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Plastic flow collapse vs.
separation collapse (fracture)
in elastic-plastic strain-hardening structures.

A. Carpinteri C) .
University of Bologna, Istituto di Scienza delle Costruzioni, 2, viale Risorgimento, 40136 Bologna, Italy.

In the present paper the possibility is discussed that the fracture collapse (separation) could
precede the plastic jlow collapse, in ductile materials. For this purpose two different
constitutive laws of the material are considered:
l) elastic-linear hardening material;
2) power-law hardening material.
In the second case it is possible to define a plastic stress-intensity factor, which is directly
connected with the J-integral and presents physical dimensions dependent upon the hardening
exponent. In the two limit-cases of purely elastic mqierial and rigid-plastic material it
assumes respectively the dimensions of an elastic stress-intensity factor (FL - 3/2) and the
dimensions of a stress (FL - 2).
Therefore, by increasing the non-linearity of the material a transition becomes evident from
a brittle fracture collapse to a plastic jlow collapse. Such a transition is completely analogous
to that occurring when the structural sizes are decreased wiih geometrical similitude.

1. INTRODUCTION

Above certain sizes the solid bodies become brittle.
Such brittleness, however, is not to be directly related
to the hardening exponent of the material stress-strain
diagram or to the energy absorbed by an element of
volume before the final crisis. These last quantities
characterize the constitutive law of the material and
then are local and objective mechanical properties,
which do not deal with the size of the body.

Thus, what does brittleness mean?
On intuitive bases we can define brittle for exampIe

PMMA, since very high stresses are necessary to break
it when it is uncracked, while very low stresses are
sufficient to extend a crack. On the other hand an
opposite example could be provided by a very ductile
metal, where a crack with the tip embedded in a strongly
yielded zone can even be a braking factor against the
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global plastic collapse. But it is certain that, if a very
large plate of the same metallic material is considered,
the crack tip plastic zone is always relatively small and
the metal can reveal a fracture behaviour very similar
to that of PMMA.

By considering the fracturing process in cement
composites, it has recently been possible to point out
how it is not so much the linearity of the material
constitutive law that produces the above-defined
brittleness, as a low ratio between fracture toughness
K1C and tensile strength (Ju ([1], [2]). It means that a
material without work-hardening and ductility, as
concrete, can appear non-brittle-in the above-mentio-
ned sense - while a metal can appear brittle.

Stressing again that brittleness means "difference of
behaviour between cracked and uncracked structure",
it is then important to realize that the brittleness is only
a matter of scale. It means that very large structures, of
relatively fracture insensitive material (e. g. dams,
nuclear vessels, off-shore structures), can result as brittle
as a small scale-model in PMMA. That is, an
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embrittlement occurs, which is due to the huge sizes of
these structures and is to be put directly in connection
with the fundamental laws of Physical Similitude [3].

Something analogous happens in Fluid Mechanics,
where the turbulent separation phenomenon occurs only
when the fluid flow exceeds certain sizes - dependent on
its viscosity and velocity - or the basic particle, which
we usually call drop, has sizes depending on the surface
energy of the considered liquido

A first error to be avoided is that of designing and
checking some structures of a particular undertaking
and size, without considering the most dangerous crisis
for them: fracture, or better separation. It would be like
not considering the instability collapse in the case of a
sufficiently slender structure.

As regards the large metallic structures, operating at
low temperatures under cyclic and impulsive loadings,
like for example off-shore structures, it has recently
been possible to verify how the usual techniques of
global elastic or elastic-plastic computation do not
always preserve the structural integrity. The presence of
a defect, even though of apparently negligible magnitude,
can really produce a local crisis mechanism different
from the classical model of plastic hinge.

A second error to be avoided is that of fooling
oneself that significant critical fracture parameters can
be obtained from specimens of any geometry and size.
Namely it is not generally correct to extrapolate the
results, obtained from very small specimens, to very
large structures, even if constituted of the same material.
That is, a graduaI brittleness increase occurs by
increasing the structural sizes, and a transition from a
plastic flow collapse (or from an ultimate strength
collapse) to a separation collapse.

