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A B S T R A C T

The results of a series of experimental bending tests carried out on reinforced concrete members without
transverse reinforcement are reported and illustrated as a contribution to the study of the flexural to shear to
crushing failure mode transition. A total of 45 beams were tested to investigate the effects of a wide range of
longitudinal reinforcement amounts – 0.25% to 3.39% –, beam depths – 5 to 80 cm – and beam slendernesses
– 3 to 24. The analysis of the experimental data encompasses the identification of the overall mechanical
response, the assessment of the ultimate load and the detection of the critical crack that leads to the final
collapse of the beam. The results are interpreted with reference to a global failure mode transition scheme,
which allows to analyze all the failure modes within the same framework. As a result, an effective and synthetic
prediction of the failure mode transition is achieved on the basis of dimensionless numbers, namely 𝑁𝑃 , 𝑁𝐶
and 𝜆𝑙, defined in the framework of linear elastic fracture mechanics. Besides, strengths and weaknesses of the
provisions of some codes of practice are highlighted on the basis of the experimental results. In this context,
some drawbacks are reported for what concerns the inclusion of the size effect in the models provided to
assess the shear capacity of reinforced concrete beams.
. Introduction

The determination of the shear strength of reinforced concrete
RC) beam elements without transverse reinforcement has been deeply
nvestigated in literature since the beginnings of the development of RC
echnology. One of the earliest studies is due to Slater et al. [1], pub-
ished in 1926. Since then, many efforts have been done by the inter-
ational scientific community to reach a comprehensive understanding
nd modeling of the shear resistance mechanism, which depends on a
omplex interaction among material properties, amount of longitudinal
einforcement, effective depth, local stress transfer mechanisms (aggre-
ate interlock and dowel action), etc. Research has been conducted on
any fronts: an intense experimental activity that is being carried out
orldwide for more than 70 years [2–7] bringing to the creation of a
uge database (for instance, the results of more than 1800 tests were
ollected by Collins and co-workers in 2008 [8]), has been accompanied
y empirical analysis [9–13], theoretical studies [14–17] and numerical
pproaches [18–20].

One of the most delicate aspects, which is still under debate and,
herefore, is not satisfactorily addressed in the Standards [21–24], is
he effect of the structural size. Particularly interesting contributions
ere provided by Bažant and co-workers [4,25–31] who discussed the

esults of experimental tests, compared several size effect formulas and
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evidenced the limitations of experimental data, by Vecchio, Collins
and co-workers [8,32,33] who developed the Modified Compression Field
Theory, and by Muttoni and co-workers [16,34,35] who proposed the
Critical Shear Crack Theory. Another remarkable line of studies is due to
Carpinteri and co-workers who proposed an approach to the problem
based on fracture mechanics and dimensional analysis background
and performed several experimental tests. They initially studied the
problem of minimum reinforcement in RC beams and the related brittle
or ductile bending failure mechanism [36–43]. These studies were then
extended to include the effect of fibres reinforcement [44–46], shear
and concrete crushing failures [17,47–49], influence of axial force [50]
and size effects, which were introduced through dimensionless brittle-
ness numbers. Structural elements having the same brittleness number
show the same mechanical behavior. The works by Carpinteri and co-
authors share the common idea that failure is caused by the formation
and propagation of a critical crack. This concept has been used both
for the early works on bending failure and specifically in mixed bend-
ing/shear works where the shape of the critical crack was reported
from experimental testing [17,48]. The concept of critical crack has
been also extensively used by Muttoni et al. [16,34,35,51,52], being
the prediction of the shear strength obtained by the Critical Shear
vailable online 14 September 2022
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Fig. 1. Global failure mode transition scheme.
Crack Theory based on the shape of the critical crack, its width and
its roughness.

The present paper reports and illustrates the results of a series of
experimental tests aimed at finding an experimental confirmation of
the global failure mode transition scheme theoretically introduced by
Carpinteri et al. [53,54] and shown in Fig. 1. According to this scheme,
a double transition from flexural to shear failure and from shear to
crushing failure is obtained: (1) by increasing the reinforcement area,
path (d)–(e)–(f); (2) by decreasing the scale with constant reinforce-
ment area, path (a)–(e)–(i); (3) by increasing the scale with constant
reinforcement percentage, path (g)–(e)–(c); and (4) by decreasing the
beam slenderness, path (h)–(e)–(b). In the context of the present work,
the three failure modes are defined as follows:

• the flexural failure mode is characterized by the propagation of a
main flexural crack close to the mid-span cross section, propagat-
ing almost straightly from the tensile to the compression chord
of the beam. The final collapse is due to the yielding and tensile
rupture of the reinforcing bars, which is typical of RC beams with
a low amount of reinforcement.

• the shear failure mode is obtained when a shear crack propagates
from the bottom to the top side of the beam, leading to a separa-
tion of the beam in two blocks connected only by the longitudinal
reinforcement, which remains in the elastic regime. The shape of
the critical crack is such that no further load-carrying mechanisms
are possible. Consequently, the global response is characterized
by a vertical drop in the load-carrying capacity after the peak
load.

• the crushing failure mode is almost similar to the shear mode
except for the fact that, once the shear crack reaches the top
chord of the beam, a residual load-carrying mechanism is ac-
tivated, which consists in an arch or a strut action that takes
the load directly to the supports. Both mechanisms involve an
increase of the compression stress in the region above the shear
crack, until a buckling failure is achieved (the compressed strut is
quite slender), made evident by the expulsion of a wedge-shaped
portion of beam near the load application point. It has to be
remarked that with the beam geometry and load setup considered
in the present work, the ultimate compression strain of concrete
is difficult to reach because of an insufficient confinement. In the
crushing failure mode, the peak load, which is attained when the
shear crack is completely propagated, is typically followed by a
partial recovery of the load-carrying capacity due to the arch or
2

strut action.
The three failure mechanisms have very different crack patterns and
overall mechanical responses: from brittle flexural collapse, typical of
under-reinforced RC beams, to ductile behavior with the formation of
plastic hinges, typical of lightly-reinforced RC beams, to brittle failure
ruled by concrete crushing, typical of over-reinforced RC elements.

Besides confirming the global failure mode transition scheme by
means of experimental results, the aim of this work is to provide
the scientific community with the data of a series of experiments for
the study of the size effect in RC beams without transverse reinforce-
ment. Compared to other experimental tests reported in literature,
the peculiar value of this study is given by the fact that different
parameters were individually varied (cross section, reinforcement per-
centage, reinforcement area, span) keeping constant all the others. In
total 45 beams were tested. The outline of the paper is as follows:
Section 2 is devoted to the description of the experimental program,
whose results are described in Section 3, by detailing the effects of the
reinforcement amount and the beam size and slenderness. In Section 4
the experimental results are compared to the predictions of some codes
of practice so as to evidence strengths and weaknesses of the models
currently used by practitioners to determine the shear capacity of RC
beams. Section 5 presents a discussion of the experimental results in
terms of load carrying capacity and shape of the critical crack. Finally,
conclusions are drawn in Section 6.

