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A B S T R A C T   

The Updated Bridged Crack Model (UBCM) is proposed as a fracture mechanics tool to thoroughly 
predict the structural behaviour of hybrid-reinforced concrete (HRC) beams. The cementitious 
matrix is assumed to be linear-elastic perfectly-brittle, whereas nonlinear constitutive laws are 
used to describe the toughening action of the reinforcing phases, which is due to the yielding of 
steel-bars and to the pull-out of the short fibres. 

Under these assumptions, the model predicts different HRC post-cracking structural behaviours 
that can be synthetically described by three scaling dimensionless numbers: the bar-reinforcement 
brittleness number, NP, which is directly related to the steel-bar reinforcement percentage, ρ; the 
fibre-reinforcement brittleness number, NP,f, which depends on the fibre volume fraction, Vf; and the 
pull-out brittleness number, Nw, which is a function of the critical embedded length of the fibre- 
reinforcement, wc. An effective relationship between the two reinforcement brittleness numbers 
is proved to define the minimum reinforcement conditions for HRC beams. All the other pa-
rameters being the same, it can be translated into a relationship between the steel-bar and the 
short-fibre reinforcement ratios, thus providing an effective and straightforward tool for the 
minimum reinforcement design of HRC structures.   

1. Introduction 

During the last forty years, an extensive research work has focused onto the beneficial influence of reinforcing fibres on the me-
chanical behaviour of cementitious composites. This is relevant either when the fibres represent a single reinforcing phase ─i.e., in the 
case of fibre-reinforced concrete (FRC) elements [1–11]─ or when they represent a supplementary reinforcement in addition to the 
traditional steel-bars, leading to the definition of the so-called hybrid-reinforced concrete (HRC) [12–22]. In both cases, it is widely 
acknowledged that the fibres provide an improvement of the mechanical properties of the composite, including fracture energy, as well 
as tensile, compressive, and shear strengths. 

The main feature of fibre-reinforced composites is that their energy dissipation capacity dramatically changes depending on several 
factors, among which: (i) the fibre volume fraction, Vf; (ii) the mechanical and geometrical properties of the reinforcing fibres (tensile 
strength, geometric profile, and aspect ratio) and of the cementitious matrix (mainly, its compression strength) [23–26]; (iii) the 
specimen sizes [27–30]; (iv) the fibre distribution within the volume of the composite [31]. 

In the scientific literature, the constitutive law of fibre-reinforced cementitious composites is generally described by a single 
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cohesive softening law ─i.e., a stress vs crack opening relationship, σ-w─ which includes both the toughening contributions of the 
concrete matrix and that of the reinforcing fibres. As suggested in Model Code 2010 [32], in the case of plain concrete, the contribution 
of the matrix can be modelled by a bi-linear softening curve, in which the describing parameters ─i.e., the concrete fracture energy, GF, 
and the concrete tensile strength, σt ─ are empirically correlated to the concrete compression strength or the concrete grade. On the 
other hand, in the case of FRC composites, a further contribution related to the toughening mechanism of the fibre is considered. In 
Fig. 1, the cohesive law of the composite is obtained as a superposition of the toughening contribution of concrete (thin dashed line) 

Nomenclature 

Af fibre cross-section area; 
a0 notch depth; 
b beam thickness; 
c0 concrete cover; 
ci distance of the i-th reinforcing layer from the beam intrados; 
E matrix Young’s modulus; 
Es steel-bar Young’s modulus; 
{F} bridging force vector; 
Fi bridging force of the i-th reinforcing layer; 
h beam depth; 
KI global stress-intensity factor; 
KIC concrete fracture toughness; 
KIi stress-intensity factor due to the i-th bridging force; 
KIM stress-intensity factor due to the applied bending moment; 
m number of active reinforcing layers in the cross-section; 
M applied bending moment; 
MF fracture moment; 
M̃F dimensionless fracture moment; 
NP bar-reinforcement brittleness number; 
NP,f fibre-reinforcement brittleness number; 
NPC critical value of the bar-reinforcement brittleness number; 
Nw pull-out brittleness number; 
n total number of reinforcing layers in the cross-section; 
nb steel-bar reinforcing layers in the cross-section; 
nf fibre reinforcing layers in the cross-section; 
Vf fibre volume fraction; 
Vf,min minimum fibre volume fraction; 
{w} crack opening displacement vector; 
w crack opening displacement; 
wi crack opening displacement at the i-th reinforcing layer; 
wc critical crack opening displacement of the fibre reinforcement (fibre embedment length); 
wy steel-bar yielding crack opening displacement; 
{YF} bridging force shape function vector; 
YM shape function related to the applied bending moment; 
α orientation factor; 
γf fibre specific weight; 
Φ steel-bar diameter; 
φ local rotation of the cross-section; 
φ̃ normalized local rotation; 
λMM local rotation compliance; 
[λ] matrix of the bridging force local compliances; 
{λM} vector of the bending moment local compliances; 
ρ steel-bar reinforcement percentage; 
ρmin minimum steel-bar reinforcement percentage; 
σ bridging stress; 
σi bridging stress acting in the i-th reinforcing layer; 
σs fibre slippage strength; 
σs generalized fibre slippage strength; 
σy steel-bar yielding stress; 
τm average shearing stress at the concrete-steel interface.  
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and that of the reinforcing fibres (thin dot-dashed line). The area under the thick curve represents the fracture energy of the composite 
material, GF. 