In this sense, perhaps, the usual strength decrease
occurring when the specimen sizes are increased, may
find a more convincing and even more Iundamental
explanation than that offerred by Weibull's probabilistic
argument.

2. ELASTIC-PLASTIC MATERIAL

A schematization of the mechanical behaviour of
ductile materials is provided by a piecewise-linear
stress-strain law (fig. 1). The three-dimensional stress-
strain relation, according to the Total Deformation
Theory, can then be expressed as follows e): .

where:

A= ~(~ -I) if ò-'e> 1,
2 E*

A=O if ò-'e~ l;

C) The symbols with tilde indicate non-dimensionalized or
normalized quantities.
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sij is the stress deviator non-dimensionalized with
respect to yield strength Uy:
_ _ 1_
Sij=uij- 3Ukk(jij;

ò-'e is the Mises equivalent stress:
(2)

_ 3 __

u; = 2: sij Sij;

Sij is the normalized strain tensor:

(3)

(4)

and E* is the tangent Young's modulus of the yielded
or damaged material (fig. 1).

In a bidimensional yielded regio n, where ò-'e> l, the
equation governing the dimensionless Airy stress-
function (j) e) in dimensionless polar coordinates (2)

is [4]:

E 4 - l {[ l 8
2

1 8]
E* J7 «: 3A p2 8e2 - p 8p

[

- 1 (2 82 (j) 2 8(j) 82 (j))]
X u; p2 8e2 + p 8p - 8p2

1 82
[_ 1 ( 82 $ 8(j) l 82 (j»)]

+ p 8p2 u; 2p 8p2 - 8p - P 8e2

2 (-) }
6 8 _ 1 8 l 8cf>

+ p2 8P8e[U; P8p p 8e ] =0. (5)

When E/E* -> 00 (very ductile material) the preceding
equation becomes biharmonic:

(6)

and, in the tip region of a crack loaded in mode I
(opening), provides the same Airy stress function of the
purely elastic case:

(e l 3e)cf>=K*r3/2 cos- + -cos-
I 2 3 2' (7)

and then the same stress field:

(8)

It is possible to demonstrate that, while the singularity
r - 1/2 and the angular profile do not change, the
stress amplifying parameter Kf (plastic stress-intensity
factor) is reduced by the factor (E*/E)1/2 with respect
to the corresponding factor, computed in the purely
elastic field [4]:

Kf =KI (E*/E)1/2, (9)

(l)

C) The dimensionless Airy stress function (j) is equal to <'P/ayL2,
where a y is the yield strength and L is a reference length.

c» The dimensionless radiai coordinate p is equal to rl l..
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Fig. I. - Piecewise-linear stress-strain law.
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from which one gets:

Kte KÌc
E* =E=J/c. (10)

Relation (10) expresses the possibility of evaluating the
absorbed energy J/c in a unit crack extension with the
same formula, either by considering the elastic stress-
intensity factor (fictitious factor) and the elastic modulus
of the non-yielded material (real modulus), or the plastic
stress-intensity factor (real factor) and the tangent
modulus of the yielded materia l (fictitious modulus).

The strain energy density in the crack tip region is
independent of the value E* and is exactly the same as
in the purely elastic case [4]:

I (() 3 )W=-r-1KÌ cos2-+-sin2().
2E 2 4

(11)

When E*jE -+ O-as in fact has already been
supposed-from (9) one has: Kl-+ O and then the
stresses at the crack tip would tend to zero, while (11)
shows that the strain energy density tends to infinity for
r -+ O and is independent of the tangent modulus E*.
This absurd situation can be solved, if the asymptotic
solutions (7) and (8) are considered valid only in a
circular crack tip region of a radius tending to zero. It
means that, when an elastic-perfectly plastic material is
considered, the preceding treatment does not hold, since
the stresses at the crack tip are upper-limited by the
value (Jy (fig. 2). At most the singularity r-1/2, for not
too small bodies, not too deep cracks and not too high
loads, will develop at intermediate distances from the
crack tip (fig. 2).

