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Abstract. The Updated Bridged Crack Model (UBCM) is proposed as a fracture
mechanics tool to thoroughly predict the structural behaviour of fibre-reinforced
concrete (FRC) or hybrid-reinforced concrete (HRC) beams. The cementitious
matrix is assumed to be linear-elastic perfectly-brittle, whereas cohesive softening
constitutive laws are used to describe the toughening action of the reinforcing
phases, which is due to the yielding of steel-bars and/or to the pull-out of the short
fibres.

Under these assumptions, themodel predicts different post-cracking structural
behaviours that can be synthetically described by three scaling dimensionless
numbers: the bar-reinforcement brittle-ness number, NP, which is directly related
to the steel-bar reinforcement percentage, ρ; the fibre-reinforcement brittleness
number, NP,f, which depends on the fibre volume fraction, V f; and the pull-out
brittleness number, Nw, which is a function of the critical embedded length of the
fibre-reinforcement, wc.

Moreover, an effective relationship between the two reinforcement brittle-
ness numbers is proved to define the minimum reinforcement conditions for HRC
beams. All the other parameters being the same, it can be translated into a relation-
ship between the steel-bar and the short-fibre reinforcement ratios, thus providing
an effective and straightforward tool for the minimum reinforcement design of
HRC structures.
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1 Introduction: Scale Effects on the Minimum Reinforcement
Condition in Fibre-reinforced Concrete

The Updated Bridged Crack Model (UBCM) [1–3] is a Fracture Mechanics based app-
roach that is able to describe the flexural response of fibre-reinforced brittle-matrix
composites subjected to monotonically increasing or cyclic loading. In both cases, the
model describes the evolution of the fracturing process occurring in the matrix, assumed
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as elastic perfectly-brittle, taking into account the bridging action exerted by the rein-
forcing fibres [4–7]. This action ismodeled bymeans of a cohesive softening constitutive
law, which takes into account the progressive slippage of the fibre into the matrix [8,
9]. In addition, it is worth noting that the case of cyclic loading can be obtained as an
extension of the case of monotonic loading, since a generic load history can be divided
in different monotonic phases, with either increasing or decreasing load, starting from
an appropriate initial configuration [10, 11].

Fig. 1. Different post-cracking regimes in the moment-rotation diagram of a fibre-reinforced
brittle-matrix beam.

In both cases, i.e., monotonically increasing or cycling loading, the salient features
of the structural response are related to the fibre-reinforcement brittleness number, NP,f.
This dimensionless number depends on the fibre volume fraction, V f, on the matrix
fracture toughness, K IC, on the fibre equivalent strength, σ u, and on the element size, h,
as follows:

NP,f = Vf h
1/2 σu

KIC
(1)

The brittleness number is able to govern the post-cracking behavior of the composite,
which can range from ductile to brittle, leading to the definition of a critical value of the
fibre-reinforcement brittleness number, NP,f,C, which is demonstrated to represent the
limit condition between stable and unstable post-cracking behaviours (Fig. 1) [3, 6, 12,
13].
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In particular, the characteristic bending moment of crack propagation,MF, and that
of ultimate collapse, Mu, can be defined as:

MF = KICbh
3/2f

(a
h

)
(2)

Mu = σuAf
h

2
(3)

where b is the beam thickness, Af is the total area of fibre-reinforcements in the cross-
section, and f is a nondimensional function according to Linear Elastic FractureMechan-
ics [3]. From this point onward, it is evident that the non-integer power shown by the
beam depth, h, in Eq. (1) will be derived from the dimension mismatch between the two
generalized forces [σ ] = [L]−2[F] and [KI ] = [L]−3/ 2[F].

Keeping constant the beam thickness, b, and the relative crack depth, a/h, the scaling
problem is endowed to the change of beam depth, h. The condition MF = Mu returns
the minimum area of fibre-reinforcements, Af,min, which provides a stable post-cracking
behaviour, avoiding any possible losses in the structural load-bearing capacity:

Af ,min ∼ h1/2 (4)

Therefore, the corresponding fibre volume fraction is as follows:

Vf ,min = Af ,min

bh
∼ h−1/2 (5)

Thus, the minimum fibre volume fraction, V f,min, should not be constant, but it must
vary with the structural size, more precisely according to the power-law h−1/2.

Moreover, by equating Eqs. (2) and (3), we obtain:

Vf h
1/2 σu

KIC
= g

(a
h

)
(6)

where the left-hand side represents the above mentioned fibre-reinforcement brittleness
number NP,f [1, 2, 6], whereas the right-hand side is a dimensionless weight function.
The ductile-to-brittle transition condition is related to Eq. (6) and gives the minimum
quantity of fibre reinforcement for a beam showing a safe bearing capacity:

NP,f = Vf h
1/2 σu

KIC
= NP,f ,C (7)

where NP,f,C is the critical value of the fibre-reinforcement brittleness number. In the
case of fibre-reinforced concrete (FRC), NP,f,C can range from 1.0 to 1.3 [3, 11].