Several experimental investigations evidenced how the presence of fibres leads to a variation in the shape of the composite 
constitutive law, which can be generally modelled by a multilinear function [33]. Moreover, the reinforcing fibres provide a significant 
increase in the critical crack opening displacement, wcr, with a consequent increase (up to two orders of magnitude) in the fracture 
energy of the composite, GF. 

Generally speaking, due to the large number of variables involved in the FRC constitutive law, the latter is defined on the basis of 
experimental flexural tests. This design-by-testing procedure is required by the existing structural codes for the design of FRC 
members, where the post-cracking residual flexural strength at a given crack opening displacement is measured [32,34–35]. A similar 
approach can also be found in different research works, in which an inverse procedure is applied to identify the global σ-w constitutive 
relationship starting from a load–deflection or a load-CMOD experimental curve [36–38]. This single constitutive law could also be 
used in a sectional model that is able, on the basis of equilibrium, constitutive, and kinematic conditions, to predict the flexural 
response of FRC and HRC elements [10,13,16,19]. 

In all cases, the main drawback of the abovementioned approaches relies in the fact that the assumption of a single constitutive law 
for the fibrous composite ─which is valid for a given percentage of reinforcing fibres, Vf─ does not allow to capture the influence in the 
post-cracking regime of each single constituent of the composite. As a direct consequence, these approaches do not permit to predict 
directly the transition in the flexural response due to the change in fibre volume fraction, Vf. 

In this work, the flexural behaviour of HRC members is captured in the framework of fracture mechanics by means of the Bridged 
Crack Model [39–48]. This model, which was originally proposed for the case of steel-bar reinforced concrete (RC) elements [39–41], 
has been recently applied to the case of FRC beams [49–53]. In the following, the simultaneous presence of steel-bars and reinforcing 
fibres is considered, leading to a further extension of the model to the case of HRC members. The assumption of the composite as a 
multi-phase material allows to capture the transitions affecting the post-cracking regime of the flexural response, which are found to be 
effectively described in terms of dimensionless numbers. 

2. The Updated Bridged Crack Model (UBCM) 

2.1. Fundamentals 

In Fig. 2, the critical cross-section of a HRC beam subjected to bending is represented, where the following four regions can be 
identified: (i) ligament in compression; (ii) uncracked ligament in tension; (iii) reinforcement bridging zone, in which both short-fibres 
and steel-bars bridge the crack faces; (iv) stress-free crack zone, generally noticeable for large crack depths. 

The Updated Bridged Crack Model (UBCM) focuses on the crack propagation phenomenon in a critical cross-section by assuming 
that the tensile cracking precedes other failure mechanisms, such as compression crushing and shear failure. In this respect, UBCM 
assumes the composite as a multi-phase material, in which the cementitious matrix and the reinforcing layers represent its primary and 
secondary phases, both contributing to the global toughening of the structural element. 

Let us consider the rectangular cross-section of the HRC member to be characterized by a thickness, b, a depth, h, an initial notch 
depth, a0, and to be subjected to an external bending moment, M (Fig. 2). Following the discontinuous formulation of the model 
[42–43], the total number of reinforcing layers in the cross-section, n, each one characterized by its own position ci, is given by the sum 
of steel-bar reinforcement layers, nb, and of the reinforcing fibres crossing the crack, nf. The quantity nb is known a priori, whereas nf is 
strictly related to the fibre distribution within the volume of the composite. Following the suggestions given in [54], nf can be 
calculated as: 

Fig. 1. Cohesive law of FRC composite as a mono-phase material: Superposition of matrix and fibre-reinforcement contributions.  
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nf = αVf
bh
Af
, (1)  

where Af is the cross-sectional area of the single fibre, and α the orientation factor. The latter, which is defined as the ratio between the 
actual number of fibres in the critical cross-section and the theoretical one, can be experimentally found by investigating the specimen 
fracture surface at the end of the experimental tests, or predicted on the basis of statistical tools able to model the fibre distribution 
within the volume of the specimen. 