Summarizing, one can assert that, when E* = E (fig.
3 a), the classical case of purely elastic material with
infinite tensile strength a; occurs. In such a case the
only possible crisis is the energetic one due to the
extension of a preexisting crack.

When 0< E* < E (fig. 3 a), one has a linear hardening
material with infinite tensile strength (Ju. In this case

€

(b)

Fig. 3. - (a) Stress-strain laws representable by two rectilinear segments. (b) GeneraI stress-strain law.
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also the only crisis, which can occur, is the fracture
crisis.

When E* = O (fig. 3 a), one has a perfectly plastic
material with yield strength (Jy- In this case a fracture
crisis can occur, when the crack tip plastic zone is
relatively small, or a plastic flow collapse, when the
structure is sufficientIy small and is totalIy invaded by
the plastic zone.

When - ro <E* <E (fig. 3 a), then one has a strain-
softening material with tensile strength (Ju. Even in this
case two different crises are possible: the fracture crisis
or the ultimate strength crisis, according to the structural
sizes. Hillerborg [5] showed how the fracture crisis in a
strain-softening material can depend on the area under
the descending segment of the curve of figure 3 a.
Namely, in this case, the material appears unstable and
total stress relaxations are possible for high dilatations.
That is, it is possible to assert that, unlike the previous
cases, the last constitutive law can predict the complete
material disconnection «(J = O) and describe by itself the
fracturing processo

Eventually, when E* = - o: (fig. 3 a), one has an
elastic-brittle material with tensile strength (Ju and the
two above-mentioned potential crises.

The considered cases relate to materials, whose (J-e

law is representable by two rectilinear segments. On the
other hand, the real materials usually present a non-
linear (J - e law, constituted by a linear segment and a
strain-hardening one, always followed by a more or less
steep strain-softening descending branch (fig. 3 b).
However it is important to observe that in the case of
the two simplest models (elastic-perfectly plastic material
and elastic-brittle material) the crisis at the crack tip
can occur due to energy reasons (KJ = KJc), as well as
due to supervened lability or to tensile strength
overcoming.

In order to surmount the difficulties and the
discrepancies previously emerged for elastic-perfectly
plastic materials (E* = O), it is possible to utilize
Dugdale's crack model [6], for which the yielded zone
is confined to a very narrow band Iying along the line
of the crack (fig. 4a).

plastic zone

{:"',7&

2a
-I

l"
2 (a + r )y

"I

(a)

In the case of the originai Dugdale crack in an
infinite sheet [6], the relative plastic zone size
ry/(a+ry) varies as a function of the stress (J at the
infinity, orthogonal to the crack (fig. 4 a):

r, 2(n (J)
a+ry =2sin 4: (Jy . (12)

According to (12), when the stress (J achieves the yield
point (Jy, one has ry/a -+ o: and the plastic zone invades
the whoIe sheet.

Suppose now that the plastic zone size is constant
and equai to the value supplied by the plane-stress
condition (1):

(13)

and, then, separateIy consider the plastic flow collapse.
The action of the plastic zone on the surrounding elastic
one can be considered as a pressure (Jy' tending to dose
the fictitious crack of length 2 (a + r y) and acting on the
crack edges at distances r-cr, from the fictitious tips
(fig. 4b).

Later on the simpie structurai geometries represented
in figure 5 will be examined:

1) four point bending test;
2) three point bending test;
3) compact test.

In each case the dimensioniess fracture Ioad qCR,
ignoring the crack tip piastic phenomena, can be
represented in the folIowing form [1]:

(14)

(') The value rv= 1/6 n (KIC/Uy)2, supplied by the plane-strain
condition, gives very similar resuIts.

la r
"I

y
l"la,

la
(b)

Fig. 4. - Dugdale's crack mode!.
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Fig.' 5. - Fracture test geometries.
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Fig. 6. - Stabilizing effect of the crack tip plastic zone.

(c)

where s is the brittleness number:
K1C

s= (J b1/2' (15)
y

and funetion f (ç) is tabulated in figure 5 for eaeh
geometry, ç = alb being the relative eraek depth.

