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A B S T R A C T   

The flexural behaviour of steel fibre-reinforced concrete beams is discussed in the framework of Fracture Me-
chanics. The Bridged Crack Model is updated by means of a cohesive softening constitutive law of the rein-
forcement layers, taking into account the fibre slippage within the cementitious matrix. In this way, the model is 
able to describe the global response of the composite, including the local instability phenomena characterizing 
the different post-cracking regimes. The structural response is found to be governed by two dimensionless 
numbers: the reinforcement brittleness number, NP, which defines the minimum reinforcement condition of the 
composite beam, and the pull-out brittleness number, Nw, which describes its plastic rotation capacity. The former, 
NP = (Vf σs h1/2)/KIC, depends on the fibre volume fraction, Vf, on the fibre slippage strength, σs, on the concrete 
fracture toughness, KIC, and on the beam depth, h. The latter, Nw = (wc E)/(KIC h1/2), depends on the fibre 
embedment length, wc, on the concrete Young’s Modulus, E, on the concrete fracture toughness, KIC, and on the 
beam depth, h. These two parameters make it possible to identify a softening post-cracking response of the fibre- 
reinforced concrete element that is scale-dependent. Finally, the numerical analyses are compared to several 
experimental results reported in the scientific literature, proving the effectiveness of the described model.   

1. Introduction 

During the last decades, significant advancements have been 
accomplished in improving the mechanical performance of cementitious 
materials. In this context, fibre-reinforced concrete (FRC) can be defined 
as a cementitious brittle matrix coupled with a secondary phase repre-
sented by the reinforcing fibres randomly oriented and distributed 
within the volume of the composite. For this material, the bridging 
mechanism of the secondary phase plays a key-role since it affects both 
macrocracks and microcracks in the fracture process zone, so as to 
prevent their opening, growth, and coalescence. It results an improved 
global structural response of the composite, which is characterized by an 
increase in different mechanical properties, such as tensile and flexural 
strengths, ductility, toughness, and fracture energy. 

A considerable amount of research work, both theoretical and 
experimental, aimed to understand the influence of a wide range of 
factors affecting the structural response of FRC members, among which: 
(i) the fibre volume fraction, Vf (Alberti et al., 2014a; Almusallam et al., 
2016; Barr et al., 2003; Barros and Cruz, 2001; Bencardino et al., 2010; 
Holschemacher et al., 2010; Soulioti et al., 2011); (ii) the mechanical 

and geometrical properties of the reinforcing fibres (tensile strength, 
Young’s modulus, geometric profile, and aspect ratio) and of the con-
crete matrix (Alberti et al., 2014b; Aydin, 2013; Banthia and Gupta, 
2004; Choi et al., 2019; Sahin and Koksal, 2011; Yoo et al., 2015); (iii) 
the mechanical properties of the matrix-fibre interface (Enfedaque et al., 
2017); (iv) the casting procedure and the related fibre distribution and 
orientation (Lo Monte and Ferrara, 2020); (v) the specimen size (Flàdr 
and Bily, 2018; Paschalis and Lampropoulos, 2015; Yoo et al., 2016). 

Considering a FRC beam subjected to flexural loading, extensive 
experimental studies suggest to describe the flexural response, usually 
represented in terms of a load vs deflection diagram, by sub-dividing it 
into three different stages or regimes (Fig. 1). The structural behaviour 
starts with a linear ascending branch (stage I), up to the initiation of the 
fracturing process. From this point onward, the post-cracking regime 
takes place, which includes two further stages. Depending on the fibre 
volume fraction, a deflection-softening or a deflection-hardening 
behaviour of the composite can be observed (Stage II), leading to the 
definition of the so-called minimum (or critical) fibre volume fraction, 
Vf,min, which is required to obtain a stable post-cracking branch (Fantilli 
et al., 2016a, 2016b; Gorino and Fantilli, 2020; Naaman and Reinhardt, 
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2006). It is worth noting that Stage II of the response may not exist if the 
fibre volume content is not sufficient, i.e., Vf < Vf,min. Stage II can be 
experimentally observed both in the case of initially unnotched beam 
specimens ─in which the ductile response is generally accompanied by 
multiple cracking (Naaman and Reinhardt, 2006)─, and of pre-notched 
specimens, where the damage is preliminarily induced in the member 
cross-section (RILEM TC 162-TDF, 2002). Then, the FRC flexural 
response can be finally described by a descending tail (Stage III) of the 
load vs deflection curve, which represents the failure of the critical 
cross-section (Fig. 1). The final failure is triggered by the fibre slippage 
inside the cementitious matrix or by the fibre rupture, depending on the 
bond characteristics of the matrix-fibre interface. 

In this context, numerical models are proposed in the literature to 
predict the post-cracking response of FRC composites. Most of them are 
able to describe the flexural response of FRC beams by focusing on 
equilibrium, constitutive, and kinematic conditions occurring at cross- 
sectional level (Armelin and Banthia, 1997; Barros et al., 2005; Casa-
nova and Rossi, 1996; Jones et al., 2008; Mobasher et al., 2014; Soetens 
and Matthys, 2014). Other approaches, which are more oriented to 
fracture mechanics, aimed to identify the cohesive law of FRC, i.e., stress 
vs crack opening relationship, σ-w, in order to model the damaging 
process (Olesen, 2001; Suárez et al., 2021): the constitutive law is 
numerically defined by means of an inverse analysis applied to experi-
mental flexural curves, thus leading to a design-by-testing procedure 
applicable to FRC elements reinforced with different types of fibres 
(steel, polyolefin). 

