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A B S T R A C T   

Civil structures subjected to extreme loading conditions, e.g., earthquakes, undergo large deformations and 
fracture due to ultra-low cycle fatigue (ULCF). Although several efforts have been made to understand and to 
model monotonic damage and low-cycle fatigue, so far ULCF is neither sufficiently investigated nor understood. 
In the present work, ULCF of fibre-reinforced concrete (FRC) beams subjected to bending is discussed in the 
framework of Fracture Mechanics by means of the Updated Bridged Crack Model (UBCM). The model focuses on 
the evolution of the fracturing process at the critical cross-section of the beam, taking into account the loading 
reversal. The concrete matrix is assumed to be linear-elastic and perfectly-brittle. On the other hand, the 
toughening contribution of the reinforcing fibres is described by a constitutive law that defines the hysteretic 
behaviour at the single fibre level. The suitability of the hysteretic constitutive law is discussed on the basis of 
experimental results recently reported in the current scientific literature, in which ULCF flexural tests were 
carried out on FRC specimens.   

1. Introduction 

During the last few decades, an increasing attention has been paid to 
understand the main variables affecting the flexural behaviour of fibre- 
reinforced concrete (FRC) specimens, when they are subjected to 
monotonically increasing flexural loadings. In this context, a large 
amount of research work, both theoretical and experimental, made it 
clear that the flexural performance depends on several parameters: (i) 
the fibre volume fraction, Vf [1–10]; (ii) the mechanical and geometrical 
properties of the reinforcing fibres (tensile strength, geometric profile, 
and aspect ratio) and of the cementitious matrix (generally connected to 
its compression strength) [11–14]; (iii) the specimen sizes [15–18]; (iv) 
the fibre distribution within the volume of the composite [19]. 

At the same time, several investigations can be found in the current 
scientific literature if cyclic loading is considered. Most of them are 
focused on the flexural behaviour of FRC specimens subjected to high- 
cycle fatigue, in which the performance of the composite is inter-
preted by means of a Wӧhler-type approach, leading to the evaluation of 
the fatigue life as a function of the applied stress range (S-N curve). This 
approach focuses on the sub-critical crack growth that leads to the final 
failure of the structural element [20,21]. In this framework, several 
Authors investigated the fatigue capacity of FRC specimens subjected to 
tensile [22–24] or flexural cyclic loading [25–35], reporting that the 

presence of reinforcing fibres provides a better fatigue performance of 
the FRC component, with respect to the plain concrete. 

Nevertheless, it should be noted that this condition is far from that 
usually recurring in civil structural engineering applications, where the 
FRC members are required to provide a large energy dissipation under a 
low number of loading cycles due to the seismic action. For this purpose, 
just few experimental works can be found in the current literature 
[36–37] and no theoretical and analytical model is provided. 

In the present paper, the Bridged Crack Model is proposed as a 
fracture mechanics based approach, which is able to describe the flex-
ural behaviour of FRC beams subjected to ultra-low cycle fatigue 
(ULCF), i.e., when the number of loading cycles is approximately smaller 
than 100. This number of cycles is generally identified as the one 
bridging the gap between the static failure of a structure and its regime 
of low-cycle fatigue (LCF). As it will be shown in the following, the 
present work focuses on the evaluation of the hysteretic behaviour of the 
FRC structural element when different testing conditions are imposed, 
rather than the assessment of the fatigue life of the composite structure 
(number of cycles required to its failure). 

The Bridged Crack Model, originally proposed for steel-bar rein-
forced concrete elements [38–40], and then extended to the case of a 
large number of reinforcement layers [41–48], has been recently 
adapted by the authors to the case of FRC elements subjected to 
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monotonically increasing flexural loadings [49,50]. A further extension 
to the case of FRC members subjected to ULCF is discussed herein by 
proposing a new constitutive law that describes the hysteresis at the 
single fibre level. In the following sections, the model is extensively 
discussed and the suitability of the hysteretic constitutive law herein 
proposed is validated on the basis of experimental results reported in the 
scientific literature [36]. 