The minimum fibre volume fraction, V f,min, provided by NP,f,C is achieved when the
peak load at first concrete cracking is equal to the ultimate load generated by fibre flow.
In this way, any brittle behaviour in the post-cracking regime can be avoided.
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2 The Case of Hybrid-Reinforced Concrete

In the case of lightly- or fibre-reinforced concrete beams, the flexural response is mainly
governed by the tensile cracking of the concrete member, which generally precedes
concrete crushing at the compression edge (occurring for over-reinforced beams), as
well as the shear failure (occurring for deep beams). Under these circumstances, the
following four regions can be identified in the critical cross-section of the reinforced
concrete specimen, where the damage is localized (see the left part of Fig. 2): (i) ligament
in compression; (ii) uncracked ligament in tension; (iii) reinforcement bridging zone, in
which both short-fibres and steel-bars bridge the crack faces; (iv) stress-free crack zone,
generally noticeable for large crack depths.

Fig. 2. Critical cross-section in HRC beam and stress distribution predicted by the UBCM.

The UBCM assumes the composite as a multi-phase material, in which the cementi-
tious matrix and the reinforcing layers represent its primary and secondary phases, both
contributing to the global toughening of the structural element.

Under these assumptions, a r−1/2 stress singularity is considered at the crack tip (see
the right part of Fig. 2), which is characterized by a global stress-intensity factor, K I:

KI = KIM −
m∑
i=1

KIi = M

bh3/2
YM − {YF }T {F}

bh1/2
(8)

The crack propagation occurs when the stress-intensity factor,K I, reaches its critical
value, K IC, i.e., the fracture toughness of the plain matrix (unreinforced material). In
Eq. (8), both the contribution related to the applied bending moment, M, which tends
to open the crack faces, and that related to the distribution of forces, {F}, which bridge
the crack, appear.

The latter contribution represents the toughening action of the reinforcing secondary
phase, which is described by a constitutive law of the reinforcement. In the framework
of fracture mechanics, it is defined in terms of stress vs crack opening displacement
relationships, which can be generally written as:

σi = f (wi), for i = 1, . . . , n (9)



A Fracture Mechanics Approach to the Design 1185

Equation (9) provides a set of n equations relating to the stress in the i-th reinforce-
ment, σ i, with the corresponding crack opening displacement, wi. A rigid-perfectly
plastic constitutive law (Fig. 3) has been used to describe the yielding of the steel-bar,
which is characterized by the yielding stress, σ y. On the other hand, a rigid-softening
constitutive law (Fig. 4) has been used to describe the slippage of the short-fibres. It is
characterized by the slippage strength of the fibre, σ s, and the fibre embedment length,
wc. Following the suggestions reported in the literature on the basis of experimental
pull-out tests [9, 14, 15], different softening laws need to be considered in the case of
straight steel-fibres (Fig. 4a) and hooked-end steel-fibres (Fig. 4b). It is worth noting
that, in all cases, it is assumed that the crack opening at the reinforcement level occurs
when the maximum bridging force due to the yielding of the steel-bar, or to the slippage
strength of the short-fibre is attained in the reinforcement.

Finally, a set of compatibility conditions is needed to calculate the crack opening,
wi, at each i-th active reinforcement level as a function of the applied bending moment,
M, and of the bridging forces, Fi. In matrix form, we have:

{w} = {λM }M − [λ]{F} (10)

where {w} is the crack opening vector, {λM} is the vector of the local compliances due
to the bending moment, and [λ] is the matrix of the local compliances due to the bridging
forces.

For a given crack depth, the problem relies in the determination of the 2m + 1
unknowns, i.e., the fracture moment,MF, the profile of the crack opening displacements,
{w}, and the corresponding distribution of bridging forces, {F}, related to both active
steel-bars and reinforcing fibres.

In UBCM, the solution of the structural problem is obtained bymeans of a numerical
iterative procedure based on the equilibrium (crack propagation) condition (Eq. 8), on the
reinforcement constitutive laws (Eq. 9), andon the displacement compatibility conditions
(Eq. 10). It leads to the complete evaluation of the stress-profile represented in Fig. 2.

Fig. 3. Steel-bar rigid-plastic constitutive law.
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Fig. 4. Steel-fibre rigid-softening constitutive laws: (a) Straight fibre; (b) Hooked-end fibre.

