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SIZE EFFECTS IN MATERIAL STRENGTH DUE TO CRACK GROWTH AND MATERIAL
NON-LINEARITY

Alberto CARPINTERI
Istituto di Scienza delle Costruzioni, University o/ Bologna, 40136 -Bologna, Italy

Failure by strength and fracture collapse tend to compete with one another when the specimen sizes are varied. Material
testing dealing with the determination of tensile strength and hardening is usually carried out with small specimens while the
evaluation of fracture mechanics parameters such as criticaI stress-intensity factor or strain energy density factor requires
specimens that are larger in size. The formation of cracks in small specimens does not appreciably affect failure by strength
collapse. On the other hand, the fracture process is not disturbed by the development of plastic hinges in the unbroken
ligament of the larger specimens.

1. Introduction

One of the centraI problems of material strength
is that of size (or scale) effects. In spite of its
fundamental importance and its implications to
structural design, it has not been completely un-
derstood yet.

The problem of size effects is two-fold: 1) Un-
cracked structures of any material show a tend-
ency toward brittle behaviour when their size is
increased. That is, the ascending branch of the
stress-strain (or load-deflection) curve becomes
more and more linear; 2) Notched (or cracked)
structures do not experience the presence of the
notch (crack) when their sizes are decreased. In
this case, the stress amplification at the notch
(crack) tip decreases and the mechanical behaviour
tends to become more and more ductile.

These two effects have been well-known for a
long time [1], but only now it is possible to give
them a consistent and scientific explanation in
terms of fracture mechanics concepts. It is erro-
neous to think that there is a different constitutive
law and a different material strength for each
specimen size, as well as to justify the absence of
stress concentration in small notched specimens by
means of very complicated non-linear fracture
mechanics theories.

The present paper addresses failure by strength
and fracture collapse. By varying the specimen
sizes, one of them prevails over the other, so that
constitutive parameters such as tensile strength

and hardening exponent can be evaluated from
small specimen tests, whereas, fracture mechanics
parameters such as stress-intensity factor or strain
energy density factor can be obtained with large
size specimens.

2. Plastic limit analysis and fracture mechanics

As is well-known, Plastic Limit Analysis (PLA)
and Fracture Mechanics (FM) are two different
disciplines of the Strength Material Theory. The
former was developed in the 1950's and the latter
in the 1960's. Plastic Limit Analysis refers to the
ultimate loading condition when the plastic hinges
formed in a structure are sufficient to produce
structural instability followed by global collapse.
Fracture Mechanics refers to the ultimate loading
condition when a crack propagates rapidly through
the material leading also to global collapse [2,3].
What is commonly known is that Plastic Limit
Analysis works well for very ductile materials,
whereas Fracture Mechanics does for very brittle
ones. In fact, they base themselves on quite differ-
ent hypotheses: PLA considers a material that
flow indefinitely at constant stress, whereas in
FM, the material releases its stresses when it is
broken by a crack.

In generaI, it can be said that PLA works well
for sufficient1y small structures and FM does for
sufficient1y large ones [4,5] independent1y of
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Fig. 1. Linear elastic-linear softening stress-strain law.

material type. This concept can be c1arified by
considering two different structural geometries: 1)
three point bent beam and 2)·cylindrical pressure
vessel. The material will be considered elastic-per-
fectly plastico In the case of the beam, even an
elastic-softening material can be taken into consid-
eration. (Fig. 1.) to show that the crack propaga-
tion phenomenon cannot be studied by means of
the traditional mechanical concepts (stress, strain,
displacement, ... ), even if the softening behaviour
is simulated.

2.1. Three point bent beam

A rectangular beam cross-section is assumed to
remain plane during the loading processo Strain

vanation through the width b of the beam is
assumed to be linear and the material behaves the
same in tension and in compression. A diagram of
bending moment versus curvature is given in Fig.
2.
When the material is elastic-perfectly plastic, Fig.
1, the bending moment in the non-linear stage can
be expressed by

aob
2

[ 1( EO )2]M=-l--- , (1)
4 3 Emax

with Emax being the strain on the external surface.
When the material is elastic-perfectly brittle, Fig.
1, Mis given by

)
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When elastic-linear softening (intermediate case of
Fig. 1) is present, the following expressions should
be used:
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Fig. 2. Bending moment versus curvature for the linear elastic-linear softening material of Fig. 1.
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Therefore, the maximum bending moment toler-
ated by the beam will range between (Job2/6 and
(Job2 / 4, as a funetion of the ratio m between
dilatation under the deseending (J-E braneh and
dilatation under the aseending one, Fig. L

Consider now a three point bent eraeked beam,
Fig. 3. The foree of plastie hinge formation at the
ligament is

P l ( a r
(JO;2f = 1- b '

while the maximum foree earried by the strueture
when the material is elastie-perfeetly brittle is

(4)

(5)
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On the other hand, for the three point bend geom-
etry, the stress-intensity faetor is

(6)

(a) (a)1/2 (a)3/2 (a)5/2f b = 2.9b - 4.6b + 21.8b

(a)7/2 (a)9/2
-37.6 b + 38.7 b .