Among the total number of reinforcing layers, some of them, m, are considered as active since they bridge the crack faces during the 
crack propagation process. Their toughening contribution is described by a distribution of bridging forces (see the right part of Fig. 2), 
Fi, which depends on the reinforcement constitutive laws. The latter describe the yielding of the steel-bars and the pull-out of the short- 
fibres. In terms of closing stresses, they can be written as: 

for i = 1,⋯, m σi = f (wi), (2) 

providing a set of m equations which relate the stress acting in the i-th active reinforcement, σi, with the corresponding crack 
opening displacement, wi. These constitutive laws will be discussed in the following. 

By assuming the concrete matrix as a linear-elastic perfectly-brittle material ─other nonlinear contributions (in tensile and 
compression behaviours) are considered as negligible─ a r− 1/2 stress singularity is predicted at the crack tip (Fig. 2), which is char-
acterized by a global stress-intensity factor, KI: 

KI = KIM −
∑m

i=1
KIi =

M
bh3/2YM −

{YF}
T
{F}

bh1/2 . (3) 

The contributions related to the applied bending moment, KIM, and to the i-th reinforcing layer, KIi, appear in Eq. (3). The crack 
propagation occurs when the stress-intensity factor, KI, reaches its critical value, KIC, i.e., the fracture toughness of the plain matrix 
(unreinforced material) [55]. 

Finally, a set of compatibility conditions is needed to calculate the crack opening, wi, at each i-th active reinforcement level as a 
function of the applied bending moment, M, and of the bridging forces, Fi. In matrix form, we have: 

{w} = {λM}M − [λ]{F}, (4)  

where {w} is the crack opening vector, {λM} is the vector of the local compliances due to the bending moment, and [λ] is the matrix of 
the local compliances due to the bridging forces. The local compliances, i.e., the influence coefficients λM,i and λij, are obtained by 
considering the strain energy release rate of a cracked element subjected to a bending moment and to a distribution of closing forces 
applied on the crack faces. The calculation procedure is extensively explained in [42]. 

For a given crack depth, the problem relies in the determination of the 2m + 1 unknowns, i.e., the fracture moment, MF, the profile 
of the crack opening displacements, {w}, and the corresponding distribution of bridging forces, {F}, related to both active steel-bars 
and reinforcing fibres. The analytical solution is obtained by means of an iterative procedure, which is based on the reinforcement 
constitutive laws (Eq. (2)), on the equilibrium (crack propagation) condition (Eq. (3)), and on the displacement compatibility con-
ditions (Eq. (4)). 

More precisely, for a given crack depth, the procedure is based on the following steps:  

(i) Determination of the number of active reinforcing layers, m;  
(ii) Calculation of the local compliances;  

(iii) Assumption of a trial crack opening profile; 

Fig. 2. Critical cross-section in HRC beam and stress distribution predicted by the UBCM.  
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(iv) Determination of the corresponding set of bridging forces (Eq. (2));  
(v) Calculation of the fracture moment (Eq. (3));  

(vi) Calculation of the crack opening displacements (Eq. (4));  
(vii) Checking the convergence between step (vi) and step (iii). 

Following this routine, it is possible to evaluate the stress-profile (Fig. 2) for each crack depth. Then, by repeating the above-
mentioned procedure, it is possible to thoroughly describe the fracturing process up to the complete disconnection of the HRC cross- 
section. This routine, which was implemented in Matlab environment, has been used to obtain the parametric analyses and the nu-
merical vs experimental comparisons that will be shown later in the paper. 

2.2. Reinforcement constitutive laws 

In the framework of fracture mechanics, the reinforcement constitutive laws are defined in terms of stress vs crack opening 
displacement relationships. 

In the case of steel-bars, their toughening action can be described by an hardening-perfectly plastic constitutive law, which is 
schematically represented in Fig. 3a, and it is analytically defined as follows: 

for 0 < w < wy : σ(w) = σy

(
w
wy

)λ

, (5a)  

for w ≥ wy : σ(w) = σy, (5b) 

Fig. 3. Reinforcement constitutive laws: (a) Hardening-perfectly plastic constitutive law of the steel-bar; (b) Rigid-softening constitutive law of the 
straight steel-fibre; (c) Rigid-softening constitutive law of the hooked-end steel-fibre. 
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where σy is the yield strength, wy is the corresponding crack opening displacement, and λ is the power-law exponent which governs the 
initial branch of the constitutive law prior to steel-bar yielding. Following the bond-slip model previously proposed by Ruiz et. al [56], 
λ is assumed to be equal to 1/2, whereas wy can be estimated as a function of σy, of the steel-bar diameter, Φ, of the steel Young’s 
modulus, Es, and of the average shearing stress at the concrete-steel interface, τm: 

wy =
σ2

yΦ
4Esτm

. (6) 

It is worth noting that the assumed constitutive law does not consider the hardening behaviour that occurs after the steel-bar 
yielding, as well as the possible rupture of the rebar. 