The main drawback of the abovementioned approaches relies in the 

fact that the constitutive law of the fibrous composite is valid only for a 
specific amount of reinforcing fibres. Thus, extensive experimental 
campaigns on FRC specimens characterized by different fibre volume 
fractions are required to model the post-cracking behaviour of the 
composite as a function of Vf. As a consequence, these approaches lead 
to some difficulties when the ductile-to-brittle transition in the flexural 
response due to the amount of the reinforcing phase needs to be 
investigated. 

In this paper, the flexural behaviour of notched FRC beams is 
interpreted in the framework of Fracture Mechanics by means of the 
Updated Bridged Crack Model (UBCM). This model is able to describe 
the evolution of the fracturing process in a critical cross-section of a 
brittle-matrix fibre-reinforced composite. The model was originally 
proposed for structural elements with a single layer of reinforcement 
subjected to monotonically increasing (Carpinteri, 1981; Carpinteri, 
1984) or cyclic (Carpinteri and Carpinteri, 1984) flexural loading. Later, 
it was extended to the case of a large number of reinforcements, both in 
the discrete and continuous formulations, making a relevant step for-
ward in the interpretation of the mechanical behaviour of fibrous 
composites (Bosco and Carpinteri, 1995; Carpinteri and Massabò, 1996, 
1997a, 1997b). In (Carpinteri and Puzzi, 2007; Carpinteri and Accor-
nero, 2019; Carpinteri and Accornero, 2020), a detailed and extensive 
description of the theoretical model, including the related numerical 
algorithm, is provided in the case of monotonically increasing or cyclic 
loading. 

In the previous versions of the model, the bridging mechanism of the 
reinforcing layers was modelled by a rigid-perfectly plastic law. This 
assumption was found to be appropriate in representing the bridging 
action due to the yielding of the reinforcing steel-bars, providing a good 
description of the mechanical behaviour of RC beams (Bosco et al., 
1990a, 1990b). On the other hand, when this hypothesis applies to the 
case of FRC beams (Accornero et al., 2020), it was recently noticed that, 
even if a good representation of the first branch of the post-cracking 
regime (Stage II) was achieved, the model was not able to capture the 
progressive reduction of the load carrying capacity of the specimen due 
to the fibre slippage within the matrix (Stage III). 

In this work, the hypothesis of a rigid-perfectly plastic constitutive 
law of the fibres is overcome, taking into account the actual bridging 
action of the secondary phase related to the slippage behaviour of the 
steel reinforcing fibres. In comparison to other sectional models, the 
UBCM assumes the fibrous composite as a bi-phase material, in which 
the cementitious matrix and the reinforcing fibres represent its primary 
and secondary phases, respectively. This approach makes it possible to 
capture the transitions occurring in the post-cracking regime of the 
composite due to the properties of the single constituent phases, 
including the fibre volume fraction, which are effectively represented in 
two scale-dependent dimensionless numbers, NP and Nw (Rubino et al., 

Fig. 1. Typical experimental load vs deflection curves of FRC beams.  

Fig. 2. FRC beam cross-section.  

F. Accornero et al.                                                                                                                                                                                                                              



International Journal of Solids and Structures 248 (2022) 111637

3

2021). In the following sections, the main features of the model will be 
discussed, and the numerical predictions will be validated on the basis of 
experimental data reported in the scientific literature. 

2. The Updated Bridged Crack Model (UBCM) 

2.1. Fundamentals 

In Fig. 2, the critical cross-section of a FRC beam is schematically 
represented. Experimental evidences suggest to identify the following 
four regions: (i) ligament in compression; (ii) uncracked ligament in 
tension; (iii) fibre bridging zone, in which only the fibres bridge the 
crack; (iv) stress-free crack zone ─generally detectable for large crack 
depths or very short fibres─ where the bridging action of the fibres 
vanishes. 

These regions can be effectively interpreted in the framework of 
fracture mechanics by means of the UBCM. The model focuses on the 
crack propagation phenomena occurring in a critical cross-section of 
FRC, which is characterized by thickness, b, depth, h, initial crack depth, 
a0, and it is subjected to an external bending moment, M (Fig. 2). 

The total number of fibres in the cross-section, n, is calculated as a 
deterministic quantity: 

n = αVf
bh
Af
, (1) 

where Af is the cross-sectional area of the single fibre, and α the 
orientation factor or fibre efficiency factor. The latter is generally found 
by investigating the specimen fracture surfaces (manual counting, X-ray 
analysis), and calculated as the ratio between the actual number of fibres 
with respect to the theoretical one (Robins et al., 2003). 

