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DAMAGE ACCUMULA TION AND CRACK GROWTH IN BILINEAR MA TERIALS WITH
SOFTENING: APPLICA TION OF STRAIN ENERGY DENSITY THEORY

A. CARPINTERI *

G.c. SIH

Istituto di Scienza delle Costruzioni, Unioersity oJ Bologna, Bologna, /taly

Institute oJ Fracture and Solid Mechanics, Lehigh University, Bethlehem, Pennsylvania /80/5 U.S.A.

A pseudo-elastic darnage-accumulation model is developed by application of the strain energy density theory. The
three-point bending specimen is analyzed to illustrate the crack growth characteristics according to a linear elastic softening
constitutive law that is typical of concrete materials. Damage accumulation is accounted for by the decrease of elastic modulus
and fracture toughness. Both of these effects are assessed by means of the strain energy density functions in the elements
around a slowly moving crack. The rate of change of the strain energy density factor S with crack growth as expressed by the
relation dS/da = constant is shown to describe the failure behavior of concrete. Results are obtained for different loading
steps that yield different slopes of lines in an S versus a (crack length) plot. The lines rotate about the common intersect in an
anti-clockwise direction as the load steps are increased. The intersect shifts upward according to increase in the specimen size.
In this way, the combined interaction of material properties, load steps and specimen geometry and size are easily analyzed in
terms of the failure mode or behavior that can change from the very brittle to the ductile involving stable crack growth. An
upper limi t on specimen or structural size is established beyond which stable crack growth ceases to occur and failure
corresponds to unstable crack propagation or catastrophic fracture. The parameters that control tbe failure mode are the
threshold values of the strain energy density function (dW/dV)e and the strain energy density factor Se'

1. Introduction

The response of material is known to depend
on the combined effects of geometry, loading and
defects that may or may not grow in the forms of
cracks during loading. It is not always possible to
sort out these individuai effects [1,2] unless they
are analyzed accordingly. Terminologies such as
'size andjor geometric' effects are often used lo
classify the variance of experimental results. One
of the major difficulties is associated with the
quantitative assessment of material damage during
each loading step. The range of the constitutive
equations that may be applied without considering
material damage is not always clear. It is this
loadhistory dependency of material damage asso-
ciated with crack growth that this work will focus
attention ono

The influence of specimen size on fracture
toughness has been pointed out in [3]. The relative

• Visiting Scientist at the Institute of Fracture and Solid
Mechanics, Lehigh University, from August 1982 to March
1983.

size of defects or cracks to the specirnen can
obviously alter the response ai a system from
brittle to ductile without changing the material.
Nonhomogeneity that often occurs in material can
lead to additional interaction effects [4]. Generally
speaking, failure does not occur instantaneously. It
initiates with subcritical crack growth prior to
reaching the stage of unstable crack propagation.
Within a limited scale range, say macroscopic, the
aforementioned events can be referred to as local
failure leading to global instability of the specimen
or structural component. A complete description
of this material damage process is necessary for
predicting material behavior. The strain energy
density criterion [5] is particularly suited for this
purpose because it can consistently relate local
and global failure modes. The initiation of macro-
crack growth is associated with critical value
(dWjdV)e of the strain energy density function
while the incipient of unstable fracture with Se
being defined as re (dWjdV)e' The area under the
true stress and strain curve is (dWjdV)e and re is
the critical ligament size of the material ar global
instabiIity. Unless these phenomena are assessed
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quantitatively, no confidence can be placed in
translating small specimen data to the design of
large size structural components. Work on subcrit-
ical crack growth under monotoni c or repeated
loading has not progressed significantly in the past
mainly because of the lack of a consistent theory
for analyzing the problem.