On the other hand, the constitutive law adopted for the fibres describes the pull-out of the short reinforcements from the 
cementitious matrix. The slippage mechanism of the fibres is typically investigated by means of pull-out tests carried out on a single 
fibre. Extensive experimental campaigns evidenced that the pull-out behaviour of the fibres is significantly affected by different 
factors, among which we have: the fibre material (steel, polymer, etc.), the fibre geometry (straight, crimped, twisted, with hooked 
ends, etc.), the mechanical properties of the matrix, the orientation of the fibre with respect to the direction of the pull-out load 
[57–59]. 

An interesting attempt to define a unified constitutive law for fibre-reinforcements was made by Abdallah et al. [60], who have 
recently proposed a generalized pull-out law per unit embedded length of the fibre, in the case of straight or hooked-end steel fibres. 
The two constitutive laws are represented in Fig. 3 (b)-(c), where the stress in the fibre, σ, is plotted as a function of the relative slip (or 
crack opening displacement), w, in terms of normalized coordinates. The laws take into account the slippage strength of the fibre, σs, 
beyond which the fibre pull-out is triggered, and the embedded length of the fibre, wc, representing the slip (or crack opening) beyond 
which the fibre is entirely pulled-out from the matrix, then exhausting its bridging effect. Thus, the authors define a shape of the 
constitutive law that does not change by varying σs and/or wc. It is worth noting that the pull-out strength of the fibre is described by 
the axial stress σs, which is a function of the maximum pull-out force due to the distribution of the shear stresses, τ, acting along the 
embedded length at the fibre–matrix interface. 

In the case of straight steel fibres, function σ(w) can be analytically defined as follows: 

w = 0, if σ(w) < σs, (7a)  

for w ≥ 0 : σ(w) = σs

(

1 −

(
w
wc

)0.5
)

. (7b) 

On the other hand, in the case of hooked-end steel fibres: 

w = 0, if σ(w) < σs, (8a)  

for 0 < w < 0.06 wc : σ(w) = σs, (8b)  

for 0.06 wc < w < 0.10 wc : σ(w) = σs

(

1 − 0.2
(

w − 0.06wc

0.10wc − 0.06wc

))

, (8c)  

for 0.10 wc < w < 0.15 wc : σ(w) = 0.8σs, (8d)  

for 0.15 wc < w < 0.18 wc : σ(w) = σs

(

0.8 − 0.4
(

w − 0.15wc

0.18wc − 0.15wc

))

, (8e)  

for 0.18 wc < w < wc : σ(w) = 0.4σs

(

1 −

(
w − 0.18wc

wc − 0.18wc

)0.5
)

, (8f)  

for w ≥ wc : σ(w) = 0. (8g) 

Eqs. (7a), (7b), (8a)–(8f) do not consider the tensile failure of the fibre, which can occur for high orientation angles of the fibre with 
respect to the applied load [59], or when high-strength matrices are used in combination with normal-strength fibres [23–26]. 

2.3. HRC cross-sectional response and dimensionless numbers 

For a given crack depth, the local rotation of the HRC cross-section can be calculated as follows: 

φ = λMMM − {λM}T{F}. (9) 

The involved local compliances, λMM and λMi, are calculated by following the procedure already mentioned in the case of the 
coefficients appearing in Eq. (4). The global deflection, δ, of the beam can be calculated by applying the superposition principle, 
according to which the total deflection takes into account both the nonlinear contribution related to the cracking process occurring at 
the critical section (inelastic hinge), and that related to the elastic behaviour of the remaining part of the specimen. In Fig. 4, the 
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application of the principle is schematically shown in the case of a three-point bending test. 
Under these assumptions, the UBCM predicts different post-cracking regimes as a function of three scaling dimensionless numbers, 

i.e., the bar-reinforcement brittleness number, NP, the fibre-reinforcement brittleness number, NP,f, and the pull-out brittleness number, Nw, 
which are defined as follows: 

NP = ρ σy

KIC
h1/2, (10)  

NP,f = Vf
ασs

KIC
h1/2 = Vf

σs

KIC
h1/2, (11)  

Nw =
Ewc

KICh1/2. (12) 

The bar-reinforcement brittleness number, NP (Eq. (10)), depends on the steel-bar reinforcement percentage, ρ, on the steel yield 
strength, σy, on the matrix fracture toughness, KIC, as well as on the beam depth, h. An analogous expression (Eq. (11)) can be obtained 
for the fibre-reinforcement brittleness number, NP,f, by replacing the bar-reinforcement parameters, ρ and σy, with the fibre volume 
fraction, Vf, and the generalized slippage strength of the fibre, σs, respectively. It should be noted that σs englobes the orientation 
factor, α. Finally, the pull-out brittleness number, Nw (Eq. (12)), depends on the equivalent embedded length of the fibre, wc, on the 
matrix Young’s modulus, E, on the matrix fracture toughness, KIC, and on the beam depth, h. The abovementioned dimensionless 
numbers, NP, NP,f, and Nw, are affected by the structural size, h, an increase in h providing an increase in NP and NP,f, and a decrease in 
Nw. 

