of the solid is subjected to a heat supply only on a circumference of radius RB;
hence

fry = _é(r;rl)_ and f(a) = —Jo(a)/2x.

b) Hemispherical heating
The boundary is exposed to a hemispherical heating only over a circular region of radius R:

fr) = —(1 — A2 [U(r) — U(r — 1],

1

fla) = — [ (1 — 22 rdo(ar) dr.

¢) Uniform hot spot
The boundary is exposed to a uniform heat supply only over a circular region of radius R:

fr) = —[U@) — U@ — 1] and f(a) = —J,(a)/a.

4 Results and conclusions

The case (c) of the preceding section has been chosen to discuss the analytical results.

In fact the uniform heating of a circular subregion in a surface is an attractive problem in
various applications of engineering [6—7]. In Fig. 1 the dimensionless temperature is represented
as a function of the radial coordinate r and varying the axial coordinate z. The temperature de-
creases by increasing r and z. When the perturbation is very far (r — oo, z — o0) the temperature
assumes the reference value 7' = 0.
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Fig. 1. Radial distribution of the dimensionless Fig. 2. Dimensionless radial stress versus r, for
temperature, for uniform heating on a circular different values of z

subregion, for different values of z

In Fig. 2 the dimensionless radial stress appears to be always compressive and tending to zero
when points far from the spot are considered. In Fig. 3 even the dimensionless circumferential
stress appears to be always compressive and tending to zero when r — co and/or z — oo. Unlike
the preceding diagram, the o, curves interweave. This is due to the fact that for z — 0% the
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temperature gradient is very high (especially for » ~ 1) and then the hot rings tend to stretch
the cold rings (o, — 0). In Fig. 4 the dimensionless von Mises equivalent stress is reported as
function of » and varying z.

Its distribution is very formally similar to that of the temperature. The ¢,, maximum value
occurs at the origin (r = 0, 2 = 0) and is equal to the absolute value that the radial and the cir-
cumferential stresses present at the same point; obviously the center of the circular hot spot is
the point more constrained in the whole solid.
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Fig. 8. Radial distribution of the dimensionless Fig. 4. Radial distribution of the dimensionless equiva-
circumferential stress, for different values of z lent stress (von Mises), for different values of z
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