An attempt will be made in this investigation to
apply the strain energy density theory [5,6] for
analyzing the material damage process of linear
elastic-linear softening materials. A fundamental
relationship of the form

dW S
dV r

(1)

will be used with r being the distance measured
from the crack tipo The analysis will be 'pseudo-
elastic' in the sense that loading and unloading
will follow a linear path although the global behav-
ior can be nonlinear. Permanent damage of the
material is accounted far in each step of loading
through the criticaI value of the strain energy
density function. The three-point bend specimen
will be used. Since the energy stored per uni t
volume of material will change in accordance with
specimen sizes, the crack growth characteristics
will also be affected. The influence of material
softening on global instability is also exhibited
from the display of the finite element results. The
so-called 'size effect' in fracture mechanics is
c1early explained while the traditional concept of
collapse load associated with global structure in-
stability can also be regarded as a limiting case of
the more generaI treatment based on strain energy
density. The varying degree of material damage 1

I By including the energy dissipated due to plastic deforma-
tion, there is no difficulty to treat failure modes varying from

Specified
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(a) Edge Crack In Bending
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can be obtained either by changing the load steps
andj or specimen sizes of the same material.
Numerical results will be obtained to verify what
has been discussed above.

2. Material damage and crack growth model

Consider a three-point bending specimen as
shown in Fig. 1 where the beam is displayed
symmetrically about an edge crack of length ao' A
core region with radius ro is introduced such that
the assumption of a continuum prevails without
having to deal with the influence of material mi-
crostructure near the crack tipo

The material behavior is assumed to follow a
linear elastic-linear softening stress-strain relation-
ship as given in Fig. 2. The stress and strain are
shown to increase proportionally up to the point
of ultimate stress, U. After that, only the strain will
increase while the stress decreases linearly to zero
at point f. When the load is relaxed, say at p, then
unloading can occur along the line Op. The new
bilinear constitutive relation then follows the path
Opf. Irreversibility is thus invoked only due to the
degradation of the elastic modulus [7,8]. The in-
fluence of plasticity is not inc1uded 2. The slope of
the line Op obviously decreases as p approaches f.

2.1. Material resistance to damage

For an undamaged material element, the criticaI
value (dWjdV)c corresponds to the area Ouf in

brittle fracture to plastic collapse or limit load on the basis of
the strain energy density criterion.

2 The method can easily be extended to include the effects of
crack growth accompanied by plastic deformation [9].

(b) Cross Section A-A
Fig. 1. Three-point bending specimen with an edge crack.
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Fig. 2. Linear elastic-linear softening stress and strain relation.

Fig. 2. At p, the material element is assumed to be
damaged with the area Oup denoted by (dWjdV)d
as the dissipated strain energy density function.
Hence, the available energy density becomes

(2)

in which (dWjdV)r is the amount that is recover-
able corresponding to Opq and (dWjdV)a is the
ad di tion al amount qpf. The slope Op shall be
denoted by E*. Let au and Su be the stress and
strain correspond to the point u and sI to I with
al = O. Then the relation between a and e for a
typical point p can be written as

(3)

It follows that the various quantrties (dWjdV),
(dWjdV)d' etc., can be expressed in terms of a, e,
au and Su as follows:

(4)

As p moves between u and I, the effective modulus
E* alters accordingly and can be discretized into
25 different values and expressed in terms of E as

* _ (26 - n)
E (n)- 25 E, n=1,2,oo.,25. (5)

Table 1
Properties of three different materials

Material
type

Final strain
el( X 10-4 cm/cm)

Criticai strain
energy density
(dW/dV)c
(X 10-3 kgy'crrr")

A
B
C

16.87
8.87
4.87

26.90
14.14
7.77

Three different types of constitutive relations will
be used. They correspond to concrete-like materi-
als with the following generaI properties:

E = 365,000 kgycm";

au = 31.90 kgycrrr'.

p= 0.1;

(6)

Only the final strains sI will change as shown in
Table 1 and they are distinguished as Material A,
B and C. Figures 3 and 4 display the results of E*
and (dWjdV)~ varying with dWjdV. The resis-
tance of material to fracture thus far varies accord-
ing to the energy state dW jdV that is obtained
from a finite element stress analysis. Up to the
energy level

dW 1 -3 2dV = s»,»; = 1.39 X lO kgjcm, (7)

no damage will occur.
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Fig. 3. Effective modulus as a function of absorbed strain
energy density.
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2.2. Strain energy density theory

The crack growth increment for each Ioad step
will be anaIyzed by the strain energy density the-
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Fig. 5. Finite element grid pattern for one-half of the beam
specimen and locations of damaged elements.

ory of Sih [5,6]. This theory is based on the follow-
ing assumptions.