3. Numerical simulations 

In this section, several sets of numerical analyses are presented in order to highlight the influence of the three dimensionless 
numbers, NP, NP,f, and Nw, on the structural response of lightly RC, FRC, and HRC beams. In all cases, the flexural response is described 
in terms of dimensionless fracture moment, M̃F = MF

KICbh3/2, vs local normalized rotation, φ̃ = φ Eh1/2

KIC
, diagrams. 

A rectangular cross-section, characterized by thickness and depth of 150 mm, and an initial notch of depth equal to 0.15 h, has been 
considered in the numerical analyses. The cementitious matrix is characterized by a fracture toughness of 30 MPa mm1/2 and a Young’s 
modulus of 30 GPa. The steel-bar reinforcement phase has been modelled by a single reinforcing layer and by a concrete cover equal to 
the initial notch depth (a0/h = c0/h = 0.15). A yielding strength of 500 MPa and the corresponding crack opening displacement equal 
to 0.40 mm define the constitutive law of the continuous reinforcement. The toughening action of the short-fibres is represented by a 
distribution of reinforcing layers, which are evenly spaced within the ligament area. A slippage strength of 200 MPa has been 
considered. By keeping unchanged the parameters listed above, and by varying the steel-bar percentage, ρ, the fibre volume fraction, 
Vf, and the fibre embedment length, wc, it is possible to govern the corresponding variation in the three brittleness numbers on the basis 
of Eqs. (10)–(12). 

In Fig. 5, the numerical curves refer to the case of lightly RC beam (ρ ∕= 0; Vf = 0). They are traced by varying the steel-bar area 
percentage, ρ, up to 0.25 %, thus providing the corresponding variation in the bar-reinforcement brittleness number, NP, from 0 to 0.50 
(Eq. (10)). The latter governs the ductile-to-brittle transition in the post-cracking regime of the response, leading to define the critical 
condition ─ultimate bending moment (circle markers) equal to the first cracking moment (square marker) of the section─ for which a 
stable post-peak response is guaranteed. At the critical condition, the corresponding value of the brittleness number, NPC, depending on 

Fig. 4. Superposition principle of elastic deflection and local rotation of the beam.  
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a0/h and c0/h, permits to calculate the minimum steel-bar reinforcement percentage, ρmin. In the case under investigation, NPC (a0/h =
c0/h = 0.15) is found to be equal to 0.28. 

On the other hand, when the UBCM is applied to the case of FRC (ρ = 0; Vf ∕= 0), two dimensionless numbers are required to fully 
describe the post-cracking behaviour of the composite. 

As discussed in previous papers [50–53], the fibre-reinforcement brittleness number, NP,f, plays the analogous role of NP for lightly 
RC beams, since it affects the FRC load-bearing capacity and defines the minimum reinforcement condition of the composite structure. 
Moreover, the pull-out brittleness number, Nw, takes into account the effect of the reinforcing fibre length, thus governing the decrease 
in the fibre toughening contribution due to its progressive slippage. 

In Fig. 6a, the moment vs rotation curves are plotted by varying Vf from 0 to 1.25 %, for a given value of wc equal to 25 mm. 
Considering Eqs. (11)–(12), NP,f ranges from 0 to 1.00, whereas Nw is constant and equal to 2041. It clearly emerges how, unlike the 
previous case (Fig. 5), the influence of NP,f is restricted to the intermediate stage (Stage II) of the flexural response, in which the load 
bearing capacity (circle markers) is defined. This is due to Nw, which drives the decrement in the applied moment in the final stage 
(Stage III) of the response, providing the convergence of all the curves to a single softening tail. In the case under investigation (a0/h =
0.15), the critical value of NP,f is equal to 0.56 

Analogous conclusions can be drawn for Fig. 6b, where the flexural response of the FRC beam is plotted by varying wc from 0 to 25 
mm, for a given value of NP,f equal to 1.00 (Vf = 1.25 %). In this case, the post-cracking behaviour is characterized by the same in-
termediate stage until the curves slip towards different softening branches depending on the value of Nw. 

The structural behaviour of HRC (ρ ∕= 0; Vf ∕= 0) can be represented as a combination of the two previous cases, in which, due to the 
simultaneous presence of both steel-bars and short-fibres, all the three brittleness numbers affect the global flexural response. 

In Fig. 7a, a family of curves is obtained by varying NP, whereas the brittleness numbers related to the fibre-reinforcement, NP,f and 
Nw, are kept unchanged (NP,f = 0.20; Nw = 1225). It is evident how NP affects the whole post-cracking regime, thus providing a 
significant contribution in terms of global toughening and structural ductility/stability. In strong analogy to the case of FRC, the 

Fig. 5. Dimensionless fracture moment vs local rotation of lightly RC beams by varying NP.  