2. The Updated Bridged Crack Model (UBCM) 

2.1. Fundamentals 

Considering a FRC beam element subjected to flexural loading, the 
model is able to describe the evolution of the fracturing process occur-
ring in a notched or unnotched rectangular cross-section where the 
damage is localized. The cross-section is geometrically characterized by 
the thickness, b, the depth, h, the initial notch depth, a0, and it is sub-
jected to an external bending moment, M (Fig. 1). 

The total number of fibres in the cross-section, n, is calculated as: 

n = αVf
bh
Af
, (1)  

where Af is the cross-sectional area of the single fibre, and α the orien-
tation factor [51]. The m < n fibres crossing the actual crack are 
considered as active and their bridging action is taken into account by 
the closing forces, Fi, calculated as: 

Fi = βiσsAf , (2)  

in which σs is the nominal stress in the i-th reinforcing fibre adjusted by a 
coefficient βi, which includes other phenomena as the “group effect” and 
the “snubbing effect” [52]. 

On the left of Fig. 2, a schematic of the notched cross-section sub-
jected to bending is reported. Experimental evidences lead to identify 
the following four regions within the cross-section: (i) ligament in 
compression; (ii) uncracked ligament in tension; (iii) fibre bridging 
zone, in which the reinforcing fibres bridge the crack; (iv) stress-free 
crack zone ─generally noticeable for large crack depths or very short 
fibres─ where the bridging action of the fibres has vanished. 

These regions can be effectively interpreted by the Updated Bridged 
Crack Model (UBCM). The model assumes the composite as a bi-phase 
material, in which the brittle matrix and the reinforcing fibres repre-
sent its primary and secondary phases, both contributing to the global 
toughness of the structural material. The matrix is assumed to be elastic- 
perfectly brittle, other nonlinear contributions being neglected. On the 
other hand, the bridging mechanism of the secondary phase can be 
described by an appropriate cohesive softening constitutive law, which 
takes into account: (i) the progressive slippage of the fibre inside the 
matrix, when the external load tends to open the crack; (ii) the con-
trasting action of the fibres against the crack closure, in the case of 
loading reversal. In both cases, i.e., monotonically increasing and cyclic 
loading, the corresponding constitutive laws will be defined in the 
following. 

Under these assumptions, a singular stress distribution is predicted at 
the crack tip (see Fig. 2) in agreement with Linear Elastic Fracture 
Mechanics (LEFM) concepts, the matrix toughening contribution being 
defined by its fracture toughness, KIC. Thus, the singular crack-tip stress 

Fig. 1. Fibre-reinforced brittle-matrix beam model.  

Fig. 2. Critical cross-section in a FRC beam with the stress distribution predicted by the UBCM.  
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Fig. 3. Slippage law per unit embedded length: (a) Straight fibre; (b) Hooked-end fibre.  
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field is uniquely characterized by a global stress-intensity factor, KI: 

KI = KIM −
∑m

i=1
KIi =

M
bh3/2 YM −

{YF}
T
{F}

bh1/2 , (3)  

in which the contributions related to the applied bending moment, KIM, 
and to the i-th reinforcing fibre, KIi, appear. In agreement with LEFM 
criteria, the crack propagation occurs when the stress-intensity factor, 
KI, reaches its critical value, KIC, i.e., the fracture toughness of the plain 
matrix (unreinforced material). 

2.2. Monotonically increasing load 

During a typical experimental flexural test, the external bending 
moment tends continuously to widen the crack until the complete 
disconnection of the FRC specimen. This phenomenon is tackled by the 
reinforcing fibres, which provide a bridging action that is a function of 
the slippage behaviour of the fibre inside the cementitious matrix. 

The slippage behaviour of the fibre-reinforcements is typically 
investigated by means of pull-out tests carried out on the single fibre. 
Considering the extensive literature regarding this issue, it can be said 
that remarkable changes in the response can be observed depending on 
the fibre material (steel, polymer, etc.), the fibre geometry (straight, 
crimped, twisted, with hooked ends, etc.), the compression strength of 
the cementitious matrix, as well as the orientation of the fibre with 
respect to the direction of the pull-out load [53–54]. 