If one wants to estimate the stabilizing effeet of the
plastie zone, which is always present, it may be useful
to eonsider the eraeked beam element of length tending
to zero (fig. 6a) and to advanee the following
hypotheses:

1) it is eonsistent to replace the plastie pressures on
the fietitious eraek edges (fig. 6b), with the equivalent
statieal system, aeting at the ends of the beam element
and eonstituted by the axial foree F* and the bending
moment M* (fig. 6 c):

j
M*

M* = - (J y r y t ( ~ - a - ~ ) ; (16)

2) the fraeture crisis ean be evaluated at the tip of the
fietitious eraek of relative length:

r S2
ç*=ç+ 2 =ç+ -. (17)

b 2n

Therefore, the new fraeture load, taking into
eonsideration the equivalent stabilizing internalloadings
F* and M*, is:

(18)
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Fig. 7. - Interaction between plastic flow collapse and fractnre collapse,
varying the brittleness number S=Klc/(Jyb1/2 four point bending
test).
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Fig. 8. - Interaction between plastic flow collapse and fracture collapse,
varying the brittIeness number s = K1c/ (Jy b1/2 (three point bending
test).
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Fig. 9. - Interaction between plastic flow collapse and fracture collapse,
varying the brittleness number S=Klc/(Jyb1/2 (compact test).
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where functions YF and YMare reported in figure 6. If
expressions (16) are introduced into (18), one finally
obtains:

(19)

In figures 7, 8 and 9 the fracture load q~Ris reported,
for the three considered geometries, as a function of the
real crack depth ç and varying the brittleness number s.
Then even the load of plastic collapse has been reported,
obtained by applying a limit analysis to the cracked
section. As has already come out from a preceding
investigation by the writer [1], ignoring in that case the
stabilizing effects of the crack tip plastic zone, the
fracture crisis-for bending tests and s~0.6 (figs 7
and 8) - comes into competition with another crisis - the
plastic collapse - and is completely replaced by the
latter, increasing the s number.

As regards the bending tests, it is surprising to verify
how the analysis, previously proposed and tending to
consider the effects of the crack tip plastic zone, supplies
fracture curves, which - if the factor s is neglected - are
identical to the curve of plastic collapse (figs 7 and 8).
Such an identity, on the other hand, does not occur
when the stabilizing plastic effects are not taken into
consideration [1].

As regards the compact test, it is possible to assert
that, for merely geometric reasons, it appears more
fracture-sensitive as a test than the others considered
(fig. 9). Namely, the fracture curve s = 0.6 diverges from
the curve of plastic collapse to a considerable extent,
especially for not too high crack depths ç. In fact for
this geometry we have not similar behaviour for the
curves of fracture and plastic collapse.

Another compact test peculiarity, revealed by the
preceding analysis, is the predicted stability of the
progressive fracture for not too deep cracks and for not
too high s numbers (s~0.6):

Oq~R ~O.
oç - (20)

On the other hand, observing figures 7, 8 and 9, the
suspicion can arise that the stability of fracturing
process - often noticed for relatively shallow cracks
(slow crack growth) or for relatively deep ones [7]-is
due to the fact that plastic collapse has the upper hand
over fracture collapse, when non-intermediate ç values
and sufficiently high s numbers are considered [1].

In conclusion, it is possible to assert that the
extrapolation of data, obtained from fracture specimens
with high s numbers, to structures with much lower s
numbers, may turn out to be a serious conceptual
mistake. On the other hand an equally serious
conceptual mistake may result in applying a plastic
limit analysis to structures with very low s numbers,



where the separation collapse has a clear priority over
the plastic flow collapse.

3. POWER-LA W HARDENING MATERIAL

Another interesting schematization of the mechanical
behaviour of ductile materials is the power-hardening
Ramberg-Osgood stress-strain law (fig. lO):

(21)

The corresponding three-dimensional relation appears
as follows:

(22)

and the equation governing the dimensionless Airy
stress function iP is [4]:

4 - 1{l 8z
V <P+- --

2 p àp?