2. Experimental program

An extended experimental program was carried out at the Lab-
oratory of Materials and Structures of Politecnico di Torino (Italy)
to study the failure mechanism and the crack pattern in concrete
beams reinforced only with longitudinal bars. The testing program was
designed on the basis of the global scheme illustrating the failure mode
transitions shown in Fig. 1.

2.1. Specimen geometry and test setup

The tested specimens had span 𝑆 and rectangular cross section of
depth 𝐻 and width 𝑊 variable depending on the considered case.
Longitudinal reinforcement of area 𝐴𝑠 was provided on the bottom
side of each beam, whereas transverse reinforcement against shear
failure was not provided. The longitudinal bars were arranged in one to
three layers, depending on the reinforcement amount. The beams were

simply supported and loaded in three-point bending (see Fig. 2).
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Fig. 2. Test setup: (a) load configuration; (b) position of the measuring devices.

Four series of specimens were tested, for a total of 15 different
types of beam, in order to analyze all the four transitions depicted
in Fig. 1. The geometrical parameters and the amount of longitudinal
reinforcement of all the beams are reported in Table 1, where the bold
numbers evidence the investigated parameter. The shear slenderness,
𝜆𝑙, is the shear span to beam depth ratio, 𝑆∕(2𝐻), and 𝜌 is the per-
centage of longitudinal reinforcement, equal to 100 𝐴𝑠∕(𝑊𝐻). It is
worth noticing that the normalization of all the parameters is done with
respect to the overall depth, 𝐻 , instead of the effective depth, 𝑑, that
is typically used by the Standards, to be coherent with the definition of
the dimensionless parameters 𝑁P and 𝑁C [17,37,55] that will be used
in the next Sections for the interpretation of the results.

Each beam type is identified by a label having the following struc-
ture: Hxx_𝜌y.yy_Szzz, where xx stands for the beam depth in cm, y.yy
is the percentage of longitudinal reinforcement and zzz stands for the
beam span in cm.

The first series of specimens listed in Table 1 was designed to
investigate the effect of the reinforcement amount (path (d)–(e)–(f)
in Fig. 1); the second and third ones the effect of the beam size for
a constant reinforcement ratio and area, respectively (paths (a)–(e)–
(i) and (g)–(e)–(c) in Fig. 1); and the fourth one the effect of the
slenderness (path (b)–(e)–(h) in Fig. 1). For each beam type, three
specimens were prepared and tested, in order to have some statistics
of the results.

All the tests were carried out in deflection-control, having assumed
the mid-span deflection as the control parameter, up to the complete
collapse of the beam. To this purpose, two LVDTs were placed at the
mid-span cross section, one per each side of the beam, and their values
averaged to compute the deflection, 𝛿, afterwards used to plot the
load–deflection curves. Besides, two LVDTs were installed at the beam
ends, on the upper side, in order to measure possible settlements at
the supports (see Fig. 2). Such a setup and testing control allowed to
capture the post-peak ductile or softening behavior typical of flexural
failure, whereas it was not sufficient to control the brittle events leading
to abrupt drops in the load carrying capacity that usually characterize
shear and crushing failures. The concentrated load, 𝑃 , was applied at
the mid-span by means of hydraulic jacks with the interposition of
a loading plate having a width equal to 5% of the beam span. The
evolution of the crack pattern was not monitored continuously during
the tests, but the final crack pattern on both sides of the specimen was
acquired by means of a high resolution digital camera after the end of
3

each test. In order to have the picture of the complete crack pattern,
all the cracks that were developing along the beam were marked step-
by-step with a black felt-tip pen. They were also numbered to record
the correct sequence of formation and propagation of the cracks. The
recorded images have been processed to extract the critical crack. The
width of the critical crack was not measured during the tests.

2.2. Material properties and specimen preparation

A single batch of concrete was prepared in a mixing plant and
delivered to the Laboratory of Materials and Structures of Politecnico
di Torino, where it was cast in formworks where the reinforcements
were previously arranged (see Fig. 3). The main prescriptions for
concrete were: strength class, as defined by EN 1992-1-1 [24], equal
to C35/45, maximum aggregate size equal to 20 mm, consistence class
S5 (defined through the slump test according to EN 12350-2 [56]),
and exposure class XC1. The actual mechanical properties of concrete
were assessed with specific tests carried out at the 28th day after
casting. The compressive strength, 𝑓𝑐,𝑐𝑢𝑏𝑒, was measured on 150 x 150
x 150 mm cubic specimens, following the Standards EN 206-1 [57]
and EN12390-3 [58], the secant value of the elastic modulus, 𝐸𝑐 , was
assessed on cylindrical specimens 100 mm in diameter and 300 mm in
depth, according to the Italian Standard UNI 6556:1976 [59], the frac-
ture energy, 𝐺𝐹 , was evaluated by means of three-point-bending tests
carried out on pre-notched beams following the procedure prescribed
by RILEM recommendation TC-89 [60]. Six specimens have been tested
for each property. The mean values and the standard deviations of the
mechanical properties are reported in Table 2. The cylindrical strength
has been computed by the formula 𝑓𝑐 = 0.85𝑓𝑐,𝑐𝑢𝑏𝑒. All the beams were
tested within a month from the 28th day of concrete curing in order
to limit the variability of the mechanical properties between the first
and the last tested beam and to use, with acceptable accuracy, the
properties evaluated at the 28th day for the analysis of the results and
the application of the formulae provided by the Standards.

As regards the reinforcement bars, only two diameters have been
used, 8 and 12 mm, in order to limit the effect of the steel–concrete
bond properties (note that 8 mm bars were used to provide the correct
amount of reinforcement only in the case of very low percentages). The
commercial B450C steel was used, characterized by a nominal yielding
strength of 450 MPa and an ultimate strength of 540 MPa. The actual
material properties of the reinforcing bars were determined by means
of uniaxial tensile tests carried out on four samples for each diameter,
following the prescriptions of the Standards EN ISO 15630-1 [61] and
ISO 6892-1 [62]. The mean yielding, 𝑓𝑦, and ultimate, 𝑓𝑡, strengths
obtained for the two diameters are reported in Table 3.

3. Experimental results

In the present section, the results of the experimental tests are
presented and discussed. Even though very different crack patterns
were obtained by varying the reinforcement ratio and geometrical pa-
rameters, they presented some common features. Attention is devoted
to the determination of position and shape of the crack whose opening
finally determines the beam failure, which is referred to as critical crack
in the following.