(1) A core regions of radius ro is introduced
around the crack tip which defines the limit of the
continuum mechanics anaIysis.

(2) The strain energy density function dW/dV
can, in generaI, be expressed in terms of Sand r as
in equation (1) where S can depend on two or
three space variabies.

(3) In consistent with Beltrami's criterion, the
failure of materiai elements ahead of the crack
corresponds to some criticaI value (dW /dV)e' This
Ieads to an increment of crack growth D.a:

SD. a = r = -;----;--
(dW/dV)c'

(8)

where S is the current value obtained from a stress
anaIysis and D.a corresponds to the direction of
Smin obtained by minimizing S with reference to
the appropriate space variabies.

The subcriticai crack growth is assumed to foI-
Iow the reiation

( ddWV)= S1 = S2 = ... = ~. = const.
c r1 r2 'j

(9)

This process may Iead to either crack arrest or
unstabie crack growth depending on whether Sj
and 'j in equation (8) approach (So, ro) or (Se' re)'

The criticaI value Se is characteristic of the
materiai and can be reiated to the commonIy
known fracture toughness value K1C [6] by the
reiation

(io)

Values of Se for a class of engineering materiais
can be found in [6].

3. Three-point bend specimens: stresses and failure
analysis

Referring to Fig. 1, the specimen assumes a
width b = 15 cm, Iength 1= 60 cm, thickness t = 15
cm and a crack Iength of ao = 5 cm. These dimen-
sions will be scaled proportionally in the work to
follow when studying the effect of specimen sizes
on the Ioad carrying capacity of the system.

Because of symmetry about the Ioad line of
action, onIy one-half of the geometry represented
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I
in Fig. 1 needs to be analyzed. The finite element
grid pattern is displayed in Fig. 5 such that the
stress and energy state for each increment of load
will be calculated by application of the Axisym-
metricy Planar Elastic Structures (APES) com-
puter program [lO]. A total of 309 nodes and 52
elements are employed to generate the mesh in
Fig. 5. Use is made of the twelve (12) nodes
quadrilateral isoparametric elements allowing for
cubic displacements and quadratic stress and strain
fields in each elemento The r~] singular strain
energy density field is embedded into the crack tip
region by means of the 1/9 to 4/9 nodal spacing
on elements adjacent to the crack.

3.1. M aterial damage and crack growth analysis

The specimen is displaced incrementalIy and
five different cases will be analyzed as described in
Table 2. For Case No. (1), six displacement steps
were chosen with the corresponding values of load
p versus deflection ° and crack growth increment
t:w for each step given in Table 3. In general, the
elements nearest to the crack front are more
severely damaged than those further away. The
degree of damage is measured by the change in the
local effective moduli E* such that damage in-
creases on a scale of 1 to 25 in accordance with
equation (5). The undamaged elements are not
numbered and the material is assumed to behave
elasticalIy in compression. With reference =.Fig.
5, the damage levels within the ten elements nearest
to the crack tip region labelled as I, I" ... ,X are
computed for each increment of crack growth. The
results for the five different cases in Table 3 are
tabulated in Table 4. More specificalIy, it can be
seen from Table 3 or 4, that the crack length
a/i = 1, 2, etc.) increases for each increment of
loading and the growth increment !J.a is non uni-
formo With reference to Case No. (1), the material

Table 2

IncrementaI displacement applied to bend specimen

Case No. Materia!
type

Displacement increment
!J.S(XlO-3 cm)

(l)
(2)
(3)
(4)
(5)

A
B
C
C
C

4.0
4.0
4.0
2.0
1.0
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Table 3
Load and displacement increments for different cases

Increment Load Deflection Crack growth
j = 1,2, etc. p) (kg) 8) (X 10-3 cm) increment

D.a(cm)