Fig. 6. Dimensionless fracture moment vs local rotation of FRC beams: (a) Influence of NP,f; (b) Influence of Nw.  
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numerical curves suggest to identify-three stages being characterized by the flexural response of the HRC beam. In Stage I, the 
specimen exhibits a linear elastic behaviour. At the onset of the fracturing process (red square marker), the post-cracking regime takes 
place, being characterized by an intermediate stage (Stage II), in which both steel-bars and fibres contribute to the load bearing ca-
pacity (circle markers). In the final stage (Stage III), which describes the gradual exhaustion of the fibre toughening contribution, the 
curves tend towards different plastic plateaus, each one defined by its corresponding steel-bar reinforcement brittleness number, NP. It 
is worth noting that the case of NP = 0 (see the red curve in Fig. 7a) reproduces the case of FRC (see the orange curve in Fig. 6a) where 
the final plastic plateau coincides with the abscissae axis. 

Fig. 7. Dimensionless fracture moment vs local rotation of HRC beams: (a) Influence of NP; (b) Influence of NP,f; (c) Influence of Nw.  

Fig. 8. Minimum reinforcement design nomograph for HRC beams.  
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In addition, a variation in the fibre-reinforcement brittleness number, NP,f (Fig. 7b) affects just Stage II of the flexural response. 
Consistently with previous discussions, Stage III is characterized by an asymptotic convergence of all the curves to a common plastic 
plateau, which is defined by NP. Moreover, even if the amount of steel-bar reinforcement, i.e., NP, is not sufficient to provide a stable 
post-peak response (NP < NPC = 0.28), the additional contribution represented by the reinforcing fibres, i.e., NP,f, permits to obtain an 
ultimate bending moment greater than the first cracking moment (see the green, cyan, blue, and purple curves in Fig. 7b). In this sense, 
the crucial point is that the minimum reinforcement condition in HRC beams can be obtained by an effective combination of NP and NP, 

f. 
Finally, the set of curves in Fig. 7c is obtained by varying Nw and keeping unchanged the reinforcement brittleness numbers, NP and 

NP,f (NP = 0.10; NP,f = 1.00). Even if Nw affects the exhaustion of the fibre toughening effect, there is no significant influence on the 
load bearing capacity of the HRC specimen (circle markers), as well as on the final plastic plateau shown in the structural response. 

In order to evaluate the minimum reinforcement conditions in HRC beams, in Fig. 8 each point corresponds to a combination of the 
two reinforcement brittleness numbers, NP and NP,f, required to obtain a stable post-peak response of the composite beam (ultimate 
bending moment equal to the first cracking moment). It is found that, in the critical conditions, NP and NP,f can be effectively 
interpolated by a linear relation, defining in this way the minimum reinforcement design of HRC beams. The minimum reinforcement 
curve divides the nomograph into two regions, corresponding to a safe (upper part) or unsafe (lower part) behaviour of the HRC beam. 
For a given value of NP ─i.e., a certain percentage of steel-bar reinforcement, ρ─, it is possible to obtain the corresponding value of NP,f 
─i.e., the fibre volume fraction, Vf─ required to obtain the minimum reinforcement condition, and vice-versa. In brief, the nomograph 
of Fig. 8 can be proposed as an effective tool for a quantitative evaluation of the amount of reinforcing fibres necessary to a partial (or 
total) replacement of steel-bars in HRC structures in flexure. 

4. Experimental validation 

In the following, an extensive experimental campaign recently carried out by Holschemacher et al. [17] is taken into consideration. 
The effects of different types of steel-fibres on the mechanical properties of reinforced high-strength concrete beams are investigated. 
In addition to compression and splitting tests, four-point bending tests were performed to investigate the flexural behaviour of high- 
strength concrete beams reinforced with steel-bars and steel-fibres. The test geometry is schematically represented in Fig. 9, where the 
prismatic specimen is characterized by a length of 700 mm, a span of 600 mm, a thickness of 150 mm, and a depth of 150 mm. 

The concrete mixture is characterized by a 28-day average cubic compression strength of 86 MPa. Three different fibre types are 
considered. Two hooked-end steel-fibre types, F1 and F2, are characterized by the same geometry but different nominal tensile 
strengths, equal to 1100 and 1900 MPa, respectively. In addition, one corrugated steel-fibre type, F3, is tested. Further information 
about the properties of the abovementioned fibres can be found in [17]. For each fibre type, four different fibre volume fractions were 
considered: 0, 20, 40, and 60 kg/m3. On the other hand, three different steel-bar reinforcement percentages were adopted: 0, 0.25 % 
(2Φ6), and 1.00 % (2Φ12). The nominal yield strength of the steel-bars was reported to be equal to 500 MPa. For each specimen series 
─corresponding to a certain combination of fibre-type, fibre volume fraction, and steel-bar reinforcement ratio─ six flexural tests were 
performed in order to average the experimental results. 