Among the total number of fibres in the critical cross-section, n, some 
of them, m, are located in the fibre bridging zone, bonding the two crack 
faces (Fig. 2). Thus, they are considered as active and their bridging 
action is taken into account by the closure forces, Fi, calculated as: 

Fi = βiσiAf , (2)  

in which σi is the nominal stress of the i-th reinforcing fibre (slippage 
mechanism), adjusted by a coefficient βi. The latter takes into account 
the so-called “group effect” (Li et al., 1990), i.e., the pull-out force per 
fibre decreases when the number of fibres pulling out from the same area 
increases, and the “snubbing effect” (Li et al., 1990), which is related to 
the orientation of the single fibre. In this way, it is possible to model the 
actual distribution of the fibres crossing the notched section by means of 
a simplified distribution, in which all the fibres are considered as evenly 
spaced in the ligament area and orthogonal with respect to the crack 
faces (Fig. 3). 

Within the UBCM, the composite is interpreted as a bi-phase mate-
rial, in which the brittle matrix and the reinforcing fibres represent the 

primary and secondary phases of the mixture, respectively. Thus, the 
mechanical behaviour of the two distinct phases is differently charac-
terized, including the related contributions in terms of toughening 
mechanism. The behaviour of the matrix is assumed as elastic-perfectly 
brittle and it is characterized by Young’s modulus, E, and fracture 
toughness, KIC. On the other hand, the bridging mechanism of the sec-
ondary phase is described by a cohesive softening constitutive law, 
which takes into account the progressive slippage of the fibre inside the 
matrix. 

Under these assumptions, the singular crack-tip stress field (Fig. 2) is 
uniquely characterized by a global stress-intensity factor, KI: 

KI = KIM −
∑m

i=1
KIi =

M
bh3/2YM −

{YF}
T
{F}

bh1/2 , (3)  

which takes into account both the contribution due to the applied 
bending moment, KIM, and that related to the i-th reinforcing fibre, KIi. 
Functions YM and YF in Eq. (3) are the shape functions for the bending 
moment and the bridging force, respectively. The first contribution 
provides an increase in the crack-tip stress-intensity factor. The latter, 
affected by a minus sign, is opposite, revealing the toughening contri-
bution of the secondary phase in the fracture behaviour of the whole 
composite. 

In agreement with the LEFM criterion, the crack propagation occurs 
when the stress-intensity factor, KI, reaches its critical value, KIC: 

KI = KIC. (4) 

It leads to the definition of the fracturing moment, MF, i.e., the 
applied moment for which crack propagation occurs, as a function of the 
matrix fracture toughness and of the bridging forces: 

MF =
bh3/2

YM

(

KIC +
{YF}

T
{F}

bh1/2

)

. (5) 

Thus, for a given crack depth, a, the problem consists in the deter-
mination of MF and of the corresponding vector of bridging forces, {F}. 
Being these quantities mutually dependent, following Eq. (5), the 
problem is statically indeterminate and therefore a further set of 
displacement compatibility equations is needed. 

Considering the notched cross-section, the crack openings, wi, at 
each i-th reinforcement level can be calculated as functions of the 
applied bending moment, M, and of the m bridging forces, Fi. In matrix 
form: 

{w} = {λM}M − [λ]{F}, (6)  

where {w} is the crack opening vector, {λM} is the vector of the local 
compliances related to the bending moment, and [λ] is the matrix of the 
local compliances related to the bridging forces. Analogously to Eq. (3), 
the latter contribution is affected by a minus sign due to the crack- 

Fig. 3. Fibre distributions.  
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closure action exerted by the active reinforcements. Summarizing, for a 
given crack depth, Eqs. (5)-(6) consist in a linear matrix system of m + 1 
equations in 2m + 1 unknowns, which are the fracturing moment, MF, 
the m bridging forces Fi, and the corresponding crack opening dis-
placements, wi.. The mathematical problem requires further m condi-
tions, which can be obtained by means of a suitable constitutive law of 
the reinforcing fibres, providing a relationship between the bridging 
forces, Fi, and the related crack opening displacements, wi. 

2.2. Bridging constitutive laws 

As discussed above, the yielding behaviour of steel reinforcements in 
reinforced concrete elements can be effectively modelled by means of a 
rigid-perfectly plastic law. Nevertheless, this hypothesis cannot be 
applied to FRC members, since the bridging mechanism relates to fibre 
slippage within the matrix or to fibre rupture, depending on the bond 
conditions between matrix and reinforcing fibres. 

During the last decades, both theoretical and experimental studies 
have aimed to understand the main variables affecting the bonding 
mechanisms between cementitious matrix and different types of rein-
forcing fibres. They have been recently reviewed by Abdallah et al. 
(Abdallah et al., 2018). Experimental pull-out tests (Alberti et al., 2016; 
Cunha et al., 2010; Robins et al., 2002) revealed that the slippage of a 
single fibre is affected by several parameters, among which: (i) the 
mechanical properties of the matrix-fibre interface; (ii) the anchorage 
mechanisms, mainly related to the fibre geometry; (iii) the fibre orien-
tation with respect to the pull-out force; (iv) the fibre embedded length. 