From (6), the eraek propagation foree ean be
obtained:

(7)

s being a dimensionless number where both
material properties and struetural size appear:

KIcS=--1-2 .
(Job /

(8)
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Fig. 3. Interaction between crack propagation and plastic collapse (three point bent beam).
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As the diagram of Fig. 3 shows, the plastic col-
lapse (elastic-perfectly plastic material) or the
ultimate strength collapse (elastic-perfectly brittle
material) takes precedence of the separation mech-
anism, when the brittleness number s results to be
higher respectively than 0.75 or 0.50. Brittle frac-
ture is then inhibited by high fracture toughnesses
as well as by small structural sizes, and this is valid
for all the geometries [5]. In fact, brittle fracture is
governed by a generalized force having physical
dimensions (force) X (length)-3/2 (stress-intensity
factor) and the plastic flow collapse by a gener-
alized force having physical dimensions (force) X
(length) "? (stress). Size effects in fracture mecha-
nics rise' from different structural damage and
finiteness of specimen size: 1) increase of KIc by
increasing the specimen width b; 2) increase and
then decrease of K1c by increasing the crack depth
a rb; and 3) variation of KIc with test geometry.

For the hiduminium-48 alloy, which is a rather
ductile material, we have: <10 = 500 MNm-2; KIc

= 100 MNm-3/2. If a large beam of width b = 4m,
thickness t = 4m and span 1= 16m is considered,
the brittleness number takes the value:

100 MNm-3/2
s = = 0.1.

500 MNm-2 X (4m)1/2

A very brittle behaviour is then expected, Fig. 3.
In fact, if a crack of depth (a/b) = 0.1 is assumed,
the force of crack propagation can be ca1culated:

Pc = <10~2t X 0.12 = 500 X1~6 X 4 X 0.12 MN

= 240 MN.

The force of plastic hinge formation at the liga-
ment will be much higher:

oob2t 500 X 16 X 4
Pc = -1- X 0.80 = 16 X 0.80 MN

= 1600 MN.

On the other hand, a geometrically similar but
much smaller beam of the same material, of width
b = 5 cm, thickness t = 5 cm and span 1= 20 cm,
yields a brittleness number:

100 MNm-3/2
s = = 0.90.

500 MNm-2 X (0.05 m)I/2

A ductile behaviour is thus expected, Fig. 3. As
before, a crack of depth (a/b) = 0.1 can be as-

sumed to occur during the loading. The corre-
sponding force of crack propagation is

P
_ <1ob2t 100 _ 500 X (0.05)2 X 0.05

c-I X . - 0.20 X 1.00

= 0.31 MN.

The force of plastic collapse is found to be slightly
lower:

_ <1ob2t O 80 _ 500 X (0.05)2 X 0.05
Pc- 1 X . - 0.20 xO.80

= 0.25 MN.

Of course, the transition between brittle and ductile
behaviour by varying the structural scale is n01 so
sharp in reality as Fig. 3 suggests. A transition
zone always exists where a mixed collapse occurs.
Experimental evidence of this fact will be provided
in the next section with reference to a polymeric
material.

2.2 Cylindrical pressure uessel

Consider a cracked cylindrical pressure vessel,
Fig. 4a. The pressure of plastic collapse of the
uncracked vessel can be evaluated in relation to
the statical scheme of Fig. 4b:

Pc = R2_1
<10 R, .

(9)

Constant circumferential stress being equal to yield
strength in the uncracked ring elements and cir-
cumferential stress being equal to zero in the
cracked ones cannot be considered as a collapse

Rl.1 I .•
I. R2 .1
(a) (b)

Fig. 4. Cracked cylindrical pressure vesseI (a) and statical
scheme of plastic collapse (b).
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Fig. 5. Interaction between crack propagation and plastic col-
lapse (cylindrical pressure vessel of Fig. 4, R2/R1 =1.1).

mechanism discussed earlier, because of the cir-
cular geometry and of the external non-yielded
rings which do not permit a global structural flow.
On the other hand, the pressure of crack propaga-
tion for small cracks can be obtained from the
following expression:

Pc= 0.25[( R2)2 _l]_S .
ao R1 Va/b
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Fig. 6. Interaction between crack propagation and plastic col-
lapse (cylindrical pressure vessel of Fig. 4, R2/R1 = 2.0).