+ ~ 8iP + ~ 8
Z$)J} = o.

p ào pZ 8(P

When n -4 00 (very ductile material) the biharmonic
term can be omitted, and equation (23) becomes
homogeneous in both iP and p (and derivati ves with
rspect to p). For this reason the variables p and fJ can
be separated, choosing a stress function <P-in the tip
region of a crack loaded in mode 1-with the following
form:

(23)

(24)

The resulting equation is homogeneous in F and
constitutes an eigenvalue equation for À. From such an
equation one gets the eigenvalue:

2n+ 1
À=--.

n+1
(25)

The Mises equivalent stress at the crack tip will then be:

(26)

where L: is a dimensionless function of fJ. More
generally, the stress, strain and displacement fields at

A.Carpinteri

the crack tip present the following forms respectively
([8], [9]):

v» = Kt r-1/(n+ 1) Sij (fJ),

O" (K*)n0 •• = ---.!' _1 r-n/(n+1) E .. (fJ)
"IJ E IJ ,

O"y

(27)

O" (K*)nUi= ---.!' _1 r1/(n+ 1)U,(fJ).
E O"y

From (27) it follows that the strain energy density
presents a singularity r - t, independent of the hardening
exponent n. Such a singularity then appears, once more,
as a Fracture Mechanics invariant, independent of the
material constitutive law.

When n -4 00 (rigid-plastic material) the stress
singularity tends to disappear, while the displacement
tends to become only a function of fJ. In figure Il the
crack shape uz(fJ=n) and the normal stress O"zz(fJ=O)
are represented for n -400.

Another remarkable fact deducible from (27) is that:
the plastic stress-intensity factor Kf, when the material
ispower-law hardening, has physical dimensions depending
on the hardening exponent n. More precisely, Kf has the
dimensions (force) x (length) -(Zn+ l)/(n+ 1). As a particular
case, when the material is purely elastic (i. e. n = 1) the
stress-intensity factor has the well-known dimensions
(force) x (length) - 3/Z.

Then it is possible to put the plastic stress-intensity
factor Kf in connection with the Rice's integral:

J1= f WdY-O"ijnjUi.xds.
r

(28)

Namely, performing the integral (28) along a circum-
ference of radius R centred in the crack tip, sufficiently

a

n -+ 00l~~=-~~==========n=oo

O~----------L------------------- __~
l €

Fig. lO. - Power-hardening Ramberg-Osgood stress-stra in law.
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(a)

Fig. 11. - Crack shape (a) and norma) stress at the crack tip (h) for a very ductile materia) (n --> CXl).

(b)

small so that such a zone is dominated by the plastic
singularity, one obtains [4]:

(
K* )n+l (J2J = _1 R(n+l)(À-2)+1 I ~

l n E'(Jy
(29)

which, recalling (25), becomes:

(
Kt )n+l (J;

J= - I-
l nE'(Jy

(30)

where In is a well-known dimensionless function of n.
Eventually from (30):

(
JlE )l/(n+l)

K*=(J --
l y I 2

n (Jy
(31)

As (31) makes evident, if a given material presents a
unique criticaI value Jlc-equal to the absorbed energy
in a unit crack extension-it will present even a well-
defined criticaI value Ktc. It means that, based on the
preceding hypotheses, a crack in a power-hardening
material will extend, whenever the plastic stress-intensity
factor Kt achieves its criticaI value Ktc.

The previously reported treatment has two consider-
able limitations:

1) it takes into consideration exclusively monotonic
loading processes. In fact, the Ramberg-Osgood law is
not able to predict the unloading material behaviour;

2) it does not take into consideration the sizes of the
cracked body.

On the other hand, examining again the physical
dimensions of the plastic stress-intensity factor Kt and
recalling that, according to the J-integral theory, it can
be considered as a fracture crisis parameter, it is
interesting to observe that, for n~ 00, Ktc tends to
assume the physical dimensions (force) x (length) - 2, i. e.
the dimensions of a stress. Then, for a rigid-plastic
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material the fracture parameter Klc goes to coincide
with the yield strength (Jy, and it seems that the
considered model cannot predict another crisis different
from the plastic collapse.