Regarding the fibre geometry, it is widely known that pre-deformed 
reinforcing fibres provide a remarkable improvement in the pull-out 
behaviour, with respect to that obtained in the case of straight fibres. 
For perfectly straight fibres, only chemical adhesion and friction oppose 
to the fibre slippage. In the case of pre-deformed fibres, a further 
contribution is due to the mechanical anchorage provided by the geo-
metric configuration of the fibre (Naaman and Najm, 1991). The 

anchorage depends on the type of pre-deformation, which can be 
applied either at the fibre ends (hooks, paddles, buttons) or along the 
fibre profile (indented, crimped, polygonal twisted (Naaman, 2003), as 
summarized in Fig. 4. 

For a given fibre geometry, the pull-out response can also signifi-
cantly change as a function of the properties at the matrix-fibre inter-
face. Experimental studies showed that a significant improvement in the 
bond mechanisms (adhesion, friction) at the matrix-fibre interface oc-
curs when high-strength matrices –generally obtained by addition of 
micro-fillers (silica fume, fly ash) or by reducing the water-to-cement 
ratio– or specific bond improver admixtures (Enfedaque et al., 2017) 
were used. 

Nevertheless, especially for high orientation angles between the fibre 
and the direction of the pull-out load, it may happen that the tensile 
rupture of the fibre can precede the maximum pull-out load, providing a 
sudden ceasing of the bridging action. This phenomenon was observed 
at the fibre level by means of pull-out tests conducted on both steel 
(Cunha et al., 2010; Robins et al., 2002) and polyolefin fibres (Alberti 
et al., 2016). In addition, this possibility was further confirmed by recent 
experimental studies, in which the flexural behaviour of FRC specimens 
was investigated by varying the matrix and steel fibre tensile strengths 
(Aydin, 2013; Choi et al., 2019; Sahin and Koksal, 2011; Yoo et al., 
2015). It was found that, when high-strength concrete was used, the 
specimen experienced a globally higher load bearing capacity, although 
the post-cracking behaviour was characterized by sudden drops due to 
the rupture of the fibres. This leads to the main conclusion that high- 
strength concrete should be combined with high-strength steel fibres 
in order to optimize the mechanical behaviour of the composite. 

In general, experimental results on FRC specimens show that, during 
the failure of the critical cross-section, a combination of fibre pull-out 
and fibre rupture can occur. In this work, it is assumed that the failure 
in the critical section is due solely to the slippage of the fibres within the 
matrix rather than to their tensile rupture. Moreover, the present anal-
ysis is focused to the specific cases of straight and hooked-end steel fi-
bres, for which the pull-out behaviour is qualitatively represented in 
Fig. 5 (Abdallah et al., 2018). 

The pull-out response of the straight fibre is initially characterized by 
an almost linear ascending branch, in which the fibre is de-bonded from 
the surrounding matrix. Then, after the maximum load is reached (the 
adhesion is overcome), the progressive slippage of the fibre is accom-
panied by a decrease in the corresponding pull-out load, until the fibre is 
entirely pulled-out from the matrix (Naaman et al., 1991a, 1991b). In 
the case of a hooked-end fibre, a further contribution must be considered 
due to the deformation of the hooks. After a linear ascending branch, an 

Fig. 4. Different types of steel fibres according to their geometry (adapted from 
Abdallah et al. (2018)). 

Fig. 5. Pull-out behaviour of straight and hooked-end steel fibres (adapted 
from Abdallah et al. (2018)). 
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intermediate stage is observed reflecting the contribution of the me-
chanical interlocking, with a significant increase in the maximum pull- 
out load. During this stage, the pull-out force causes the straightening 
of the fibre with a consequent formation of plastic hinges. Considering 
the pull-out response, this stage is characterized by two horizontal 
plateaus (see Fig. 5). At the beginning, two plastic hinges contribute to 
the anchorage mechanism, corresponding to the higher plateau. Then, 
when the fibre is partially straightened, one single plastic hinge remains, 
corresponding to the lower plateau. At the end of the process, the fibre 
reaches the straight configuration, and the frictional pull-out occurs as 
described in the case of straight fibres. The pull-out mechanism of 
hooked-end fibres can be effectively modelled by means of a “frictional 
pulley” model, in which the contribution of the plastic hinges is included 
(Alwan et al., 1999). 

Due to the large number of variables affecting the pull-out behav-
iour, there are significant difficulties in defining a unique constitutive 
law at the fibre-reinforcement level. To this end, an interesting contri-
bution is due to Abdallah and Rees (Abdallah and Rees, 2019a), who 
proposed a generalized pull-out law per unit embedded length of the 
fibre on the basis of extensive experimental pull-out tests carried out on 
straight and hooked-end steel fibres (Abdallah et al., 2016; Abdallah and 

Fan, 2017; Abdallah and Rees, 2019b). 
These two different constitutive laws are both implemented within 

the UBCM. They are represented in Fig. 6, where the bridging force, F, is 
plotted as a function of the crack opening displacement, w. All the stages 
previously described are reported in the case of straight or hooked-end 
fibres. It is worth noting that, differently from the experimental curves 
reported in Fig. 5, the slippage occurring during Stage I (debonding) of 
the response is neglected. 

In both cases, the constitutive laws are defined by the maximum 
value of the bridging force, FP, beyond which the fibre pull-out starts, 
and by the equivalent embedded length, wc, representing the slip (or 
crack opening) beyond which the fibre is entirely pulled out from the 
matrix, and therefore its bridging effect is exhausted. 