In this context, a significant investigation has been recently carried 
out by Abdallah et al. [55] on the basis of experimental pull-out tests on 
steel fibres. These Authors proposed a generalized pull-out law per unit 
embedded length of the fibre, which is valid for the case of straight and 
hooked ends steel fibres. These two constitutive laws are represented in 
Fig. 3, where the bridging force, F, is plotted as a function of the relative 
slip (or crack opening displacement), w, in terms of normalized co-
ordinates. This normalization is defined by the maximum value of the 
bridging force, FP, beyond which the fibre pull-out starts, and by the 
equivalent embedded length, wc, representing the slip (or crack opening) 
beyond which the fibre is entirely pulled-out from the matrix, and 
therefore its bridging effect is exhausted. In addition, for the case of 
hooked-end steel fibres (Fig. 3b), the final branch ─generally described 
by an exponential law─ is simplified by a linear relationship. These laws 
have been recently implemented in the UBCM, proving their effective-
ness in reproducing the flexural response of FRC members subjected to 
monotonically increasing flexural loadings [49,50]. 

In addition, a set of compatibility conditions is needed to calculate 
the crack opening, wi, at each i-th active reinforcement level as a 

function of the applied bending moment, M, and of the m bridging 
forces, Fi. In matrix form, we have: 

{w} = {λM}M − [λ]{F}, (4)  

where {w} is the crack opening vector, {λM} is the vector of the local 
compliances due to the bending moment, and [λ] is the matrix of the 
local compliances due to the bridging forces. 

Summarizing, for a given crack depth, the problem relies in the 
determination of the 2 m + 1 unknowns, i.e., the fracturing moment, MF, 
the profile of the crack opening displacements, {w}, and the corre-
sponding distribution of bridging forces, {F}. The solution requires a 
numeric iterative procedure that leads to the complete evaluation of the 
stress-block diagram at cross-sectional level. By applying the routine for 
different values of crack depths, the model is able to fully describe the 
evolution of the fracturing process up to the complete disconnection of 
the critical cross-section (a ~ h), taking into account the effect of the 
active fibres that bridge the crack (Fig. 2). 

2.3. Cyclic loading 

The case of repeated loading can be easily addressed if the generic 
loading history is intended as the sum of consequent monotonic paths, 
each characterized by monotonically increasing or decreasing load 
(Fig. 4). Under these assumptions, the fundamentals of the model are 
valid for each monotonic branch of the entire loading process, as long as 
each initial configuration is defined (subscript zero in the following). 

The key-point relies in the behaviour of the reinforcing fibres during 
the unloading phases of the process. In this context, it is possible to take 
advantage of the recent experimental results obtained by Fataar et al. 
[56], who investigated the static and fatigue behaviour of hooked-end 
steel fibres. 

Regarding the fatigue life of the fibre, a certain scatter was observed 
in the experimental results due to the different failure mechanisms (fibre 
rupture or fibre pull-out) that can occur depending on the applied load 
level and on the amount of pre-slip. Besides this statistical deviation, 
which typically characterizes the pull-out tests of short fibres, and 
considering the fatigue pull-out load vs displacement curve, it can be 
found that: (i) the static pull-out curve represents an envelope of the 
fatigue pull-out curves; (ii) during the unloading phase, the behaviour is 
described by a vertical branch, i.e., a rigid response of the single fibre. 
Nevertheless, no information can be found about the compression 
behaviour of the single fibre because fatigue tests were performed in 
order to maintain tensile loads throughout the cycles. 

On the basis of these considerations, an appropriate constitutive law 
at the single-fibre level has been implemented in the UBCM, which is 
represented in Fig. 5 for the case of hooked-end steel fibres and in terms 
of normalized coordinates. The continuous line refers to the case of 
monotonically increasing loading, in which the fibre opposes to the 
crack opening, whereas the external bending moment tends to open the 
crack. On the other hand, at the onset of the unloading phase of the 
process, a rigid behaviour of the fibre is considered (see the vertical 
dashed branch of the diagram), consistently with the previous discus-
sion. In this phase, the fibre contrasts the crack closure, keeping un-
changed the crack opening at the reinforcement level. This behaviour is 
assumed to be valid also in the case of compressive regime of the fibre, 
until the maximum compressive force, which is assumed equal to − FP, is 
reached. The latter is intended as the compression force required to 
activate the reversal of the fibre slippage and the consequent decrease in 
the crack opening. In this phase, a plastic behaviour of the fibre is 
assumed (see the horizontal plateau), which is valid until the load starts 
to increase again (see the vertical dotted branch). In this way, the hys-
teretic dissipation at the single fibre level is completely defined (see the 
shaded grey area). 