As discussed in Section 2.1, UBCM can be applied to reinforced members where the cracking failure precedes other possible failure 
modes, e.g., concrete compression crushing and shear failure. Considering the experimental campaign under investigation [17], it is 
reported that the specimens with higher reinforcement percentage (ρ = 1.00 %) experienced concrete crushing, shear failure, or a 
combination of these two collapse mechanisms (see Table 4 in [17]). As a consequence, these specimens are excluded from the present 
investigation, thus restricting the applicability of the model to the specimens characterized by lower steel-bar reinforcement per-
centages (0 and 0.25 %), which experienced cracking failure as main collapse mechanism. In addition, the specimens reinforced with 
corrugated fibres are not taken into consideration in the following analyses. 

Fig. 9. Test geometry [17].  
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4.1. Identification of the mechanical properties 

The application of the UBCM requires the constitutive parameters of the matrix (concrete fracture toughness, KIC), of the steel-bar 
(yield strength, σy), and of the steel-fibres (slippage strength, σs, and the fibre embedment length, wc). 

The concrete fracture toughness, KIC, can be determined by performing fracture tests on notched specimens of plain concrete. In the 
case under consideration, KIC has been identified by considering the peak load measured during the flexural tests (4PBT) carried out on 
nominally unnotched specimens of plain concrete (A-0 in [17]). By assuming a fictitious notch of depth a0 = 0.15 h to model the 
concrete cover, a fracture toughness equal to 64 MPa mm1/2 has been obtained (Table 1). The superposition between the experimental 
curve and the numerical prediction is represented in Fig. 10a. 

On the other hand, the steel-bar yield strength, σy, is typically determined by means of tensile tests carried out on single rebars. In 
this respect, in [17] it is found σy equal to 500 MPa, according to German standards. Nevertheless, by considering the plastic plateau 
experienced by the RC specimen B-0, it is clear how the declared value represents a lower bound for the actual yield strength. In fact, by 
imposing the equilibrium at the complete disconnection of the cross-section, it results that σy is very close to 800 MPa. This consid-
eration is confirmed by the numerical prediction provided by UBCM, which is in strong agreement with the corresponding experi-
mental result (see Fig. 10b). 

Finally, the model requires the identification of the constitutive parameters related to the short-fibres, σs and wc. Analogously to the 
case of the continuous rebars, this information could be obtained by means of pull-out tests carried out on the single reinforcing fibre. 
Following this route, the obtained results would refer to a single fibre without considering the actual distribution of the short re-
inforcements within the volume of the composite, i.e., in the critical cross-section. As a consequence, when dealing with FRC, it seems 
more reasonable to identify the values of σs and wc on the basis of the flexural tests on FRC specimens. For the experimental campaign 
under investigation, an identification procedure, already used by the authors in recent works [51–53], has been applied to FRC 
specimens A-20, A-40, and A-60 [17], as shown in Fig. 10c and Table 1. 

4.2. Prediction of HRC flexural response 

Considering the identification procedure previously discussed, the prediction of the HRC flexural response is carried out by 
considering the concrete fracture toughness, KIC, equal to 64 MPa mm1/2, the yielding strength, σy, equal to 800 MPa, the fibre slippage 
strength, σs, equal to 462 MPa, and the fibre embedment length, wc, equal to 10 mm. The yielding crack opening displacement, wy, is 
calculated by means of Eq. (6) considering the mechanical properties declared in [17], and it is found to be equal to 0.60 mm. 

When the mechanical properties of each phase of the composite are identified, the flexural response of FRC and HRC specimens can 
be predicted as a function of the fibre volume fraction, Vf, and of the steel-bar reinforcement percentage, ρ. The superposition between 
experimental data (dotted curves) and numerical predictions (continuous curves) is represented in Fig. 11 for the specimens under 
investigation. In all cases, a good agreement between numerical and experimental curves is obtained. 

The influence of the reinforcing phases, i.e., the steel-bars and the steel-fibres, on the flexural response is clearly captured by the 
model. The fibres avoid the unstable crack propagation in FRC specimens (Fig. 11a) and provide an additional contribution in terms of 
load bearing capacity of HRC specimens (Fig. 11b). In the latter case, the contribution of the steel-bar reinforcing phase makes the 
flexural response as characterized by a final plastic plateau different from zero. 

In the framework of the UBCM, these different behaviours can be synthetically described in terms of brittleness numbers, which are 
reported in Table 2. It can be noted that, for given values of the mechanical properties, the variation in ρ and Vf affects NP and NP,f 
according to Eqs. (10) and (11), respectively. NP varies from 0 to 0.38, whereas NP,f varies from 0 to 0.66. On the other hand, the pull- 
out brittleness number, Nw, remains unchanged (Nw = 531). 