The piecewise function F(w) for straight steel fibres (Fig. 6.a), is 
defined as follows:  

-w = 0, if F < FP, (debonding)                                                 (7.a) 

− if 0 < w
/

wc < 1→
F

FP
= 1 −

(
w
wc

)1/2

(frictional pull − out) (7.b)   

if w/wc ≥ 1 → F = 0. (bridging action exhausted)                         (7.c) 

On the other hand, for hooked-end fibres (Fig. 6.b):  

-w = 0, if F < FP, (debonding)                                                 (8.a)  

-if 0 < w/wc < 0.06 → F/FP = 1, (fibre partial straightening)         (8.b) 

− if 0.06 < w/wc < 0.10 →
F

FP
= 1 − 0.2

(
w − 0.06wc

0.10wc − 0.06wc

)

(8.c)   

-if 0.10<w/wc<0.15→F/FP=0.80, (fibre total straightening)           (8.d) 

− if 0.15 < w/wc < 0.18 →
F

FP
= 0.8 − 0.4

(
w − 0.15wc

0.18wc − 0.15wc

)

, (8.e)  

− if 0.18<w
/

wc<1→
F
FP

=1 −
(

w − 0.18wc

wc − 0.18wc

)1/2

(frictional pull − out)

(8.f)   

-if w/wc > 1 → F = 0. (bridging action exhausted)                       (8.g) 

Eqs. (7)-(8) describe the slippage constitutive laws implemented in 
the numerical model. 

2.3. Evaluation of bridging forces and crack opening displacements 

In the first stage of the structural behaviour, the applied moment is 
progressively increasing and the active fibres behave elastically consis-
tently with Eqs. (7.a) and (8.a). In this stage, the compatibility condition 
turns into the following expression: 

{w} = {0}, (9)  

leading to a linear relationship between the i-th bridging force, Fi, and 
the applied bending moment, M: 

{F} = [λ]− 1
{λM}M. (10) 

This relationship holds until the maximum bridging force, FP, is 
reached in at least one single fibre. 

Then, nc active fibres are still in the elastic regime, whereas the 
remaining m− nc fibres undergo the pull-out mechanism. It implies that 
the corresponding crack opening is larger than zero, with a consequent 
decrease in the bridging force as represented in Fig. 6. 

Thus, we can recognise the fibres that are still bridging the crack 
faces, nf, from those whose bridging effect is exhausted, ns: in all cases, 
the condition m = nc + nf + ns must be satisfied. The subscripts c, f, and s 
refer to constrained (elastic), free, and slipped fibres, respectively. Thus, 

Fig. 6. Slippage constitutive laws: (a) Straight fibre; (b) Hooked-end fibre.  
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the matrix system of Eq. (6) can be partitioned as follows: 
⎧
⎨

⎩

wc
wf
ws

⎫
⎬

⎭
=

⎧
⎨

⎩

λMc
λMf
λMs

⎫
⎬

⎭
M −

⎡

⎣
λMc λcf λcs
λfc λff λfs
λsc λsf λss

⎤

⎦

⎧
⎨

⎩

Fc
Ff
Fs

⎫
⎬

⎭
. (11) 

Unlike in the previous case, we have both kinematic and static un-
knowns, since both crack opening displacements, wi, and bridging 
forces, Fi, must be determined. Again, the problem requires m=(c + f +
s) as an additional condition, which consists in:  

c: wi = 0,                                                                                   (12.a)  

f: Fi = f(wi),                                                                              (12.b)  

s: Fi = 0,                                                                                   (12.c) 

where function f(wi) of Eq. (12.b) coincides with the piecewise functions 
defined in Eqs. (7)-(8) depending on the fibre geometry. 

From Eq. (11), considering the conditions given in Eq. (12), the nc 
bridging elastic forces can be calculated as: 

{Fc} = [λcc]
− 1{

{λMc}M −
[
λcf

]{
f
(
wf
) }}

. (13) 

Then, by introducing Eq. (13) into Eq. (11), one can obtain: 
{

wf
}
=

{{
λMf

}
−
[
λfc

]
[λcc]

− 1
{λMc}

}
M +

{[
λfc

]
[λcc]

− 1[λcf
]
−
[
λff

] }{
f
(
wf
) }

,

(14)  

where the crack opening displacements, {wf}, can be calculated as 
functions of the applied bending moment, M. 

Finally, the remaining nf crack opening displacements can be easily 
obtained as: 

{ws} =
{
{λMs} − [λsc][λcc]

− 1
{λMc}

}
M +

{
[λsc][λcc]

− 1[λcf
]
−
[
λsf

] }{
f
(
wf
) }

.

(15) 

Considering that the crack opening displacements, {wf}, appear in 
both sides of Eq. (14), and that f(w) is a piecewise function, the solution 
of the mathematical problem –formally described by Eqs. (13)-(15)– 
requires an iterative numerical procedure. 

As a result, the model provides a crack opening profile {w} that 
varies linearly along the beam depth, consistently with the experimental 
results reported in (Armelin and Banthia, 1997; Robins et al., 2001). The 
singular stress distribution acting on the beam ligament is shown in 
Fig. 7, together with the distribution of the bridging forces acting on the 
crack faces. 