Case No. (1)
l 574 4 0.088
2 967 8 0.089
3 996 12 0.476
4 706 16 l.346
5 400 20 1.667
6 238 24 1.603
Case No. (2)
l 564 4 0.157
2 828 8 0.480
3 572 12 1.688
4 276 16 2.000
Case No. (3)
l 528 4 0.420
2 582 8 1.408
3 287 12 2.190
Case No. (4)
l 302 2 0.069
2 521 4 0.421
3 566 6 0.809
4 384 8 1.533
5 166 lO 2.000
Case No. (5)
l 152 l 0.023
2 301 2 0.069
3 426 3 0.166
4 483 4 0.444
5 500 5 0.506
6 392 6 1.110
7 273 7 1.208
8 119 8 1.629

elements I, II, 111and IX being closest to the crack
tip are damaged for the first increment of !J.o] = 4
X 1O~3 cm. The crack advances from 5.088 cm to
5.177 cm. More elements are damaged resulting in
larger crack growth increments. By the 5th and 6th
load increment, °5 = 20 X 1O~3 cm and °6 = 24 X

10~3 cm, all the ten elements around the crack
front are permanently damaged. Elements I, II,
111, IV and IX have all reached the maximum
damage level 25. Element VI always attains the
lowest number as it is furthest away from the
crack. Similar trends are observed for the re-
maining cases. Case No. (3) corresponding to
Material C with the lowest fj value cannot sustain
as much damage in crack growth as Materials A
and B. The final crack length a3 is smaller than a6

and a4 in Cases No. (1) and (2), respectively. The
data in Cases No. (4) and (5) correspond to the
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Table 4
Damage accumulation data for the five cases in Table 3

Deflection Crack length Damage element reference number
8j(Xl0-3cm) aj (cm) I II III IV V VI VII VIII IX X
Case No. (1)
4 5.088 7 18 4 4
8 5.177 21 24 22 11 lO 18 9

12 5.653 25 25 25 23 15 9 19 23 12
16 6.999 25 25 25 25 23 9 13 21 25 12
20 8.666 25 25 25 25 24 14 13 21 25 18
24 10.269 25 25 25 25 24 1 13 21 25 21
Case No. (2)
4 5.157 7 19 4 5
8 5.637 23 25 24 12 11 20 9

12 7.325 25 25 25 24 17 9 20 23 9
16 9.325 25 25 25 25 22 6 9 21 25 9
Case No. (3)
4 5.420 8 22 4 5
8 6.828 25 25 25 14 12 23 7

12 9.000 25 25 25 25 17 6 21 25 7
Case No. (4)
2 5.069 2
4 5.490 8 22 4 5
6 6.299 21 25 23 6 3 16
8 7.832 25 25 25 22 2 9 17

lO 9.832 25 25 25 25 12 9 17
Case No. (5)
1 5.023
2 5.092 2
3 5.258 15
4 5.702 8 25 8 2
5 6.208 18 25 22 2 8
6 7.318 25 25 25 13 8
7 8.526 25 25 25 20 8
8 10.155 25 25 25 25 8

same Material C but with lower deflection incre-
ments. This enhances slow crack growth, a result
that is frequently observed in experiments.

3.2. Load-displacement relationships

Applying the crack growth-damage model dis-
cussed earlier, the load P also increases in a step-
wise fashion according to the specified deflection
~. It is therefore instructive to trace the softening
behavior by observing the load P versus deflection
~ relationship. A typical schematic representation
of this relationship is shown in Fig. 6 which con-
sists of six steps. The point C is obtained by a
linear extrapolation of the previous point (P, ~)
and the origin assuming a constant secant mod-
ulus. A decrease in secant modulus is then de-
termined by the damage analysis to point D in
accordance with the strain energy density theory

and the values of E* and (dW/dV)~ are adjusted
according to Figs. 3 and 4. A crack growth analy-
sis is then performed to locate the point E. The
specimen then acquires a new tangent modulus.
Softening starts with additionalloading. Now, the
tangent modulus becomes negative with decreasing
load. A damage analysis is made and followed by
a crack growth analysis using the APES computer
program. The ratio CD / CE represents the amount
of stiffness loss due to material damage while
DE / CE corresponds to that due to crack growth.
According to Fig. 6, CD =:: DE at the fourth load
increment. The influence of crack growth begins to
dominate during the fifth and sixth step of load-
ing. By then, the specimen supports only one-fifth
of the maximum load and the crack has penetrated
two-thirds of the specimen width. The ratio CD /
CE or DE / CE is sensitive to the way the speci-
men is load ed incrementally. Material damage and
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Fig. 6. Typical schema tic relation of load versus deflection of
three-point bend specimen.

crack growth are by nature load-history depen-
dent. This point will be discussed in more detail
subsequently.