Considering the stability of the post-cracking response, the minimum reinforcement condition is achieved in one case among the 
FRC specimen series (curve A-60), being the first cracking moment almost equal to the load-bearing capacity. Moreover, in the case of 
HRC specimens (Fig. 11b), a stable post-cracking response is experimentally observed in all cases. It is worth noting that, in these cases, 
the amount of steel-bar area is sufficient to guarantee the minimum reinforcement condition regardless of the addition of steel-fibres. 

Table 1 
Identified mechanical properties.  

ID Fibre-type ρ 
(%) 

Vf γf 

(kg/m3) 
KIC 

(MPa mm1/2) 
σs(MPa) wc 

(mm) 
σy(MPa) 

A-0 (plain concrete)  – 0 0 64 – – – 

B-0 (RC)  – 0.25 0 – – – 800 

A-20 (FRC)  F1 0 20 – 524 12.5 – 

A-40 (FRC)  F1 0 40 – 454 9 – 

A-60 (FRC)  F1 0 60 – 408 9.5 – 

Avg. – – – 64 462 10 800  
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In fact, in all cases the bar-reinforcement brittleness number, NP, is found to be greater than its critical value (0.28). 
In this context, it is possible to predict the minimum reinforcement condition of the HRC beams, which is defined as the effective 

combination of ρmin and Vf,min able to guarantee a stable post-peak response. By using the nomograph of Fig. 8, it can be observed that 
different combinations of NP and NP,f allow to obtain a stable structural response. 

The two limit conditions are indicated with a thick line in Fig. 12, together with the experimental curves (dashed thin lines) 
previously analysed. The corresponding brittleness numbers, in the case of FRC and RC specimens, are respectively: (i) NP,f = 0.56 and 
NP = 0; (ii) NP,f = 0 and NP = 0.28. Considering the identified mechanical properties of the composite (Table 2), the two limit con-
ditions correspond to: (i) Vf,min equal to 0.63 %; (ii) ρmin equal to 0.19 %. These two curves identify a region in which all the possible 
minimum reinforcement combinations predicted by UBCM are included. 

5. Conclusions 

The minimum reinforcement condition in hybrid-reinforced concrete beams is interpreted in the framework of fracture mechanics 
by means of the Updated Bridged Crack Model (UBCM). The model assumes the reinforced element as a multi-phase composite, in 
which the cementitious matrix (primary phase) is assumed to be linear-elastic perfectly-brittle. On the other hand, different nonlinear 
constitutive laws are used to model the behaviour of the reinforcing phases, considering the yielding of the steel-bar reinforcements 
and the slippage of the short fibres. 

The ductile-to-brittle transitions characterizing the structural behaviour are governed by three scaling dimensionless numbers: the 
bar-reinforcement brittleness number, NP, which describes the toughening contribution of the steel-bar reinforcement; the fibre- 
reinforcement brittleness number, NP,f, and the pull-out brittleness number, Nw, which both describe the toughening contribution 
of the reinforcing fibres. The minimum reinforcement condition in hybrid-reinforced concrete structures is proved to be obtained by an 
effective combination of NP and NP,f. 

Fig. 10. Identification of the experimental curves: (a) Plain concrete; (b) Reinforced concrete (RC); (c) Fibre-reinforced concrete (FRC).  
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The effectiveness of the model is discussed on the basis of a recent experimental campaign, in which the structural behaviour of 
hybrid-reinforced concrete beams is investigated. The substantial overlapping between numerical predictions and experimental results 
suggests the full applicability of the model as a design-by-testing procedure to determine the minimum reinforcement conditions for 
hybrid-reinforced concrete beams, thus promoting the fibres as an effective partial or total replacement of traditional steel-bars. 
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Fig. 11. Prediction of the experimental curves: (a) FRC; (b) HRC.  

Table 2 
Brittleness numbers.  

ID Fibre-type ρ 
(%) 

Vf γf 

(kg/m3) 
KIC 

(MPa mm1/2) 
σs(MPa) wc 

(mm) 
σy(MPa) NP 

(-) 
NP,f 

(-) 
Nw 

(-) 

A-20 F1 0 20 64 462 10 – 0 0.22 531 
A-40 F1 0 40 64 462 10 – 0 0.45 531 
A-60 F1 0 60 64 462 10 – 0 0.66 531 
B-0 – 0.25 0 64 – – 800 0.38 0 – 
B-20 F1 0.25 20 64 462 10 800 0.38 0.22 531 
B-40 F1 0.25 40 64 462 10 800 0.38 0.45 531 
B-60 F1 0.25 0 64 462 10 800 0.38 0.66 531  
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