3.1. Effect of the reinforcement amount

The first series of specimens was designed to analyze the effect of
the reinforcement amount on the load-carrying capacity and the crack
pattern, experimentally evidencing flexural to shear to crushing failure
transitions in RC beams. It consists of 5 types of beams, having the same
size and different reinforcement percentages, 𝜌, varying in the range
0.25% to 3.39% (see Fig. 4). This set of specimens allows to follow the
transition along the path (d)–(e)–(f) shown in Fig. 1.
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Fig. 3. Specimen preparation: (a) formworks; (b) concrete casting.
Table 1
Series of specimens.

Id. code 𝑊 (mm) 𝐻 (mm) 𝑆 (mm) 𝜆𝑙 𝐴𝑠 𝜌 (%)

Effect of steel
reinforcement ratio

H20_𝜌0.25_S120 100 200 1200 3 1𝜙8 0.25
H20_𝜌0.50_S120 100 200 1200 3 2𝜙8 0.50
H20_𝜌1.13_S120 100 200 1200 3 2𝜙12 1.13
H20_𝜌2.26_S120 100 200 1200 3 4𝜙12 2.26
H20_𝜌3.39_S120 100 200 1200 3 6𝜙12 3.39

Size effect with
constant reinf. ratio

H05_𝜌1.01_S030 100 50 300 3 1𝜙8 1.00
H10_𝜌1.13_S060 100 100 600 3 1𝜙12 1.13
H20_𝜌1.13_S120 100 200 1200 3 2𝜙12 1.13
H40_𝜌1.13_S240 200 400 2400 3 8𝜙12 1.13
H80_𝜌1.13_S480 300 800 4800 3 24𝜙12 1.13

Size effect with
constant
reinforcement area

H10_𝜌2.26_S060 100 100 600 3 2𝜙12 2.26
H20_𝜌1.13_S120 100 200 1200 3 2𝜙12 1.13
H40_𝜌0.28_S240 200 400 2400 3 2𝜙12 0.28
H80_𝜌0.09_S480 300 800 4800 3 2𝜙12 0.09

Effect of beam
slenderness

H20_𝜌1.13_S060 100 200 600 1.5 2𝜙12 1.13
H20_𝜌1.13_S120 100 200 1200 3 2𝜙12 1.13
H20_𝜌1.13_S240 200 200 2400 6 2𝜙12 1.13
H20_𝜌1.13_S480 300 200 4800 12 2𝜙12 1.13
Table 2
Mechanical properties of concrete.
𝑓𝑐,𝑐𝑢𝑏𝑒
(MPa)

Standard
deviation

𝑓𝑐
(MPa)

𝐸𝑐
(MPa)

Standard
deviation

𝐺𝐹
(N/m)

Standard
deviation

47.9 4.6 39.8 29595 289 172.9 14.7
Table 3
Mechanical properties of steel.
𝜙
(mm)

𝑓𝑦
(MPa)

Standard
deviation

𝑓𝑡
(MPa)

Standard
deviation

8 502 11.6 611 9.1
12 513 3.2 603 1.6

In the case of 𝜌 equal to 0.25%, beams labeled H20_𝜌0.25_S120,
the load–deflection behavior was linear elastic up to the cracking load,
which was about 15 kN, when a flexural crack appeared very close to
the mid-span cross section of the beam. Such a circumstance provoked
a sudden decrease in the load-carrying capacity and stiffness, with the
reinforcing bar still in the elastic regime. Afterwards, the load increased
again, up to the yielding and hardening of the reinforcement. During
4

the hardening phase two more cracks appeared, symmetrically placed
at about 𝑆∕8 from the beam midspan. The final collapse of the beam
was due to the rupture of the reinforcing bars. The overall behavior
was very ductile, with the ultimate deflection equal to 0.015 S. The
load–deflection curves and the trajectory of the critical crack of the
three beams H20_𝜌0.25_S120 are shown in Fig. 5a. The trajectory of
the cracks are reported in dimensionless form, with the abscissa 𝛼
normalized with respect to the shear span, 𝑆∕2, and the ordinate 𝜉
with respect to the beam depth, 𝐻 . Two trajectories are shown for each
beam, one referred to the front side and the other to the back side. A
picture of one of the three beams taken after the test is shown in Fig. 6.
This is a typical flexural failure.

The load–deflection curves of the beams with 𝜌 = 0.50%, labeled
H20_𝜌0.50_S120, are characterized by a first steep branch correspond-
ing to the pre-cracking phase, followed by a second branch of reduced
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Fig. 4. Set of beams used to analyze the effect of the reinforcement amount, 𝜌.

Fig. 5. Load vs. mid-span deflection curves and critical crack trajectories for the
series of beams designed to analyze the effect of the reinforcement amount: (a)
H20_𝜌0.25_S120; (b) H20_𝜌0.50_S120; (c) H20_𝜌1.13_S120; (d) H20_𝜌2.26_S120; (e)
H20_𝜌3.39_S120.
5

stiffness due to the appearance of a first flexural crack close to the mid-
span cross section, and a third branch, almost horizontal, consequent
to the reinforcement yielding (see Fig. 5b). During the second and
the third phases, a number of flexural cracks appeared along the
span of the beam, almost equally spaced, from the center toward the
supports (cracks numbered as 2, 3 and 4 in Fig. 7). Most of them
propagated in the vertical direction only up to 𝐻∕2, except for the
two symmetric cracks no. 2, which propagated up to the upper side
of the beam, curving toward the load application point. In the ductile
phase, i.e. after the reinforcement yielding, the two cracks no. 2 opened
more and more, and competed with the central crack. In one case out
of three, the collapse of the beam was determined by the rupture of
the reinforcement within the central crack (pure flexural mode, see
Fig. 7a), whereas in the other two cases the collapse was determined
by an excessive opening of one of the two symmetric cracks, and the
consequent decrease in the aggregate interlocking effect (flexural/shear
mode, see Fig. 7b). In all the three cases the overall behavior was very
ductile, with an ultimate deflection 𝛿 = 0.02 S. The critical crack paths
for the three beams H20_𝜌0.50_S120 are shown in Fig. 5b.

By increasing the reinforcement amount to 𝜌 = 1.13%, beams
labeled H20_𝜌1.13_S120, the overall behavior became more brittle. The
load–deflection curves shown in Fig. 5c consist of three branches: a
linear elastic branch up to the cracking load, a second linear branch
having reduced stiffness, and a final abrupt drop in the load carrying
capacity. Most of the crack pattern developed during the second phase.
First, a series of flexural cracks appeared from the center of the beam
span toward the supports. They were approximately spaced by 𝐻∕2.
Then, increasing the midspan deflection, another set of flexural cracks
appeared, at an intermediate position with respect to the first series of
cracks. Finally, by approaching the ultimate load, one of the flexural
cracks, positioned at 𝑆∕4 from the mid-span, propagated above the
geometrical barycenter of the beam, deflecting toward the load appli-
cation point driven by the shear stresses (see Fig. 8). Very suddenly,
such a crack opened and propagated up to the upper side of the beam,
while, on the bottom side, a sub-horizontal crack stemmed due to the
dowel action of the reinforcing bars. This crack evolution led to a very
brittle failure, without any possibility of recovering partially the load-
carrying capacity. The repeatability of this case is very good, the three
load–deflection curves shown in Fig. 5c being almost overlapped. The
trajectories of the critical cracks of the three beams H20_𝜌1.13_S120
are shown in Fig. 5c.