3.3. Strain energy density function

It is informative to plot the strain energy den-
sity contours around the crack tip region from
which failure initiates or occurs. Typical contours
for Case No. (4) corresponding to the first and

151

fifth loading step are shown in Figs. 7 and 8,
respectively. Resu1ts are displayed only for a por-
tion of the crack tip region, 0.5 cm in length. The
magnitude of dWjdVin units of kgycrrr' increases
with decreasing r becoming unbounded as r ap-
proaches zero. A quantitative assessment of this
decay can be seen from the magnitudes of the
various dWjdV= consto contours in Figs. 7 and 8
with the dark region being nearest to the crack tipo
The gradient of d Wj dVas a function of r becomes
more pronounced as the loading step is increased.
The variation of dWjdV in the angular direction
can be related to material failure by yielding
andjor crack growth. This will be discussed subse-
quently.

3.4. Comparison 01 materia! damage with yie!ding

It is of interest to compare the locations of
damage zone obtained from the quasi-Iinear analy-
sis with yielding predicted from the strain energy
density criterion [5,6]. Let damage in the jth ele-
ment be measured by the reduction in the elastic
modulus as

E-E/
dj= E (11)

With reference to the centroids (Xj, y) of the
element, the center of the damage zone may be
determined by

(12)

I- 0.5 cm Crock Tip

Fig. 7. Strain energy density contours around the crack tip for the first loading step of Material C, Case No. (4).

Contour No. I - 0.04 X 10-3 kg/cm2

2 - 1.60 x 10-3

3 - 3.30 x 10-3

4 - 4.90 X 10-3

5 - 6.50 x 10-3

Dork Region ~ 8.10 x 10-3
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Contour No. 1 - 0.02 X 10-3 kg/cmZ

2 - 10.25 X 10-3

3 - 20.25 X 10-3

4 - 30.00 X 10-3

5 - 40.00 X 10-3

6 - 50.00 X 10-3

Dork Region ~ 60.00 x 10-3

1- 0.5 cm Crock Tip

Fig. 8. Strain energy density contours around the crack tip for the fifth loading step of Material C, Case No. (4).

where Aj is the area of an element. These locations
for Cases No. (3), (4) and (5) afe plotted in Fig. 9
with reference to the crack tip position. They tend
to congrega te off to the side of the crack and bend
towards the specimen boundary perpendicularly as
the distance r is increased.

By using the asymptotic elastic stress solution,
the strain energy density factor S can be calcu-
lated as a function of () measured from the line of
expected crack growth which corresponds to the
vertical line or crack pIane in Fig. 9. The relative
minimum S can be shown to correspond with
()o = 0° and relative maximum with ()p = cos -] (l
- 2v). According to the S-criterion [5,6], the
former refers to the direction of macrocrack growth
and the latter to the direction of maximum yield-
ing. For v = 0.1, an angle of ()p = 36.8° is predic-
ted. The agreement is quite good for small values
of r. This is to be expected as the asymptotic stress
solution is limited to r/ a < l/IO. Yielding can
thus be viewed as damage with loss of material
stiffness.

4. Discussion of results: material, loading incre-
ment and size effects

Material response is, to say the least, a complex
behavior as it depends on many variables. The
results obtained on the three-point bend specimen
are useful to understand how the individuaI varia-
bles will affect the behavior of concrete-like
materials that undergo softening on the stress-
strain curve.

4.1. Difference in material

The three materials analyzed differ in their final
strain sf as specified in Table 1. For a constant
deflection increment of, say b.8 = 4 X 10-3 cm, the
p versus 8 behavior is shown in Fig. lO. The
shapes of the curves are similar but the areas
under the curves are substantially different.
Material A having the largest sf can sustain more
load steps and absorb more energy.