In the diagram of Fig. 5, the curves of crack
propagation have been reported for the case
R2/ R1 = l.1, as functions of the crack depth arb
and varying the brittleness number s. The upper
horizontal line represents the curve of plastic col-
lapse. Even in this case, with a crack depth arb =
0.1, the brittleness number must be higher than
0.60 to correctly apply the PLA concepts and
lower than 0.60 to correctly apply the FM con-
cepts. Analogously, the diagram of Fig. 6, relating
to the case R2/ R1 = 2.0, suggests that, when the
brittleness number is lower than 0.42, a fracture
mechanics design becomes necessary.

3. Discussion and experimental results

It is now clear why consistent fracture results
can only be obtained from large specimens. This is
because the fracture process is not seriously dis-
turbed by the formation of a plastic hinge at the
ligament. Also, the real strength of the material is
best determined by small specimen tests, where the
formation of cracks do not affect the final collapse
appreciably. In this sense, the usual strength de-
crease occurring when the specimen sizes are in-
creased, may find a more convincing and even
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Fig. 7. Fictitious fracture toughness as a function of relative
crack depth [6].
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Fig. 8. K1c-resistance curves for six mortar beams [7).

more fundamental explanation than that offered
by Weibull's probabilistic argument.

Fracture testing of under-sized specimens have
often led to non-consistent results, especially with
concrete-like materials, for which the ratio be-
tween true fracture toughness K le and ultimate
tensile strength aD is relatively high. In Fig. 7, some
experimental results obtained by the writer are
reported [6]. The bell-shape of the K[c (a/b) curves
for concretes and marble is due to the too small
specimen size (b = 15 cm). For concrete l, for
instance, the true KIc value could be estimated
around 1.96 MNm-3/2, so that the real brittleness
number

s == 1.96 == 1.42
3.57 X (0.15)1/2

results to be too high. In order to obtain consistent
results with this material (s == 0.3), specimens of
width:

(
1.96 )2

b == 3.57 X 0.3 m == 3.35 m

should be utilized!
In Fig. 8, K1c-resistance curves have been re-

ported from [7]. Even in this case, a variation of

the critical value K1c by varying the crack depth
occurred, and a maximum appears, probably where
the fracture curve is tangent to the ultimate
strength curve, Fig. 3. While the KIc increase by
increasing crack depth has often been attributed to
a more energy-absorbing fracture process, the con-
sequent decrease is still not well understood.

For concrete, prohibitive specimen sizes in me-
ters are needed to obtain the true fracture tough-

-- separation collapse and
plastic flow collapse considered
as independent

0-0-0 experimental results [8]
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Fig. 9. Fictitious fracture toughness as a function of specimen
width for three point bend tests on polypropylene [8).
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Table l

Strength Toughness BrittIeness
(MNm-2) (MNm-3/2) (m-l/2)

Concrete "o = 3.57 Klc ""l.96 "01K1c = l.8

I Polypropylene "o = 33 Klc = 5.5 "olKlc = 6
Hiduminium- "o = 500 Klc = 100 "olKlc = 5
48 alloy

ness; for other materials, as the polymers, smaller
specimen sizes in centimeters are sufficient. The
transition which occurred for three point bend
tests on polypropylene [8] is described by the
experimental results of Fig. 9.

The fictitious criticaI value KIc asymptotically
tends to the true value. On the other hand, if the
two potential collapses are considered as indepen-
dent, acting one at a time according to the scale b,
the ratio between fictitious and true value of KIc
varies as shown by the solid line of Fig. 9, as a
function of the ratio between real size b and
reference size bo. Size bo is related to the brittle-
ness number So = 0.75, for which the fracture curve
is tangent to the plastic flow curve, Fig. 3:

(
K1C)2 ( 5.5 MNm-3/2 )2

bo = 0ySO = 33 MNm-2 X 0.75 = 5 cm.

The ascending branch of the solid line (fictitious
K1c/real KIc = Vb/bo) represents K1c values com-
puted when a plastic flow at the ligament occurs
(b < bo), whereas the horizontal branch represents
constant KIc values obtained when a brittle sep-
aration occurs (b > bo)'

The experimental points of Fig. 9 fall above the
thick curve only for sizes b < 0.3 bo' In fact, if the
plastic flow collapse dominates, the traditional
laws of plasticity can be correctly applied to the
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cracked body. So a sharp crack can be assumed as
produced by a material addition, which increases
the ultimate strength of the cracked specimen in
comparison with the ultimate strength of the un-
cracked specimen with cross-section equal to the
ligament.

The shifting in the scale problem between con-
crete and polypropylene can be qualitatively un-
derstood if their different degrees of heterogeneity
are considered, and quantitatively explained con-
sidering the values reported in Table 1.
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