Beams with a reinforcement amount equal to 2.26%, specimens
labeled H20_𝜌2.26_S120, exhibited a development of the crack pattern
similar to the previous case. First, a dense series of flexural cracks
appeared at the bottom side of the beam, although their propagation
was soon arrested by the high amount of steel reinforcement. Then,
one of them turned into a shear crack, propagating towards the top
side of the beam and pointing to the load application point (see
Fig. 9). Immediately after, sub-horizontal cracks stemmed from the
shear cracks at the bottom side of the beam and propagated towards
the supports, driven by the dowel action. Finally, the collapse of the
beam was determined by the explosive expulsion of a wedge-shaped
portion in the compression region of the beam, just aside the load
application point. As a result, the load–deflection response was very
brittle, being characterized by an almost linear-elastic branch up to the
peak load, followed by a vertical drop in the load-carrying capacity (see
Fig. 5d). In the context of failure transitions investigated in this work,
the present behavior is identified as crushing failure. The critical crack
paths for the three beams H20_𝜌2.26_S120 are shown in Fig. 5d, while
a picture taken after the test to specimen H20_𝜌2.26_S120-B is shown
in Fig. 9. It is interesting to note that in a case out of three two flexural
cracks turned into shear cracks, almost symmetrically placed around
the beam mid-span. They propagated in a competitive way, until one
prevailed on the other, leading to the final collapse.

A further increase in the reinforcement amount to 3.39% did not
produce variations on the overall mechanical behavior of the beams
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Fig. 6. Picture of the beam H20_𝜌0.25_S120-A after the test.
Fig. 7. Pictures of the beams (a) H20_𝜌0.50_S120-A and (b) H20_𝜌0.50_S120-C after the test.
Fig. 8. Picture of the beam H20_𝜌1.13_S120-A after the test. Numbers 1 to 3 indicate the order of the cracks’ formation, as described in the text.
and on the crack pattern. The load–deflection curves and the trajec-
6

tories of the critical cracks for specimens labeled H20_𝜌3.39_S120 are

shown in Fig. 5e. They are very similar to those of the beams with

𝜌 = 2.26% (see also the picture in Fig. 10).
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Fig. 9. Picture of the beam H20_𝜌2.26_S120-B after the test.
Fig. 10. Picture of the beam H20_𝜌3.39_S120-C after the test.
3.2. Size effect

The set of beams tested to analyze the size effect with a constant
reinforcement percentage, 𝜌 = 1.13%, is shown in Fig. 11. It is to be
noted here that the smallest beam has a reinforcement ratio slightly
lower than the others, being it equal to 1.00% because of practical
reasons (see Table 1). However, due to the small difference, the results
of the beams with 𝐻 = 0.05 m are included in this set, which allows
to follow the transitions along the path (g)–(e)–(c) in Fig. 1. The load–
deflection curves and the trajectories of the critical cracks are shown
in Fig. 12. The smallest beams presented a quite large scatter in the
overall mechanical response, as can be inferred from both the load
vs. deflection curves and the crack patterns shown in Fig. 12a. One of
the beams failed just after the attainment of the yield strain, another
one presented a relatively small plastic phase, while the third one
exhibited a well developed plastic phase. Such a scatter is probably
due to the maximum dimension of aggregates that, being comparable
to the beam depth, had a serious influence on the development of
the crack pattern, on the real properties of concrete and on the bond
conditions of the reinforcement. The beams with 𝐻 equal to 0.1 and
0.2 m exhibited a shear failure with a vertical drop in the load-carrying
capacity after the peak load, except one of the beams 0.1 m high, which
failed in bending with an extended plastic plateau (see Fig. 12b). The
collapse of the largest beams, i.e., those with 𝐻 equal to 0.4 and 0.8 m,
was determined by crushing failure. The reinforcement yielding was
obtained only for the smallest beam. In all the other cases, the collapse,
both in shear and crushing mode, occurred before steel yielding. Given
the interest the largest tested beams might arouse, a picture of the
crack pattern obtained for one of the beams H40_𝜌1.13_S240 and one
of the beam H80_𝜌1.13_S480 are shown in Fig. 13. Such pictures
make evident how the crushing failure is determined by the spalling
of a compressive wedge and its fracture by eccentric compression.
Herein, it can be remarked that this failure mode can be delayed by
adding stirrups or fibres reinforcement [6,9,10,46]. More precisely,
7

a correctly designed amount of stirrups counteract the formation of
the critical shear crack, favoring the development of a more diffused
crack pattern along the beam axis. The consistent resisting mecha-
nism changes into a truss model, which consists of the longitudinal
reinforcement, inclined concrete compression struts, stirrups, and the
compression chord. Accordingly, the design models provided by the
Standards in case of stirrups reinforcement are different from those for
beams without stirrups.

The size effect has been investigated also in the case of constant re-
inforcement area, 𝐴𝑠 = 226 mm2, path (i)–(e)–(a) in Fig. 1. Accordingly,
by increasing the beam depth from 0.1 m to 0.8 m the reinforcement
ratio was decreased from 2.26% to 0.09% (see Fig. 14). The load–
deflection curves and the trajectories of the critical cracks are shown in
Fig. 15. Contrarily to the case with constant reinforcement ratio shown
in Fig. 12, a transition from crushing to shear and flexural collapse
is obtained by increasing the scale. The smallest beam, 𝐻 = 0.1 m,
exhibited a brittle behavior determined by a crushing collapse, the
intermediate beam, 𝐻 = 0.2 m, was characterized by a brittle behavior
although due to a shear failure, whereas the two largest beams, 𝐻 = 0.4
and 0.8 m, exhibited a ductile response, consequence of a flexural
failure. In the case of 𝐻 = 0.8 m and 𝜌 = 0.09%, the steel rebars yielded
very early in the flexural crack and broke at the ultimate load. In this
case (Fig. 15d), the cracking load equals the ultimate load.