For each phase of the loading process, the crack propagation con-
dition is still defined by Eq. (3). The corresponding compatibility 

Fig. 4. Decomposition of the loading history into monotonic paths.  
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Fig. 5. Hysteretic behaviour at the single-fibre level.  
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conditions are obtained by rewriting Eq. (4) in the incremental form: 

{w} − {w0} = {λM}(M − M0) − [λ]({F} − {F0}), (5)  

where the quantities {w0}, M0, and {F0} describe the initial configura-
tion of the cracked cross-section due to the previous phases of the 
loading process. 

Analogously to the monotonic case, the unknowns of the problem 
(MF, {w}, {F}) are obtained by a numerical iterative procedure. 

2.4. Mechanical response of the FRC cross-section 

When the stress-block diagram is evaluated for a given crack depth, 
the local rotation of the notched cross-section can be calculated in the 
case of monotonic loading: 

φ = λMMM − {λM}
T{F

}
, (6) 

or in the case of cyclic regime: 

φ − φ0 = λMM
(
M − M0

)
− {λM}

T( {F
}
−
{

F0
})

(7) 

In both cases, the corresponding deflection δ of the FRC element can 
be obtained by applying the superposition principle, according to which 
the total deflection takes into account both the inelastic contribution 
related to the fracturing process in the mid-span section (inelastic hinge) 
and that related to the elastic behaviour of the remaining part of the 
beam. In Fig. 6, the application of the superposition principle is sche-
matically shown in the case of a three-point bending test. 

Under these assumptions, the UBCM predicts different post-cracking 
regimes as a function of two scale-dependent dimensionless numbers, i. 
e., the reinforcement brittleness number, NP, and the pull-out brittleness 
number, Nw [49,50]: 

NP =

∑n
i=1FP,i

KICbh1/2 = Vf
αβσs,max

KIC
h1/2 = Vf

σs,max

KIC
h1/2, (8)  

Nw =
Ewc

KICh1/2. (9) 

As recently discussed by the authors [49,50], the reinforcement brit-
tleness number, NP, is directly connected to the load bearing capacity of 
the FRC specimen. It depends on the fibre volume fraction, Vf, on the 
maximum value of the generalized tensile stress acting in the reinforcing 
fibre, σs,max ─in which the parameters of fibre distribution, α and β, are 
included─ on the matrix fracture toughness, KIC, as well as on the beam 
depth, h. 

On the other hand, the pull-out brittleness number, Nw, governs the 
exhaustion of the fibre toughening action, defining in this way the 
softening tail of the load–deflection curve and the inelastic rotation 
capacity of the FRC cross-section. It depends on the matrix Young’s 
modulus, E, on the equivalent (average) embedded length of the fibre, 
wc, on the matrix fracture toughness, KIC, and on the beam depth, h. 

It is worth emphasizing that the coefficients related to the fibre 
distribution, i.e., the orientation factor, α, which affects the number of 
fibres crossing the critical cross-section (Eq. (1)), and the coefficient βi, 
which takes into account the orientation of the fibre during its pull-out 
(Eq. (2)), are included in the generalized slippage strength of the fibre, 
σs,max, and thus in NP. As it will be shown in the following, the identi-
fication of σs,max on the basis of experimental flexural tests permits to 

Fig. 6. Superposition principle of elastic deflection and local rotation of 
the beam. 

Fig. 7. Structural response of FRC beams (a0/h = 0.05) by varying NP, for a given value of Nw.  
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predict the flexural response of the composite, thus incorporating the 
information related to the fibre distribution without any determination 
of the single values of α and βi. 

3. Influence of NP and Nw 

In this section, some numerical analyses are shown in order to 
describe the influence of the two brittleness numbers, NP and Nw, on the 
post-cracking response of FRC beams. In all cases, the response of the 
notched rectangular cross-section (a0/h = 0.05) is described in terms of 
dimensionless fracturing moment vs local rotation diagrams. 