Increasing n from 1 to 00, i. e. increasing the non-
linearity of the material, a transition then happens from
a brittle fracture to a plastic flow collapse. Such a
transition is analogous to that described in the preceding
section, which - once the constitutive law of the material
has been chosen - happens when the structural sizes are
decreased with geometrical similitude. From these short
notes, a certain equivalence then appears to exist
between a high non-linearity in the constitutive law of
the material and a sufficiently small structural size.

4. DISCUSSION

Begley and Landes ([10], [11]) first tried to utilize the
J-integral as an experimental fracture parameter. It is
interesting to examine again their experimental results,
obtained by means of considerably small three point
bending steel specimens. For this purpose the experi-
mental value PCR l/(b -a)2 t, which is the equivalent
yield strength when the material is considered elastic-
perfectly plastic, has been reported in figure 12 as a
function of the relative crack depth a/b. For comparison,
in figure 12 again, the real yield strength (Jy, relating to
the 0.2 per cent of permanent deformation, has been
reported.

Then two observations are possible.
1) The equivalent yield strength is always higher

than the real yield strength. This means that a plastic
flow collapse prediction would always tend to be on the
conservative side.

2) The equivalent yield strength is nearly constant,
varying the relative crack depth a/b.
The latter observation can be put in relation with the
identity of behaviour of the fracture and plastic flow
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curves of figure 8, taking into consideration that the
brittleness number of the tests of figure 12 a is [11]:

132MNm-3/2
s= 916MNm-2 x (0.012m)1/2 ~1.31.

Goldman and Hutchinson [9] considering the Begley
and Landes' results again and applying the l-integraI
theory, concluded that the applied strain at fracture
initiation Bc exceeds the yield strain By for all cracks
which have a crack length of approximately two inches
or lesso It means that, in such cases, the fracture crisis
is anticipated by the plastic flow. Although they did not
consider the sizes of the cracked body, however they
brought out the transition from one crisis to another,
which is the central object of the present paper.

Below certain structural sizes-i. e. above a given s
number - the classical theorems of Plasticity seem to be
vali d, even with the presence of a sharp crack. Consider,
therefore, the presence of a crack as a material addition
in a perfectly plastic structure, according to the scheme
of figure 13.

Since the sum of the limit stress field for the original
structure (fig. 13 a) with an identically null stress field
in the added material (fig. l3 b), constitutes a statically
admissible stress field, the size increase of a perfectly
plastic structure cannot lead to a decrease of the limit
lo ad. In the experiments of Begley and Landes [lO] the
limit lo ad is even higher, as can be deduced from the
inequality: PCR 1/(b-a)2 t>(Jy (fig. 12). A further
confirmation of what has been said comes from the
hardening model of section 3, which, for n --+ 00 (rigid-
perfectly plastic material), supplies a generalized fracture
force Klc coincident with the yield strength (Jy.

The variation of the critical fracture parameters K1C

and hc with geometry and sizes (thickness and width)
of specimens is a problem which has already been
widely recognized, for which a rapid solution is
necessary.

With regard to this Latzko [12] writes:
"It is perhaps worthwhile to re-emphasise geometry

independence in terrns of the specimen type as an
absolute prerequisite for applicability in engineering
practice. Only then will it be possible to predict, for
example, the fracture behaviour of a structure loaded
in bending from a specimen in tension, or vice versa.
Unfortunately recent evidence on this crucial point
appears somewhat conflicting" .

Then he continues:
"Further thorough and extensive investigations are

desirable to verify whether such discrepancies should be
attributed to deficiencies in the determination of the
onset of crack extension or to more fundamental
influences acting on the crack tip ... ".