3.3. Slenderness effect

The slenderness effect was analyzed by considering beams with a
constant reinforcement ratio 𝜌 = 1.13%, a constant depth 𝐻 = 0.2 m
and different beam spans varying from 0.6 m to 4.8 m (see Fig. 16). The
results of the experimental tests are shown in Fig. 17. In the most stocky
sample, having a shear slenderness 𝜆𝑙 = 1.5, an almost straight critical
crack developed from the load application point to the support, typical
of a strut-and-tie behavior. The ultimate load was reached for crushing
of the compressed strut. By increasing the slenderness, the shape of the
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Fig. 11. Set of beams used to analyze the size effect with constant reinforcement percentage 𝜌 = 1.13%.
critical crack changed into that typical of a shear failure, for 𝜆𝑙 = 3,
and of a flexural collapse, for 𝜆𝑙 ≥ 6. Correspondingly, the load–
deflection response became more and more ductile. A further increase
in the slenderness does not provide any other transition between failure
modes, the flexural failure remaining the proper one. On the other
hand, a very high slenderness can amplify the effect of imperfections in
the beam geometry and in the supporting and loading devices, giving
rise to not negligible transversal bending and torsional moments in
addition to the main action, i.e., the bending moment in the vertical
plane. This phenomenon was made evident in the case of 𝜆𝑙 = 12 by
the appearance of a lateral displacement and a twisting at the mid-span
of the beam. Therefore, under such circumstances, the beam collapse
was determined by the combined action of the three aforementioned
solicitations.

The average value of the failure load and the failure mode for each
beam type are reported in Table 4. In all the cases but one, the self-
weight is not included being negligible compared to the applied force.
In fact, the ratio between the shear force produced by the self-weight
and the shear force produced by the applied load, evaluated at the
critical section, i.e., in the position of the critical shear crack, is always
lower than 1%. The only exception is the beam type H80_𝜌0.09_S480.
In that case, characterized by a flexural failure mode, the self-weight
contributed to 15% of the total bending moment in the mid-span. Ac-
cordingly, the concentrated load reported in Table 4 has been increased
by 15 kN, which is the load that produces a bending moment in the
mid-span section equal to that of the self-weight.

4. Comparison with standards

The provisions of some codes of practice, namely Eurocode 2 [24],
SIA 262 [63], and Model Code 2010 [64], were applied to calculate the
failure loads of the tested beams. The formula provided by Eurocode
8

2 is of empirical derivation, the Swiss Code, SIA 262, provides an
approach that is based on the Critical Shear Crack Model proposed by
Muttoni et al. [16], and the Model Code 2010 provisions are based on
the Simplified Modified Compression Field Theory [33].

First, the resistant bending moment, 𝑀𝑅𝑑 , and the resistant shear
force, 𝑉𝑅𝑑 , were computed for each of the beams by applying the codes
provisions. Then, once 𝑀𝑅𝑑 and 𝑉𝑅𝑑 were calculated, the corresponding
failure loads, 𝑃 (𝑀𝑅𝑑 ) and 𝑃 (𝑉𝑅𝑑 ), were computed taking into account
the three-point bending setup, in the hypothesis of negligible self-
weight effect. According to the design models, the load 𝑃 (𝑀𝑅𝑑 ) is
associated to the flexural failure mode, whereas the design load 𝑃 (𝑉𝑅𝑑 )
is associated to the shear and crushing failure modes. Finally, the real
design load was taken, for each beam, as min

[

𝑃 (𝑀𝑅𝑑 );𝑃 (𝑉𝑅𝑑 )
]

.
As far as the resistant shear force is concerned, the following

equation is provided by Eurocode 2 (units: N, MPa and mm):

𝑉𝑅𝑑 =
[

𝐶𝑅𝑑𝑘
(

100𝜌𝑙𝑓𝑐𝑘
)1∕3

]

𝑊 𝑑 (1)

where:

𝑘 = min

[

1 +
√

200
𝑑

; 2.0

]

(2)

is a coefficient taking into account the size effect,

𝜌𝑙 = min
[

𝐴𝑠
𝑊 𝑑

; 0.02
]

(3)

is the longitudinal reinforcement ratio, 𝑓𝑐𝑘 is the characteristic value
of the concrete compression strength, 𝑑 is the effective beam depth,
i.e., the distance of the extreme compression fiber to centroid of lon-
gitudinal reinforcement, 𝑊 is the beam width, and the recommended
value for 𝐶𝑅𝑑 is 0.18∕𝛾𝑐 , in which 𝛾𝑐 is the concrete partial safety factor.
It is to be noted that 𝜌𝑙 is defined with respect to the effective beam
depth, 𝑑, whereas 𝜌 reported in Table 1 is defined with respect to the
total beam depth, 𝐻 .
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Table 4
Dimensionless numbers, experimental peak loads and real failure mode for each type of beam.
Id. code 𝑁P 𝑁C 𝜆𝑙 𝑃𝐴,𝐵,𝐶

𝑒𝑥𝑝 (kN) Exp. failure mode

H20_𝜌0.25_S120 0.25 7.91 3 17.64, 18.52, 17.80 flexural
H20_𝜌0.50_S120 0.50 7.91 3 34.24, 35.96, 33.24 flexural/shear
H20_𝜌1.13_S120 1.12 7.91 3 58.04, 52.68, 53.76 shear
H20_𝜌2.26_S120 2.23 7.91 3 82.24, 70.20, 66.68 shear/crushing
H20_𝜌3.39_S120 3.35 7.91 3 74.36, 75.76, 77.64 crushing

H05_𝜌1.01_S030 0.50 3.95 3 16.92, 14.95, 15.68 flexural
H10_𝜌1.13_S060 0.79 5.59 3 34.39, 28.90, 39.20 flexural/shear
H20_𝜌1.13_S120 1.12 7.91 3 58.04, 52.68, 53.76 shear
H40_𝜌1.13_S240 1.58 11.18 3 210.56, 211.42, 220.74 shear/crushing
H80_𝜌1.13_S480 2.23 15.82 3 422.60, 432.92, 388.00 crushing

H10_𝜌2.26_S060 1.58 5.59 3 35.43, 40.31, 37.02 shear/crushing
H20_𝜌1.13_S120 1.12 7.91 3 58.04, 52.68, 53.76 shear
H40_𝜌0.28_S240 0.40 11.18 3 82.89, 86.40, 84.66 flexural/shear
H80_𝜌0.09_S480 0.19 15.82 3 81.56, 82.52, 78.16 flexural

H20_𝜌1.13_S060 1.12 7.91 1.5 114.93, 119.90, 121.66 strut & tie
H20_𝜌1.13_S120 1.12 7.91 3 58.04, 52.68, 53.76 shear
H20_𝜌1.13_S240 1.12 7.91 6 34.26, 33.54, 33.58 flexural/shear
H20_𝜌1.13_S480 1.12 7.91 12 15.00, 14.72, 14.76 flexural
Fig. 12. Load vs. mid-span deflection curves and critical crack trajectories for the series
of beams designed to analyze the size effect with constant reinforcement percentage:
(a) H05_𝜌1.01_S030; (b) H10_𝜌1.13_S060; (c) H20_𝜌1.13_S120; (d) H40_𝜌1.13_S240; (e)
H80_𝜌1.13_S480.
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Fig. 13. Pictures of the beams (a) H40_𝜌1.13_S240-B and (b) H80_𝜌1.13_S480-A after
the test.