Essentially, the UBCM is based on a numerical iterative procedure, 
which can be described as follows:  

1. Data initialization (specimen geometry, material properties);  
2. Compute the crack depth a (at the first step a = a0 is assumed);  
3. Compute the m active fibres crossing the crack;  
4. Compute the local compliances;  
5. Initialize nc, nf, and ns, being m = nc + nf + ns (at the first step, it is 

assumed nc = m; nf = ns = 0);  
6. Compute the m bridging actions {F} by means of Eq. (10) or Eq. (13); 

6a. Loop conditions: 
If Fi > FP, → Fi = FP; Update nc, nf, ns and return to step 5;  

7. Compute the m crack opening displacements {w} by means of Eq. 
(11) or Eqs. (14)-(15); 

7a. Loop conditions: 

Fig. 7. Stress distribution in FRC beam: (a) Cross-section geometry; (b) Stage I; (c) Stage II; (d) Stage III.  
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If Fi ∕= f(wi) → Fi = f(wi); Update nc, nf, ns, Fi, and return to step 
5;  

8. Check crack propagation conditions by means of Eq. (4) and compute 
the fracturing moment MF by means of Eq. (5); Back to step 2. 

The numerical procedure stops when a ~ h. Following this routine, 
the UBCM is able to describe the evolution of the fracturing process 
occurring in a critical cross-section of a brittle-matrix structural element 
reinforced by fibres following a cohesive softening constitutive law. 

2.4. Mechanical response of the FRC cross-section 

For each crack length, the localized rotation of the notched cross- 
section can be calculated as: 

φ = λMMM − {λM}
T
{F}. (16) 

On the other hand, the global behaviour of the structural element, 
which is usually described in terms of the applied load vs mid-span 
deflection diagram, depends on the loading configuration. For 
instance, in the case of a three-point bending (TPB) test (Fig. 8.a), the 
applied load, P, can be related to the internal bending moment as: 

P = 4
M
L
. (17) 

The consequent total deflection of the beam element can be calcu-
lated taking into account both the contribution related to the damage 
localized in the mid-span cross-section and that related to the elastic 
deformation occurring in the remaining part of the beam. The former 
can be modelled as a non-linear hinge, whereas the latter refers to the 
elastic beam theory, as schematically represented in Fig. 8.b. During the 
crack propagation process, the first contribution becomes dominant, 
leading to a rigid-body motion of the two halves of the specimen rotating 
around the mid-span hinge. The application of the superposition prin-
ciple leads to: 

δ = δcr + δel = φ
L
4
+

PL3

48EI
, (18)  

where L, E, and I, represent the beam length, the Young’s modulus of the 
matrix, and the moment of inertia of the plain cross-section, 
respectively. 

On the basis of these considerations, the UBCM is able to capture the 
discontinuous phenomena, i.e., snap-back and snap-through in-
stabilities, which experimentally characterize the post-cracking 

behaviour of the composite structure (Carpinteri and Accornero, 2019; 
Liu et al., 2020). 

From a global point of view, the post-cracking regime is found to be 
governed by two dimensionless numbers, NP and Nw, defined as follows 
(Rubino et al., 2021): 

NP =

∑n
i=1FP,i

KICbh1/2 = Vf
αβσs

KIC
h1/2 = Vf

σs

KIC
h1/2, (19)  

Nw =
wcE

KICh1/2. (20) 

The reinforcement brittleness number, NP, depends on the fibre 
volume fraction, Vf, on the maximum value of the generalized tensile 
stress acting within the reinforcing fibre, σs ─in which the parameters of 
fibres distribution, α and β, are included─, on the matrix fracture 
toughness, KIC, and on the beam depth, h. On the other hand, the 
dimensionless number Nw depends on the matrix Young’s modulus, E, 
on the equivalent embedded length of the fibre, wc, on the matrix frac-
ture toughness, KIC, and on the beam depth, h. 

It is worth emphasizing that the coefficients related to the fibre 
distribution ─the orientation factor, α, which affects the number of fi-
bres crossing the critical cross-section (Eq. (1)), and the coefficient β, 
which takes into account the orientation of the fibre during its pull-out 
(Eq. (2))─ are included in the equivalent slippage strength of the fibre, 
σs, and thus in NP. As it will be shown later, the identification of σs on the 
basis of experimental tests permits to predict the flexural response of the 
composite, including the information related to the distribution of the 
fibres, which can dramatically affect the post-cracking response of FRC. 

Moreover, it should be noted that σs quantifies the maximum pull-out 
force of the single reinforcement, which is actually related to the 
development of friction stresses on the embedded lateral surface of the 
fibre. Considering the equilibrium condition of a single fibre (for the 
sake of simplicity it is considered straight and oriented along the di-
rection of the pull-out load, i.e., β = 1) embedded for a length equal to wc 
into the cementitious matrix (Fig. 9), one can write: 

σsAf =

∫ wc

0
πdfτ(x)dx, (21)  

where σs is the axial stress acting in the reinforcing fibre, Af=(πdf
2)/4 is 

the fibre cross-section area, df is the fibre diameter, and function τ(x) 
represents the distribution of friction stresses on the embedded lateral 
surface of the fibre. By considering a mean value of friction stresses at 
the fibre–matrix interface, τm, we obtain (Accornero et al., 2021): 

σs = 4τm
wc

df
, (22)  

where the ratio wc/df can be seen as the effective aspect ratio of the fibre. 
In this sense, Eq. (22) is consistent with several experimental results 
discussed in literature, in which the authors notice an improved per-
formance in FRC specimens when fibres with higher nominal aspect 
ratio (λ = lf/df) or high-strength matrices (higher τm) are used. 