The load P may also be plotted against crack
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Fig. 9. Comparison of locations of damage centers with those
of yielding.

growth with P increasing with crack length and
decaying after it reaches a peak. The trends for the
three materials are similar to the P versus 8 varia-
tions in Fig. lO and will not be shown. The P-a
curves are associated with the commonly known
'R-curves' in fracture mechanics. The peaks of
these curves are usually considered as the transi-
tion between stable and unstable crack growth.
This is, of course, not always correct because load
transition involves the loss of structure stiffness
due to both of material damage and crack growth.
As it is distinguished in this work, unstable crack
growth is governed by Se while local material
damage depends on (dWjdV)~. The proportion of
contribution by material damage and crack growth
will vary depending on the combination of loading
step, specimen size and material. For instance, for
the smaller specimen with high fracture toughness,
the traditional structural collapse mode of failure
may precede unstable crack propagation. Only for
the very large specimen where sufficient energy is
stored and released suddenly, crack instability
mode would dominate rather than the traditional
structural collapse. lt is therefore important to be
able to assess failure modes corresponding to vary-
ing degrees of local material damage and crack
growth as their combination controls the behavior
of structures.

For the reasons just mentioned, it would be
more correct to consider the relations between the
strain energy density Sand the crack length a. The
results for Materials A, B and Care given in Fig.
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11. Even though the physical process of material
damage is a nonlinear function of P and 8, the
data when interpreted in the S versus a diagram
become linear 3, i.e., the condition dSjda = const.
is seen to prevail. These straight line relations
correspond to the situations when both crack
growth and the structure behavior are stable and
obviously do not hold in general when the struc-
ture is near its post-collapse condition. The curve
corresponding to Material A with the larger
(d Wj dV) c or fracture toughness has the larger
slope. This implies that for a constant Se' Material
A can sustain a smaller critical crack length. This
result is consistent with experimental observation
on materials with varying degree of e/. In general,
the slope of the S versus a curve is directly propor-
tional to e/. A slow crack growth threshold strain
energy density factor So also appears to occur at
the point where all the curves in Fig. Il intersect.
Note that dSjda possesses the same units as
(dWjdV)e and the ratio dSjdaj(dWjdV)e is

3 The so-cali ed 'R-curves' in fracture mechanics are nonlinear
and must be obtained experimentally as the physical parame-
ters are altered. They serve little purpose in design as they
cannot be used to gather information for cases other than
those already tested.
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always less than unity. This ratio can serve as a
relative measure of material damage to crack
growth. In the limi t as dS/da/(dW/dV)c tends
to unity, the structure will fail strict1y by brittle
fracture with no prior damage of material as in the
c1assicallinear elastic fracture mechanics theory.

700

Material C
600 O 68 = 4 x 10-3cm

• 68 = 2 x 10-3cm
!:::,. 68 = I x 10-3cm

500

'"x 400a..
Cl
<t
o 300...J

200

4.2 Effect 01 loading steps

The effect of loading steps is analyzed for
Material C with Ll8= 4 X 10-3, 2 X 10-3 and 1 X
10-3 cm. Displayed in Fig. 12 are the curves for
load P versus deflection 8. Within the range con-
sidered, the load carrying capacity of the specimen
tends to increase with increasing load step. An
increase of 36% in Pmax corresponds to Ll8 chang-
ing from 1 X 10 - 3 to 8 X 10 - 3 cm. This seems to
reflect the usual in crea se in flexural strength of
cement and mortar [11] when the applied strain
rate is increased. Further increase in Ll8 to 16 X
10 - 3 cm leads to a drop in Pmax that is not shown
here.

The effect of loading steps can be more c1early
exhibited by plotting the strain energy density
factor S as a function of crack length a for Material
C as it is done in Fig. 13. The three lines with
different slopes of dS/da correspond to Ll8= 4 X
10-3,2 X 10-3 and 1 X 10-3 cm. The slope dS/da
increases as Ll8 is increased. This means that for a
given material with Se = const., the criticaI crack
length decreases if large loading steps are taken.
This result is important for assessing the loading
capacity of cement composites in terms of the
interaction of loading steps with criticaI flaw size.
The trend of the curves in Fig. 13 corresponds to
that observed experimentally.