Milne and Chell [13] showed the size dependence of
lIC in ferritic steels and how the mechanisms of cleavage
fracture and ductile slow crack growth are always in
competition. This leads to the behaviour frequently
encountered in fracture tests, where initially ductile
crack extension leads to fast brittle failure.
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Turner [14] observes that J increases by increasing
the crack length a or the specimen width b [1] and
asserts:

"In LEFM these trends are normalised by the shape
factor Y; but it does not eliminate these trends in
plasticity so that when one term (a or b) is held
constant, various size effects appear as the other term
is altered. In conclusion it may be stated that our
present understanding of size effects in fracture is not
commensurate with their importance in fracture
toughness testing and design".

On the other hand there are no indications in the
load-displacement records of when crack growth starts,
since non-linearity due to material properties and that
due to crack growth cannot be separated. As a
consequence the criticaI point in J1c-testing is indeed
very conservative with respect to final instability.
Towers and Garwood [15] then observe a generai
geometry dependence of R-curves: the greater the plastic
constraint is (i. e. the greater the s number is, see
figs 7, 8, 9), the shallower the R-curve.

It has often been pointed out that, for ideai infinite
plates with sufficiently short cracks, the plastic flow
collapse precedes crack propagation [16]. However the
size finiteness of the cracked structure has not frequently
been considered, nor has the above-mentioned pre-
cedence Ior sufficiently long cracks or, in any case, for
sufficiently small structures.

At the 5th International Conference on Fracture
(Cannes, France, 29 March-3 Aprii 1981), a whole
session entitled "Effect of Geometry of Specimens" was
devoted to the previously expounded problem. Among
the others, particularly noteworthy is the paper
presented by Simpson [17], who determined center-
cracked tensile R-curves considerably steeper than
compact test R-curves (fig. 14). He ends by saying that
the R-curve cannot be considered as a universal fracture
parameter; the two curves in figure 14 diverge
significantly already at J~60-;-80kJ/m2 and, after less
than lmm of crack extension, the significance of the
parameter we cali J becomes unclear.

Aiso the results by Druce [18] indicate that both the
initiation of ductile cracking and the slope of the J
resistance curve are geometry dependent. Druce then
observes that reducing the specimen width b or thickness
t to below their respective requirements for size
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Fig. 14. - Experimental R-curves by Simpson [17].

independence has opposing effects on J: sub-thickness
specimens increase and sub-width specimens decrease J.

Kaiser and Hagedorn [19] determined R-curves,
which are within one scatterband for all specimen
widths in the initial, steeply-rising part. But after some
amount of crack extension, the R-curves are no longer
independent of specimen width b and an increa se of b
results in a steeper slope in the R-curves.

An experimental investigation emphasizing in a
particularly clear way the transition from one crisis to
another, is that carried out by Marandet, Phelippeau
and Rousselier [20]. Their results tend to prove that
specimens behave as if the onset of ductile tearing
moved with the beginning of generaI yielding until,
finally, for a sufficient specimen size, the onset of
ductile tearing is produced before the limi t load. The J
integrai at crack initiation thus becomes independent of
specimen size. In the case of the investigated steel, the
value of the ligament (b-a) guaranteeing the independ-

p

P/2

Fig. 13. - Sharp crack given by a material addition in a perfectly plastic structure.

(b)
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ence of Jic appears to be fairly high. The coefficient
ex= 25, generally recognized for the condition:

(
JlC )(b-ar~ex - ,

(fflow

is qui te insufficient; a value of the arder of 150 to 200
would be more appropriate if one does not wish to
underestimate the toughness of that steel.

Carpinteri [1] considered the size effects in fracture
testing, based on Buckingham's Theorem for physical
similitude and scale modelling. Such effects seem to be
due to the co-existence of two different structural crises,
induced by generalized forces with different physical
dimensions: plastic flow collapse [rr= FL - 2) and crack
propagation collapse (Kt=FL -(2n+l)/(n+l», and to the
finiteness of specimen sizes. The application of
Dimensional Analysis to strain-hardening-fracturing
materials alIows the definition of a dimensionless
parameter:

Ktcs* - ----,--- a b1/(n+l)'
y

(32)

which is the generalization of the previously introduced
brittleness number s (elastic-plastic-fracturing materials)
and governs the fracture-sensititivy phenomenon. Some
recurring experimental inconsistencies can be so
justified, as the increase or decrease of fracture
toughness K/c by increasing the crack length, the
increase of KlC by increasing the specimen sizes, the
variability of KlC by varying the test geometry. In this
context it is then possible to explain, at least in
qualitative terms, the wide variability of KlC and JlC

resistance curves and their frequent bell-shape (i. e.
dl lda < O for sufficiently deep cracks).