Moreover, the sectional response of hybrid-reinforced concrete (HRC) beams is
found to be dependent on three scaling dimensionless numbers, i.e., the above men-
tioned fibre-reinforcement brittleness number, NP,f, together with the bar-reinforcement
brittleness number, NP, and the pull-out brittleness number, Nw, which are defined as
follows:

NP = ρ
σy

KIC
h1/2 (11)

Nw = Ewc

KICh1/2
(12)

The bar-reinforcement brittleness number, NP (Eq. 11), depends on the steel-bar
reinforcement percentage, ρ, on the steel yield strength, σ y, on the matrix fracture
toughness, K IC, as well as on the beam depth, h. The pull-out brittleness number, Nw
(Eq. 12), depends on the equivalent embedded length of the fibre, wc, on the matrix
Young’s modulus, E, on the matrix fracture toughness, K IC, and on the beam depth, h.
The three dimensionless numbers, NP,f, NP, and Nw are affected by the structural size,
h, an increase in h providing an increase in NP and NP,f, and a decrease in Nw.

3 Scale Effects on the Minimum Reinforcement Condition
and on the Plastic Rotation Capacity in Hybrid-Reinforced
Concrete

In the following, the flexural response of a lightly HRC element is described in terms
of dimensionless fracture moment, M̃F = MF

KICbh3/2
, vs local rotation, ϕ̃ = ϕ Eh1/2

KIC
, as

a function of the three brittleness numbers. The numerical results herein presented are
obtained by assuming the initial notch (a0/h) equal to the concrete cover (c0/h = 0.15),
and the reinforcing fibres as uniformly spaced within the concrete ligament.

In Fig. 5a, a family of curves is obtained by varying NP, whereas the brittleness
numbers related to the fibre-reinforcement, NP,f and Nw, are kept unchanged (NP,f =
0.20; Nw = 1225). It is evident how NP governs the ductile-to-brittle transition in the
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whole post-cracking regime of the beam, thus providing a significant contribution in
terms of global toughening and structural ductility/stability. In strong analogy to the
case of FRC [3, 7, 12] (Fig. 1), the numerical curves suggest to identify three stages
being characterized by the flexural response of the HRC beam. In Stage I, the specimen
exhibits a linear elastic behaviour.At the onset of the fracturingprocess, the post-cracking
regime takes place, being characterized by an intermediate stage (Stage II), in which both
steel-bars and fibres contribute to the load bearing capacity. In the final stage (Stage III),
which describes the gradual exhaustion of the fibre toughening contribution, the curves
tend towards different plastic plateaus, each one defined by its corresponding steel-bar
reinforcement brittleness number, NP.

On the other hand, a variation in the fibre-reinforcement brittleness number, NP,f
(Fig. 5b) affects just the Stage II of the flexural response. Consistently with the previous
discussion, Stage III is characterized by an asymptotic convergence of all the curves to
a common plastic plateau, which is defined by NP (=0.10).

It is worth noting that, even if the amount of steel-bar reinforcement, i.e., NP, is
not sufficient to provide a stable post-peak response (NP < NPC = 0.28), the additional
contribution represented by the reinforcing fibres, i.e.,NP,f, permits to obtain an ultimate
bending moment greater than the first cracking moment (see the green, cyan, blue, and
purple curves in Fig. 5b). In this sense, the crucial point is that the minimum reinforce-
ment condition in HRC beams can be obtained by an effective combination of NP and
NP,f.

Finally, the set of curves in Fig. 5c is obtained by varyingNw and keeping unchanged
the reinforcement brittleness numbers, NP and NP,f (NP = 0.10; NP,f = 1.00). Nw drives
the decrement of the bearing capacity in the final stage (Stage III), but provides no
significant influence on the final plastic plateau shown in the structural response.

For each curve in Fig. 5, both first cracking moment (onset of crack propagation) and
ultimate bending moment (load bearing capacity) can be evaluated, leading to define the
critical conditions for which a stable post-cracking response is guaranteed. Consistently
with the previous considerations, different critical conditions can be predicted byNP and
NP,f. These minimum reinforcement conditions in HRC beams are represented in Fig. 6,
where each point corresponds to a combination of the two reinforcement brittleness
numbers, NP and NP,f, required to obtain a stable post-peak response of the composite
beam.

It is found that NP and NP,f can be effectively interpolated by a linear relation,
defining in this way an effective minimum reinforcement design of HRC beams. For a
given value of NP i.e., a certain percentage of steel-bar reinforcement, ρ , it is possible
to obtain the corresponding value of NP,f i.e., the fibre volume fraction, V f required
to obtain the minimum reinforcement condition, and vice-versa. In brief, the diagram
of Fig. 6 can be used as a powerful tool for a quantitative evaluation of the amount
of reinforcing fibres necessary to a partial (or total) replacement of steel-bars in HRC
structures in bending.
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Fig. 5. Dimensionless fracture moment vs local rotation of the HRC beam: (a) Influence of NP;
(b) Influence of NP,f; (c) Influence of Nw.

Fig. 6. Minimum reinforcement design diagram for HRC beams.
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