In Fig. 7, the numerical curves are plotted for a constant value of Nw 
equal to 548, whereas NP ranges from 0 (unreinforced material) to 2. It 
can be observed that NP drives a ductile-to-brittle transition in the post- 
cracking response of the composite. As already discussed by the authors 
[47,50], the critical value of the reinforcement brittleness number, NPC, 
permits to define the minimum (critical) fibre volume fraction, Vf,min, or, 
equivalently, the minimum (critical) specimen size, hmin, required to 
guarantee a stable post-cracking response. 

Nevertheless, it should be noted that the influence of NP is restricted 
to the second stage of the response, in which the load bearing capacity of 
the FRC cross-section can be evaluated. This restriction is due to the 

influence of Nw, which drives the final decrement of the carried load, 
providing the convergence of all the curves to a unique final softening 
tail (Fig. 8). 

In Fig. 8, the family of curves is plotted for a constant value of NP 
equal to 1.30, whereas Nw ranges from 274 to 2739. Consistently with 
the previous considerations, a pseudo-hardening post-cracking response 
is observed in all cases, being NP greater that NPC. Then, the numerical 
curves split towards different final softening branches depending on the 
value of Nw, which defines the inelastic rotation capacity of the FRC 
cross-section. 

4. Experimental validation 

In this section, the UBCM is used to reproduce experimental results 
obtained by Boulekbache et al. [36], regarding the ULCF behaviour of 
FRC beams. The investigation was carried out by means of four-point 
bending tests on prismatic notched FRC specimens characterized by a 
length of 700 mm (span of 600 mm), and a thickness and a depth of 150 
mm. A notch of 10 mm depth was introduced in the mid-span cross- 
section, as schematically represented in Fig. 9. 

Different variables were taken into account in the experimental 
program: (i) three types of cementitious matrix, including normal- 

Fig. 8. Structural response of FRC beams (a0/h = 0.05) by varying Nw, for a given value of NP.  

Fig. 9. Test geometry [36].  
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strength concrete (OC), self-compacting concrete (SCC), and high- 
strength concrete (HSC). The mixtures were characterized by a 28- 
days average cubic compression strength of 29.3 MPa, 61.3 MPa, and 
82.6 MPa, respectively; (ii) two types of hooked-end steel fibres, char-
acterized by the same tensile strength, fu, equal to 1100 MPa, but 
different lengths, lf, (35 mm and 60 mm) and aspect ratios, λ (65 and 80); 
(iii) two fibre volume contents, equal to 0.50% and 1.00%. Further in-
formation about the composition and the mechanical properties of the 
composite mixture can be found in [36]. 

As a consequence, a total of 12 ULCF tests were performed. In this 
work, only the results related to the fibre with λ = 65 will be presented, 
since similar conclusions can be drawn in the case of λ = 80. 

For each one of the six mixtures, an identification procedure is 
needed in order to characterize the mechanical parameters of the matrix 
and of the reinforcing fibres, i.e., KIC, σs,max, and wc, which cannot be 
known a priori. 

The matrix fracture toughness, KIC, is determined as the first 
parameter, being related to the first cracking moment of the FRC spec-
imen. In other words, KIC is found by optimizing the difference between 

the first cracking moment experienced by the specimen and that pre-
dicted by the numerical model. 

On the other hand, the other two parameters, σs,max and wc, relate to 
the post-cracking behaviour of the composite, being directly connected 
to the brittleness numbers NP and Nw. In this case, σs,max and wc have 
been selected by taking into account two parameters: the maximum load 
and the area under the load vs deflection curve. For each pair of values 
(σs,max, wc), the comparison between the experimental curve and the 
related numerical prediction leads to evaluate the differences in terms of 
maximum load (ΔPmax) and of area under the curve (ΔArea), as sche-
matically shown in Fig. 10a. 

Following Pareto’s approach for the multi-objective optimization, 
the best-fitting solution has been chosen among the points within Par-
eto’s front as the one with the minimum distance from the origin 
(Fig. 10b). 

Thus, it is possible to obtain a set of three identifying parameters 
(KIC, σs,max, wc) for each experimental curve, together with the corre-
sponding brittleness numbers NP and Nw (Table 1). It is worth noting 
that the parameter σs,max includes also the values of the orientation 
factor, α, which were also reported in the referenced paper [36]. The 
results are represented in Fig. 11 where, for each specimen series, the 
experimental curve is depicted together with the corresponding nu-
merical one. 