The equation provided by SIA262 to compute the resistant shear
force is (units: N, MPa and mm):

𝑉𝑅𝑑 =
0.3 𝑊 𝑑

√

𝑓𝑐𝑘

𝛾𝑐

(

1 + 50
16+𝑑𝑔

𝑓𝑦𝑘
𝛾𝑠𝐸𝑠

𝑑 𝑚𝐸𝑑
𝑚𝑅𝑑

) (4)

where: 𝑑𝑔 is the maximum aggregate size, 𝛾𝑠 is the steel partial safety
factor, 𝑓𝑦𝑘 is the characteristic value of the steel yielding strength,
𝑚𝐸𝑑 and 𝑚𝑅𝑑 are the applied and the resistant bending moment in the
critical section of the beam, respectively. The position of the critical
section depends on the load configuration. In the case of concentrated
forces, the critical section is 𝑑∕2 from the application of the load (see
Ref. [16] for more details).
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Fig. 14. Set of beams used to analyze the size effect with constant reinforcement area, 𝐴𝑠 = 226 mm2.
Fig. 15. Load vs. mid-span deflection curves and critical crack trajectories for the
series of beams designed to analyze the size effect with constant reinforcement area:
(a) H10_𝜌2.26_S060; (b) H20_𝜌1.13_S120; (c) H40_𝜌0.28_S240; (d) H80_𝜌0.09_S480.
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The equation provided by Model Code 2010 to determine the resis-
tant shear force is (units: N, MPa and mm):

𝑉𝑅𝑑 = 𝑘𝑣

√

𝑓𝑐𝑘
𝛾𝑐

𝑧𝑊 (5)

where:

𝑘𝑣 = 0.4
1 + 1500𝜀𝑥

1300
1000 + 𝑘𝑑𝑔𝑧

, (6)

𝑘𝑑𝑔 is a coefficient taking into account the maximum aggregate size,
𝜀𝑥 is the longitudinal strain at the mid-depth of the effective shear depth
in the control section, and 𝑧 is the effective shear depth, taken equal to
0.9𝑑. Even though the correct evaluation of the longitudinal strain 𝜀𝑥
requires the adoption of an iterative procedure, its value was computed
by applying Eq. (7.3.16) of Model Code 2010, as also suggested in
ref. [65].

The resistant bending moment was evaluated in the same way for
all the three Standards, on the basis of the steel yielding strength,
𝑓𝑦𝑘. In order for a more direct comparison with the experimental
results, the partial safety factors for concrete and steel were assumed
equal to 1.0. Besides, the average values of the material strengths
were used instead of the characteristic ones. All the geometrical and
mechanical parameters needed to compute the design loads according
to the considered Standards can be taken from Tables 1, 2, and 3, and
from Figs. 4, 11, 14, 16.

The failure mode and load carrying capacity predicted by the three
considered Standards for each of the beam types are reported in Ta-
ble 5, together with the corresponding average values of the ultimate
load obtained with the experimental tests. It is worth noticing that the
failure mode identified as crushing in the present study does not have
a specific design formula in the Standards. It is treated as a shear fail-
ure. The comparison between Standards predictions and experimental
results is then shown in Fig. 18 in terms of experimental failure load
to design load ratio, 𝑃𝑒𝑥𝑝∕𝑃𝑑𝑒𝑠𝑖𝑔𝑛, where 𝑃𝑒𝑥𝑝 is the average value of the
three results obtained for each beam type. In the diagrams, not filled-in
markers identify cases in which the design failure load is determined by
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Fig. 16. Set of beams used to analyze the slenderness effect with constant reinforcement ratio, 𝜌 = 1.13 %.
Fig. 17. Load vs. mid-span deflection curves and critical crack trajectories for the
series of beams designed to analyze the slenderness effect: (a) H20_𝜌1.13_S060; (b)
H20_𝜌1.13_S120; (c) H20_𝜌1.13_S240; (d) H20_𝜌1.13_S480.

the resistant bending moment, i.e., 𝑃 (𝑀𝑅𝑑 ) < 𝑃 (𝑉𝑅𝑑 ), whereas filled-in
markers identify cases characterized by 𝑃 (𝑉𝑅𝑑 ) < 𝑃 (𝑀𝑅𝑑 ).

In Fig. 18a the ratio 𝑃𝑒𝑥𝑝∕𝑃𝑑𝑒𝑠𝑖𝑔𝑛 is shown as a function of the
reinforcement percentage for the beams belonging to the first series
of specimens listed in Table 1. The predictions of the three codes are
coincident for the flexural failure mode. In this case, there is an intrinsic
11
Table 5
Average value of the experimental peak loads reported in Table 4 and failure mode and
load carrying capacity predicted by the three Standards: EC2, SIA262 and MC2010. (f)
stands for predicted flexural failure (𝑃 (𝑀𝑅𝑑 ) < 𝑃 (𝑉𝑅𝑑 )), (s) stands for predicted shear
failure (𝑃 (𝑉𝑅𝑑 ) < 𝑃 (𝑀𝑅𝑑 )).

Id. code 𝑃 𝑎𝑣𝑒
𝑒𝑥𝑝 (kN) 𝑃EC2 (kN) 𝑃SIA262 (kN) 𝑃MC2010 (kN)

H20_𝜌0.25_S120 17.99 14.47 (f) 14.47 (f) 14.47 (f)
H20_𝜌0.50_S120 34.38 28.41 (f) 28.41 (f) 24.89 (s)
H20_𝜌1.13_S120 54.83 46.75 (s) 44.06 (s) 31.20 (s)
H20_𝜌2.26_S120 73.04 49.02 (s) 43.58 (s) 34.91 (s)
H20_𝜌3.39_S120 75.92 49.02 (s) 46.36 (s) 42.47 (s)

H05_𝜌1.01_S030 15.85 10.30 (s) 10.98 (f) 5.25 (s)
H10_𝜌1.13_S060 34.16 20.98 (s) 21.28 (s) 11.07 (s)
H20_𝜌1.13_S120 54.83 46.75 (s) 44.06 (s) 31.20 (s)
H40_𝜌1.13_S240 214.24 166.49 (s) 137.96 (s) 117.37 (s)
H80_𝜌1.13_S480 414.51 447.64 (s) 382.16 (s) 394.12 (s)

H10_𝜌2.26_S060 37.59 22.96 (s) 23.46 (s) 16.51 (s)
H20_𝜌1.13_S120 54.83 46.75 (s) 44.06 (s) 31.20 (s)
H40_𝜌0.28_S240 84.65 69.13 (f) 69.13 (f) 69.13 (f)
H80_𝜌0.09_S480 94.75 72.49 (f) 72.49 (f) 72.49 (f)

H20_𝜌1.13_S060 121.66 46.75 (s) 43.73 (s) 27.20 (s)
H20_𝜌1.13_S120 54.83 46.75 (s) 44.06 (s) 31.20 (s)
H20_𝜌1.13_S240 33.79 30.06 (f) 30.06 (f) 28.10 (s)
H20_𝜌1.13_S480 14.83 15.03 (f) 15.03 (f) 15.03 (f)

safety factor of about 1.25, which is due to the difference between
the ultimate and the yielding strength of the steel reinforcement. Con-
cerning the evaluation of the resistant shear load, EC 2 and SIA 262
provide quite similar results, whereas the predictions of MC 2010 are
more conservative. In general, the intrinsic safety factor increases by
increasing the reinforcement percentage.