Fig. 12. Load-deflection far Material C with three different loading steps.
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Fig. 13. Strain energy density Iactor versus crack length far
Material C and three different loading steps.

4.3 Scaling in size

Because material damage and crack growth oc-
cur in a non self-similar fashion for each step of
loading, different sizes of specimen appears to
behave differently. This well-known size effect will
be analyzed by the results obtained on the three-
point bend specimen.

Let the load step to specimen width ratio be
b.o/b = 2.6 X 10-4 for Material C while three dif-
ferent scales of specimen sizes are considered such
that the dimension b in Fig. 1differs by factors of
1, 2 and 3. Referring to Fig. 14 for a plo t of P
versus O, the end points of the curve along the
o-axis also follow the scaling factors of 1, 2 and 3
while the factors 1, 4 and 9 are observed on the
P-axis. The above scaling can be justified by means
of dimensional analysis. A dimensionless load
parameter may be defined

p [o E Uu

(dW/dVLb2 = 'lT h' (dW/dVL' (dW/dV)c'

l t ao]
v'h'h'b' (13)

as in the Buckingham's theorem for physical simil-
itude in scale modelling. In equation (13), the
material toughness (dW / dV)c and specimen width
b have been used as the fundamental quantities.
The dimensionless load parameter may be re-
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garded as a function of the dimensionless deflec-
tion parameter o/b only if all others are kept
constant. In particular, since S depends on a,
dimensional analysis can again yield a relation
involving

S _ <p[!!", E Uu

(dW/dV)cb - b ' (dW/dV)c' (dW/dV)c'

l t ao] (
v'h'b'b' 14)

Knowing the values of So for different b, the
function <P can be regarded as linear in a rb:

S dS/da a - ao So---+------"---
(dW/dV)c b (dW/dV)cb'

(15)

which may obviously be rearranged into the form

S =A*(!!"')+B*
(dW/dV)cb b .

(16)

The constants A* and B* are dimensionless and
scale independent. Figure 15 gives the straight line
plots for S versus a - ao with b varying from 15
cm to 222 cm. For a fixed b.o/b ratio of 2.6 X 10-4

and material, all the lines are parallel. For Material
C with the critical value Se = 8 X 10-3 kgycm, the
limiting size is b = 222 cm. It shows that the
critical crack growth size decreases with increasing
specimen size, a conc1usion that is well-known in
practice.

Summarized in Fig. 16 are the relations be-
tween P /(dW /dV)eb2 and o/b for b =

15, 30, ... ,222 cm. The vertical lines with the
arrows indicate the limiting values of o/b as the
critical strain energy density value of Se = 8 X 10-3

kgycm is reached. This corresponds to K1C =

143.36 kg/cm3/2 which is typical for concrete [12].
It is c1ear that crack instability occurs for smaller
deflection of the specimen as the size b is increased.
Without considering unstable crack propagation,
the maximum load can be estimated from the
relation

( dW) 2
Pmax = 332.90 dV eb .

Figure 16 shows that structural instability or col-
lapse occur before unstable crack propagation only
in the case of b = 15 cm. For b = 30 cm, softening
behavior is not present and the crack started to

(l7)
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Fig. 14. Load-deflection for three different size and geometri-
cally similar specimens with !:>o/b = 2.6 X 10-4.

spread in an unstabIe manner when the load P is
stilI in the ascending stage. The criticaI crack
Iength aer for each case can be found from the S
versus a pIots on Fig. 15. A similar set of curves
are produced for Material C with f:j,{j/b = 0.65 X

10-4 and they are given in Figs. 17 and 18. They
basically show that with the same criticaI value Se'
the limiting specimen size is increased from b = 222
cm to 375 cm as the ratio f:j,{j/b is changed from
2.6 X 10-4 to 0.65 X 10-4. The interaction of Ioad-
ing step with specimen size is also exhibited.