Sih [21] considers the singularity r -1 of the strain
energy density as a Fracture Mechanics invariant, and
therefore suggests a fracture criterion based on such a
quantity. He observes that "past experience indicates
that both brittIe and ductile fracture are markedly
influenced by specimen size even if the specimens
possess metallurgical and geometrical similarity. The
inadequacy of existing theories to explain size effect is
not merely a quantitative one. They are qualitatively
insufficient to account for the stage of stable crack
growth, which, in most instances, intervenes the two
events of fracture initiation and termination" [22].

The theoretical fracture sensitivity increa se due to
increase of structural sizes, expressed in section 2, is
totally in accordance with the numerical results by
Bazant and Cedolin [23], for which the limit stress
oeq - equivalent to apply an energetic Fracture Mech-
anics criterion - is considerably lower than the tensile
strength (fu only for very large structures.

Hillerborg [5] numerically predicts the size effects
peculiar of Fracture Mechanics too. He applies the
"fictitious crack modeJ", an eJasto-softening constitutive
law, and constructs a two parameters-theory (J1C, (fu),

A.Carpinteri

able to simulate the dimensional transition from an
energetic to a stress collapse [24].

It appears possible to conclude that, when the
structure is too small or the crack is too deep so that a
sufficientIy wide zone dominated by the stress singularity
r - 1/(n + l) cannot develop, then the crack propagation
mechanism does not start before collapses of a different
nature. On the other hand, the size of this zone
decreases by increasing the hardening exponent n, i. e.
by increasing the non-linearity of the material, and
vanishes in the limit n - 00, when the material becomes
rigid-perfectly plastic [25].
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RÉSUMÉ

Rupture par déformation plastique et rupture dans les
cas d'écrouissage de structures élastiques-plastiques. -
Au-delà de certaines dimensions, les corps solides
deviennent fragiles. On ne doit cependant pas établir une
relation directe de cette Jragilité avec l'indice de
durcissement du diagramme contrainte-déformation ou
avec I'énergie absorbée par un élément de volume avant
le terme de l'épreuve. Ces dernières quantités caractérisent
la loi de comportement du matériau, et sont donc des
propriétés mécaniques locales et objectives indépendantes
des dimensions du solide.

Par l'étude de la rupture de composites de ciment on
a récemment pu mettre en évidence que ce n'est pas tant
la linéarité de la loi de comportement du matériau qui
détermine cette fragilité, que la faible valeur du rapport
entre la ténacité à la rupture et la résistance à la traction.

On examine dans cet article la possibilité que, dans les
matériaux ductiles, la « séparation » précède la ruine par
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déformation plastique. Dans cette intention, on considère
deux lois différentes de comportement :

(l) pour un matériau à durcissement linéaire;
(2) pour un matériau dont le durcissement suit une loi

de puissance.

Dans le second cas, il est possible de définir un facteur
d'intensité de contrainte plastique, en relation directe
avec l'intégrale-J, et qui présente des dimensions physiques
selon l'indice de durcissement. Dans les deux cas limites
d'un matériau purement élastique et d'un matériau
plastique-rigide, les dimensions sont respectivement celles
d'un facteur d'intensité de contrainte élastique (FL - 3/2)

et celles d'une contrainte (FL -2).

Par conséquent, si I'on augmente la non linéarité d'un
matériau, une transition apparaù depuis une ruine de
rupture fragile jusqu'à une ruine par déformation
plastique. Une telle transition est tout à fait analogue à
celle qui se présente lorsque les dimensions structurelles
sont diminuées suivant une similitude géométrique.