The ratio 𝑃𝑒𝑥𝑝∕𝑃𝑑𝑒𝑠𝑖𝑔𝑛 for the second series of beams listed in Table 1
is shown in Fig. 18b as a function of the beam depth. EC 2 and MC 2010
predict shear failure for all the beams included in this series, whereas
SIA 262 predicts flexural failure for 𝐻 = 0.05 m. The predictions of
EC 2 and SIA 262 are close to each other, whereas those of MC 2010
are more conservative, especially for the two smallest beams, which
show a safety factor of about 3.0. However, from the safety stand point,
the most striking result is the decrease in the intrinsic safety factor by
increasing the structural scale. In the case of 𝐻 = 0.8 the safety factor
drops to about 1.0 for all the three considered codes.
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Fig. 18. Comparison between the failure loads predicted by codes of practice and the experimental results: (a) effect of the reinforcement ratio; (b) and (c) effect of the structural
scale with constant reinforcement percentage and reinforcement area, respectively; (d) effect of the slenderness.
The ratio 𝑃𝑒𝑥𝑝∕𝑃𝑑𝑒𝑠𝑖𝑔𝑛 for the third series of beams listed in Table 1
is shown in Fig. 18c as a function of the beam depth. According
to the experimental results, all the three codes predict shear failure
for 𝐻 = 0.1, 0.2 m, and flexural failure for 𝐻 = 0.4, 0.8 m. The
increase in the structural scale, therefore, is no longer a concern for
the structural safety because of the dominance of the flexural failure
at large scales. On the contrary, a decrease in the structural scale
evidences an underestimation of the real shear capacity, especially for
MC 2010, with an intrinsic safety factor that increases up to 2.3 for
𝐻 = 0.1 m.

Finally, the ratio 𝑃𝑒𝑥𝑝∕𝑃𝑑𝑒𝑠𝑖𝑔𝑛 for the fourth series of beams listed in
Table 1 is shown in Fig. 18d as a function of the shear slenderness. The
result of the shortest beam was not included because of its strut-and-
tie behavior that is not encompassed by the considered design models.
The decrease in the safety factor to 1.0 for a slenderness equal to 12
is due to the concomitant effect of the transverse bending moment and
twisting moment discussed in Section 3.3.

5. Discussion

5.1. Nondimensional analysis

Recent studies by the present authors [17,48,54] have shown that
the failure mode transitions in RC beams can be conveniently analyzed
on the basis of three dimensionless parameters, namely the shear
slenderness, 𝜆𝑙, and two brittleness numbers, 𝑁𝑃 and 𝑁𝐶 , obtained
by applying the Buckingham’s 𝛱-theorem of dimensional analysis to
the functional relationship among the geometrical and mechanical
parameters involved in the mechanical problem. The procedure yields
to the combination of the independent quantities into a reduced amount
12
of dimensionless variables (see [17,37,66] for more details on the
application of the procedure):

𝑁𝑃 = 𝜌
𝑓𝑦𝐻0.5

𝐾𝐼𝐶
(7)

introduced by Carpinteri since 1981 [36], and

𝑁𝐶 =
𝑓𝑐𝐻0.5

𝐾𝐼𝐶
(8)

introduced by Carpinteri et al. in [17]. The dimensional analysis pro-
cedure applied to derive 𝑁𝑃 and 𝑁𝐶 provides also the expression for
the consistent normalized load, which reads:

𝑃 = 𝑃
𝐾𝐼𝐶𝐻0.5𝑊

(9)

In Eqs. (7)–(9), 𝐾𝐼𝐶 is the concrete fracture toughness, which has been
herein computed by means of the fundamental Irwin’s relation, holding
in the framework of linear elastic fracture mechanics:

𝐾𝐼𝐶 =
√

𝐸𝑐𝐺𝐹 (10)

𝑁𝑃 includes the effects of the reinforcement amount and strength, the
concrete toughness and the structural scale, whereas 𝑁𝐶 introduces the
effect of the concrete compression strength. In dimensionless terms,
the structural response is expected to be only function of the three
dimensionless numbers. In particular, physical similarity is predicted
when the three dimensionless parameters are kept constant, although
the single mechanical and geometrical properties vary [17,55,66].

The values of the three dimensionless numbers are reported in
Table 4 for all the beam types tested in the experimental program. It
is worth noting that in the first three series of beams 𝜆𝑙 is constant
while 𝑁𝐶 varies because of the variation in the beam depth, 𝐻 . Since
the effect of the structural scale is also taken into account by 𝑁 , 𝑁
𝑃 𝐶
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Fig. 19. Dimensionless failure loads for the first three series of beams (see Table 1)
as a function of the brittleness number 𝑁𝑃 .

Fig. 20. Transition from flexural to shear failure by varying 𝑁𝑃 and 𝜆𝑙 according to
the experimental results of the fourth series of beams listed in Table 1.

does not add any information with respect to 𝑁𝑃 . Therefore, the results
of the first three series of specimens can be analyzed as a function
of 𝑁𝑃 only. This is not possible in case the concrete strength varies,
since 𝑓𝑐 is included only in the parameter 𝑁𝐶 . The average values of
the dimensionless failure loads for the first three series of specimens
are shown in Fig. 19 as functions of 𝑁𝑃 . The results, apparently
uncorrelated one from another, identify a clear trend as a function of
𝑁𝑃 . Three regions can be identified in terms of failure mode: flexural
failure for 𝑁𝑃 ≲ 0.7, shear failure for 0.7 ≲ 𝑁𝑃 ≲ 2.0, and crushing
failure for 𝑁𝑃 ≳ 2.0. As a first approximation, the 𝑃 −𝑁𝑃 relationship
can be described by a tri-lateral function, as shown in Fig. 19. The
decrease in the slope of the 𝑃 − 𝑁𝑃 linear functions up to an almost
horizontal line in the region of crushing collapse is consistent with the
theoretical results obtained by Carpinteri and co-authors by applying a
bridged crack model based approach (see Fig. 10 in Ref. [17]).

The effect of the slenderness is analyzed separately in Fig. 20. In
this figure, the values of 𝑁𝑃 for the fourth series of beams are reported
as a function of 𝜆𝑙. According to the results of the study carried out
by Carpinteri and co-workers [17] the 𝑁𝑃 vs. 𝜆𝑙 plan is subdivided in
two failure domains, namely flexural and shear. The curve separating
the two domains can be obtained by running the numerical approach
based on the bridged crack model presented in Ref. [17]. It is drawn in
Fig. 20, confirming that the parameters of the fourth set of beams were
selected to capture the transition between flexural and shear failure
modes.
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Table 6
Geometrical parameters of the critical cracks: position, 𝜉0 = 𝑥0∕𝐻 , slope of the first
branch, 𝛽1, and slope of the second branch, 𝛽2.