It is now apparent that the quantity
Se/(dW /dV)eb can also enter into the dimen-
sional anaIysis in equation (13). In fact, for esti-
mating Pmax e it suffices to consider 4

(18)

in which S* is a dimensionIess quantity

Se re
S* = (dW/dV)eb =-y;' (19)

4 In generai, the quantity o/b will have to be included:

(dW/:V)cb2 =1T[ ~,S*].
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Fig. 15. Strain energy density factor versus crack length for
Material C with M/b = 2.6xl0-4.

Hence, all geometrically similar structures can be
regarded to be governed by S*. This dimensionIess
quantity can be used to predict the Ioad versus
deflection behavior of all specimen sizes. The
amount of subcritical crack growth is obviousIy
size dependent in addition to other influences such
as Ioading steps and material properties. Data on
small specimens can thus be collated with those of
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larger specimens. There is no need to extrapolate
fracture data from the small specimens to the
larger ones [13].
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5. Additional remarks and conclusions
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The foregoing treatment can be regarded as a
generalization of the results obtained previously
on the basis of the criticaI stress intensity factor
concept [4]. In that work, the transition between
structure collapse and failure by brittle fracture
was assumed to be governed by the parameter

E
o
o
(I)

s = K1c (20)
a,,1b ' o 0.4 0.6

DIMENSIONLESS DEFLECTION. 8/ b x IO'

Fig. 18. Dimensionless load-deflection diagram for /18jb =

O.65X10-4
which can be related to S* in equation (19) as

S*=s2(I+v)(1-2v), (21)
'TT

given by the formula
without considering slow crack growth accompa-
nied by material damage. Therefore, the ideai rela-
tion (dW/dV)c = a';/2E can be used and assump-
tion that local and global instability occur simulta-
neously. This, of course, cannot always be met in
reality.

It is also of interest to discuss the present
findings in relation to the maximum load P~,Z;x
results of ASTM [14] for the different b values as

(22)

where

(a) (a )1/2 (a )3/2 (a )5/2f bO = 2.9 bO - 4.6 bO + 2l.8 bO

(a )7/2 (a )9/2
-37.6 bO +38.7 bO (23)
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Fig. 17. Strain energy density factor versus crack length for Material C with /18jb = 0.65 X 10-4•
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Fig. 19. Comparison of normalized maximum load ratio for brittIe fracture and results predicted.

The predicted values of P;;;x from a perfectly-elas-
tic limit analysis are also computed according to

2
(3) _lu"t(b-ao)

Pmax - 3 l (24)

where the ligament size at collapse is assumed to
be b - ao' Normalizing the results obtained by the
present approach p~);x and rs: from equation
(24) with that of P~1]x recommended by ASTM
and plotting the results against b, Fig. 19 gives a
comparison of the predictions in [4] with those
obtained in this work. The line p~llxl p~2lx and
P~~xI P~1]x equal to 100% represents the limiting
case of ASTM where failure coincides totally with
brittle fracture. The curves in Fig. 19 give the
maximum failure load involving both structure
collapse and brittle fracture. The model in [4]
predicts a transition b value of 80.78 cm while the
present model yields b = 222 cm. The agreement
for the two models is good for b s; 45 cm. This
implies that when the specimen size is small, the
simple formula in equation (24) gives good predic-
tion based on ultimate strength alone.

In conclusion, it is worthwhile to reiterate that
the pseudo-elastic material damage and crack
growth model predicts the experimentally ob-
served behavior of concrete-like specimens well.
The interactions of loading steps, specimen sizes
and different elastic, hardening and softening
properties of the material are clearly exhibited
from the finite element results for a three-point

bend specimen configuration. An important find-
ing is that the condition dSjda = const. is seen to
prevail even though the process of material damage
and crack growth is non-self-similar. The idea of
dimensional analysis is shown to be useful for
resolving the commonly referred to specimen size
effect. It suffices to specify the two parameters
(dWjdV)e and Se whereby the failure behavior of
structure collapse andjor brittle fracture can be
predicted from the strain energy density theory.
The assumption of material homogeneity, of
course, has been invoked in this work when apply-
ing the present results to concrete structures. There
is no fundamental difficulty involved in extending
the theory to nonhomogeneous materials [15] ex-
cept that the finite element stress analysis must be
modified to account for changes in the material
properties from one grid location to another. Such
an effect will be left for future investigations.
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