Fig. 8. (a) TPB test geometry. (b) Elastic and post-cracking deflections.  

Fig. 9. Equilibrium condition for one single fibre subjected to pull-out.  
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3. Dimensional analysis 

The crack propagation process in FRC beams can be described by the 
following functional dependence: 

F
(
MF,φ;KIC,E;Vf , σs,α, β,wc; b, h, a0

)
= 0, (23)  

in which we have the fracturing moment, MF, the corresponding local-
ized rotation, φ, the fracture toughness, KIC, and the Young’s modulus of 
the matrix, E, the fibre volume fraction, Vf, the fibre slippage strength, 
σs, the fibre distribution coefficients, α and β, the equivalent embedded 
length of the fibre, wc, the beam thickness, b, the beam depth, h, and the 
initial crack depth, a0. 

The fundamental physical dimensions involved in the problem are 
force [F] and length [L]. In this respect, if KIC and h are assumed as 
independent variables, the application of Buckingham’s Theorem 
(Buckingham, 1914) leads to the following formulation: 

Π
(

MF

KICbh3/2,φ
Eh1/2

KIC
,Vf

σsh1/2

KIC
,

Ewc

KICh1/2,
b
h
,
a0

h
, α, β

)

= 0, (24)  

in which we have dimensionless quantities only. 
Then, for a given geometry, a further reduction can be obtained 

(Carpinteri and Accornero, 2021): 

Π
(

MF

KICbh3/2,φ
Eh1/2

KIC
;NP,Nw

)

= 0 (25)  

in which the dependence of the MF-φ response on the two dimensionless 
numbers, NP and Nw, is found. 

4. Numerical simulations 

In this section, the numerical results obtained by means of the UBCM 
are presented. Let us consider a FRC cross-section characterized by 
thickness, b, and depth, h, equal to 150 mm, and an initial notch depth of 
15 mm (a0/h = 0.10). The cementitious matrix is characterized by a 
fracture toughness, KIC, of 30 MPa mm1/2, and a Young’s Modulus, E, of 
30000 MPa. With regards to the reinforcing phase, hooked-end steel 
fibres are considered, which are characterized by a slippage strength, σs, 
of 200 MPa, a diameter, df, of 1 mm, and a length, lf, of 50 mm. Keeping 
unchanged the abovementioned properties, different fibre volume 
fractions, Vf, and fibre embedment lenghts, wc, are considered in order to 
discuss the influence of the dimensionless numbers, NP and Nw, on the 
post-cracking regime of the structural response, including the related 

size-scale effects. Then, the minimum reinforcement condition will be 
defined, together with its dependence on the initial crack depth. 

4.1. Influence of NP and Nw on the post-cracking behaviour of FRC beams 

In Fig. 10 (a)-(b) the local response of a notched rectangular cross- 
section, which is described in terms of dimensionless fracturing 
moment, M̃F = MF

KICbh3/2, vs localized rotation ̃φ = φ Eh1/2

KIC
, is represented for 

a constant value of Nw and by varying the reinforcement brittleness 
number NP. 

In Fig. 10a, the family of curves is related to Nw→∞, which corre-
sponds to a very large embedded length of the fibre, wc. In this 
circumstance, the bridging action of the fibre is equivalent to that of a 
continuous reinforcement, for which the constitutive law turns out to be 
a rigid-perfectly plastic one. It can be observed that the structural 
response starts with a linear branch that is the same for each NP value, 
until the post-cracking regime takes place, which is described by 
different branches related to the different values of NP. It is worth 
recalling that, considering a rigid-perfectly plastic law, NP is the unique 
parameter describing the post-cracking behaviour of the composite and 
the consequent ductile-to-brittle transition of the structural response 
(Accornero et al., 2020). 

In Fig. 10b, the structural responses are depicted for Nw = 81. This 
value is obtained by means of Eq. (20) by considering an embedded 
length of the fibre, wc, equal to 1 mm. It can be observed that, when a 
finite value of Nw is adopted, its influence on the post-cracking response 
emerges. The curves initially tend to diverge toward different branches 
as functions of NP, but, unlike in the previous case, its influence is 
restricted to the first part of the post-cracking regime (stage II), in which 
the bearing capacity of the FRC specimen is defined. This is due to the 
fact that, when Nw is sufficiently small, it provides the convergence of all 
the curves to a unique final softening branch (stage III), defining in this 
way the plastic rotation capacity of the FRC beams. 