Id. code 𝑁P 𝜉0 𝛽1 [deg] 𝛽2 [deg]

H20_𝜌0.50_S120-B,C 0.50 0.54, 0.56 76, 74 39, 31
H20_𝜌1.13_S120-A,B,C 1.12 1.24, 1.81, 1.71 46, 43, 62 18, 13, 10
H20_𝜌2.26_S120-A,B,C 2.23 2.10, 1.63, 1.49 54, 53, 42 9, 14, 17
H20_𝜌3.39_S120-A,B,C 3.35 1.26, 1.89, 1.63 42, 33, 31 19, 11, 11

H10_𝜌1.13_S060-A,B,C 0.79 0.99, 0.88, 0.49 64, 68, 75 27, 27, 38
H20_𝜌1.13_S120-A,B,C 1.12 1.24, 1.81, 1.71 46, 43, 62 18, 13, 10
H40_𝜌1.13_S240-A,B,C 1.58 1.06, 1.80, 0.85 71, 50, 64 27, 15, 29
H80_𝜌1.13_S480-A,B,C 2.23 1.63, 1.64, 1.51 31, 44, 44 16, 14, 17

H10_𝜌2.26_S060-A,B,C 1.58 1.15, 1.25, 1.65 44, 51, 50 21, 22, 13
H20_𝜌1.13_S120-A,B,C 1.12 1.24, 1.81, 1.71 46, 43, 62 18, 13, 10
H40_𝜌0.28_S240-B,C 0.40 0.53, 0.49 70, 83 34, 31

5.2. Critical shear crack

From the analysis of the models proposed in the literature [16,17,
63,64,67], it emerges the importance of knowing the correct position
and shape of the critical crack for an accurate prediction of the shear
capacity. The shape of the critical cracks obtained in the experimental
tests is herein analyzed in a simplified way, by approximating the
cracks with a bi-lateral path, as sketched in Fig. 21a. In particular,
the two branches of the bilateral shape assumed to interpolate the
critical shear crack have been obtained by linear regression. The data
points included in the regression are those placed between the level of
the longitudinal reinforcement and the upper side of the beam, while
different positions for the knee formed by the two straight lines have
been tried, to minimize the error. According to such a schematic, the
path of the critical crack can be described by three parameters: the
distance of the crack from the load application point, 𝜉0 = 𝑥0∕𝐻 ,
evaluated at the mid-height of the beam, the inclination of the first
branch, 𝛽1, and the inclination of the second branch, 𝛽2. The values
of the three parameters obtained from the beams failed by shear or
crushing are reported in Table 6 and shown in Fig. 21b–d as a function
of 𝑁𝑃 .

The parameter 𝜉0 increases from 0.4 up to 2.0 for 𝑁𝑃 varying from
0.5 to 3.4. Such a result evidences that, in the case of concentrated
loads, the position of the control section defined by SIA 262 and Model
Code 2010, i.e., the position of the critical crack, does not depend only
on the load configuration but also on the geometrical and mechanical
properties of the beam. Simultaneously, 𝛽1 decreases from 80◦ to 30◦,
and 𝛽2 decreases from 40◦ to 10◦. The decrease in 𝛽1 is almost linear,
whereas the decrease in 𝛽2 is faster for low values of 𝑁𝑃 . According to
the mechanical models behind the provisions of Model Code 2010 and
SIA 262, the increase in 𝜉0 with 𝑁𝑃 is beneficial for the shear strength
because it means that the critical crack, i.e. the control section in the
models, moves towards regions subjected to lower values of bending
moment. On the contrary, the decrease in 𝛽1 is detrimental because
it reduces the contribution of the aggregate interlocking to the shear
strength. Analogously, the concomitant increase in 𝜉0 and decrease
in 𝛽2 is harmful because it reduces the thickness of the compressed
chord located above the critical shear crack, making it more prone
to the buckling collapse observed in the cases classified as crushing
failure mode in the present study. In the experimental tests, the latter
phenomenon was particularly evident for the largest beams of the
second series of specimens, namely H80_𝜌1.13_S480, which, in fact,
exhibited a very brittle failure due to concrete crushing.

6. Conclusions

The contributions brought by the present paper to the study of the
shear strength in RC members without transverse reinforcement are

manifold. The following main conclusions can be drawn.
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Fig. 21. Critical crack: (a) simplified representation of the path; (b) position of the crack, (c) slope of the first branch and (d) slope of the second branch as a function of 𝑁𝑃 ,
for 𝜆𝑙 = 3. Filled-in markers refer to shear failure, empty markers to crushing failure.
• The global failure mode transition scheme theoretically intro-
duced by Carpinteri and co-workers has been confirmed by the
results of the experimental tests. All the transition paths included
in this scheme were investigated experimentally and analyzed in
terms of failure load and critical crack pattern.

• The use of the dimensionless numbers 𝑁𝑃 , 𝑁𝐶 and 𝜆𝑙 in the
analysis of the results has clear advantages compared to the use of
the single parameters. The experimental results herein presented
are a valuable contribution for the estimation of the values of the
brittleness numbers that identify the flexural to shear to crushing
failure transitions.

• Concerning the provisions of Eurocode 2, Model Code 2010 and
SIA 262 for the failure load of RC members without transversal re-
inforcement, the experimental results herein reported pinpointed
that the effect of the reinforcement amount is properly taken into
account, whereas improvements are still required for a correct
prediction of the size effect. This is made clear by analyzing
the safety factor defined as the ratio between experimental and
predicted failure load, which is very large for low beam depths,
even larger than 2.0 in case the Model Code 2010 is applied,
whereas it dangerously decreases to about 1.0 for the beam 0.8 m
deep.

• The large underestimation of the shear strength provided by
Model Code 2010 for some of the cases is due to the dependence
of the shear strength on the values of bending moment and shear
force acting in the control section. In that regard, the three-point
bending setup is the most unfavorable scheme, since it maximizes
both the bending moment and the shear force in the mid-span
cross section whereas, for example, the simply supported beam
subjected to a distributed load maximizes the shear force on the
supports and the bending moment at the mid-span. The effect of
the structural scheme is not included in the formula by Eurocode
2, whereas it seems to be more appropriately taken into account
in the formula by SIA 262.
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• Codes predictions may be improved by taking into account the
variation in position and shape of the critical crack as a function
of the main parameters of the problem. For that purpose, the main
features of the critical crack have been reported as a function
of the brittleness number 𝑁𝑃 . Pretty clear trends have been
obtained.

Finally, the results of the experimental program herein presented,
which is unique in the recent literature for number of tested specimens
and variety of parameters investigated, constitute a comprehensive
database useful for future investigations.
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