When the mechanical parameters of the composite are obtained, the 
ULCF behaviour of the FRC specimens can be predicted by defining the 
boundary conditions for each hysteretic cycle. More precisely, each loop 
is characterized by its maximum and minimum values in applied load 
and specimen deflection. The superposition between experimental data 
(dotted curves) and numerical predictions (continuous curves) is rep-
resented in Fig. 12 for each specimen series, showing the effectiveness of 
the UBCM. A consistent reproduction of the experimental curves is 
provided, both in terms of global response and hysteretic behaviour. It is 
shown that an increase in fibre volume fraction, with a correspondent 
increase in NP (see Table 1), provides a more stable post-peak response 
of the specimen. The reinforcement brittleness number varies from 1.08 
to 1.90 in the case of FROC, from 1.13 to 1.67 in the case of FRSCC, and 
from 1.36 to 2.73 in the case of FRHSC. In all cases, NP is greater than its 
critical value, showing a pseudo-hardening global response of the 
composite. 

Regarding the hysteretic behaviour, a consistent prediction of each 
single loop can be obtained, together with the corresponding dissipated 
energy (area bounded by the loop). In this respect, the difference be-
tween the energy dissipated during each experimental test and that 
predicted by the model is found to be smaller than 20%. 

In addition, if we consider the slope characterizing each cycle in the 
P-δ diagrams, the UBCM predicts a flexural stiffness that is almost con-
stant during the whole process. It is worth noting that, by considering a 
nonlinear decrease in the cycle slope, which can represent the cyclic 
modulus, Ecyc [36], it would be possible to describe the progressive 
matrix damaging. 

Fig. 10. (a) Schematic representation of ΔPmax and ΔArea; (b) Multi-objective 
optimization following the Pareto’s procedure. 

Table 1 
Mechanical parameters obtained by identification and dimensionless numbers.  

ID Vf 

(%) 
KIC 

(MPa mm1/2) 
σs,max(MPa) wc 

(mm) 
NP 

(-) 
Nw 

(-) 

FROC 65–0.5  0.50 17 300  17.5  1.08 2475 
FROC 65–1  1.00 15 233  16.5  1.90 2636 
FRSCC 65–0.5  0.50 17 315  14.7  1.13 2634 
FRSCC 65–1  1.00 21 287  16.8  1.67 2437 
FRHSC 65–0.5  0.50 15 333  7.7  1.36 1723 
FRHSC 65–1  1.00 17 379  7.0  2.73 1382  
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Fig. 11. Identification of the monotonic part of the experimental curves. (a) FROC 65–0.5; (b) FROC 65–1; (c) FRSCC 65–0.5; (d) FRSCC 65–1; (e) FRHSC 65–0.5; (f) 
FRHSC 65–1 [36]. 
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Fig. 12. Prediction of the hysteretic cycles: (a) FROC 65–0.5; (b) FROC 65–1; (c) FRSCC 65–0.5; (d) FRSCC 65–1; (e) FRHSC 65–0.5; (f) FRHSC 65–1 [36].  
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5. Conclusions 

The Updated Bridged Crack Model (UBCM) is proposed as a Fracture 
Mechanics approach to interpret the behaviour of FRC beams subjected 
to ultra-low cycle fatigue. The model assumes the cementitious matrix as 
a linear-elastic perfectly-brittle phase, whereas a new σ-w constitutive 
law is proposed to describe the hysteretic behaviour at the single fibre 
level on the basis of experimental pull-out tests. 

Within the model assumptions, it is possible to identify the me-
chanical properties of the composite phases, by taking into account the 
monotonic regime of the flexural response. The latter is synthetically 
described by two scale-dependent dimensionless numbers, NP and Nw. 
Then, an effective prediction of the hysteretic response of the FRC 
specimens can be obtained. 

The effectiveness of the model is discussed on the basis of a recent 
experimental campaign, in which the cyclic flexural behaviour of FRC 
specimens is investigated as a function of fibre volume fraction and 
concrete matrix. In all cases under investigation, a consistent over-
lapping between numerical predictions and experimental data is found, 
proving the suitability of the constitutive law herein proposed. 
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