In both cases (Fig. 10a and 10b), it is also possible to define the 
critical value of the reinforcement brittleness number, NPC, and the 
corresponding minimum fibre volume fraction, Vf,min, required to obtain 
a stable post-cracking response. In the case shown in Fig. 10a, with a0/h 
= 0.10, it results NPC = 0.65 (green curve). On the other hand, a further 
dependence on Nw should be considered due to the critical embedded 
length of the reinforcement. In the case shown in Fig. 10.b, with a0/h =
0.10 and Nw = 81, NPC is comprised between 0.65 (green curve) and 
1.00 (blue curve), highlighting the influence of Nw on the minimum 
reinforcement condition. 

Fig. 10. Structural response of FRC beams: (a) Nw→∞ (rigid-perfectly plastic law); (b) Nw = 81.  
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In Fig. 11, a further set of numerical simulations is represented, 
where the dimensionless parameter Nw varies, whereas the brittleness 
number NP assumes a constant value. 

The curves of Fig. 11a refer to NP = 1.3, corresponding to a fibre 
volume fraction, Vf, equal to 1.60% (see Eq. (19)). In the case of a rigid- 
perfectly plastic constitutive law, a remarkable hardening response in 
the post-cracking regime is provided (see violet curve). Nevertheless, it 
can be observed that, consistently with previous considerations, the 
numerical curves split toward different final softening branches 
depending on the value of Nw. A reduction in Nw implies a decrease in 
the rotational capacity of the FRC beam element, together with a slight 
decrease in the load-bearing capacity. 

In the case of NP = 0.3 (Vf = 0.37%) represented in Fig. 11b, it should 
be noted that, when NP is sufficiently small, the parameter Nw has a 
slight influence on the structural response, since a softening post- 
cracking behaviour is predicted for all the case-studies due to the low 
fibre content in the structural volume. 

4.2. Minimum reinforcement condition: Influence of the initial crack 
depth 

By means of the UBCM, the minimum reinforcement condition has 
been extensively discussed by assuming a rigid-perfectly plastic consti-
tutive law to describe the yielding mechanism of the reinforcing layers. 

The critical value of the brittleness number, NPC, which governs the 
ductile-to-brittle transition, makes it possible to evaluate the minimum 
steel percentage that guarantees a stable post-peak response, as a 
function of the relative initial crack depth, a0/h, and of the relative 
position of the reinforcement layer, c0/h (c0 being the thickness of the 
concrete cover). 

On the other hand, the present numerical analysis shows that ─in 
addition to the traditional parameter NP─ a further dimensionless 
number, Nw, is required to fully describe the post-cracking regime of the 
FRC cross-section. In Fig. 12, the critical value of the brittleness number, 
NPC, is plotted against Nw for four different values of the initial crack 
depth, a0/h. 

It is found that NPC weakly depends on Nw, since a remarkable in-
crease in Nw, which gives greater stability to the final Stage (III) of the 
response (Figs. 10-11), provides a slight reduction in NPC and then in Vf, 

min. On the other hand, NPC is strongly affected by the variation in a0/h, 
whereby a more damaged beam element requires a smaller quantity of 
reinforcement to achieve a stable post-peak response (Fig. 13). 

5. Experimental validation 

In this section, the UBCM is validated on the basis of the experi-
mental results reported by Barros et al. (Barros and Cruz, 2001). Three- 
point bending tests were carried out on notched FRC specimens, with 
dimensions 100x100x800 mm and an initial crack of depth equal to 25 

Fig. 11. Structural response of FRC beams: (a) NP = 1.3; (b) NP = 0.3.  

Fig. 12. Minimum reinforcement condition for different values of initial 
crack depth. 

Fig. 13. Minimum reinforcement condition for different values of Nw.  
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mm (a0/h = 0.25), as schematically represented in Fig. 14. 
The FRC composite is made of ordinary concrete, characterized by a 

compressive strength fcm = 36.1 MPa and by a Young’s modulus E =
31900 MPa, reinforced with hooked-end steel fibres with length lf = 30 
mm and diameter df = 0.5 mm (aspect ratio λf = lf/df = 60). The tensile 
strength, fu, and the elastic modulus, Ef, of the fibres are 1250 MPa and 
200000 MPa, respectively. Three specimen series were tested, charac-
terized by different fibre volume fractions, Vf, equal to 30 kg/m3 

(0.38%), 60 kg/m3 (0.77%), and 90 kg/m3 (1.15%). For each specimen 
series, more than six experimental flexural tests were performed in order 
to obtain the average force–deflection curve that is analysed in the 

following. 
Dealing with FRC structures, an identification procedure is needed to 

identify the mechanical properties of the matrix and of the reinforcing 
fibres, which cannot be known a priori. 

Regarding the matrix, it is necessary to identify the concrete fracture 
toughness, KIC. Considering a typical load–deflection curve, KIC is 
directly connected to the first cracking moment of the FRC specimen. 
Thus, this parameter can be easily determined by optimizing the dif-
ference between the first cracking moment experienced by the specimen 
and that predicted by the numerical model. 

With respect to the reinforcing-fibres, the constitutive behaviour is 
described by other two mechanical properties, σs and wc, which depend 
on the fibre distribution in the composite volume. Since they directly 
affect the post-cracking regime of the flexural response, they are iden-
tified by taking into account two parameters: the maximum load-bearing 
capacity of the specimen and the area subtended by the load vs deflec-
tion curve. For each pair of values (σs, wc) the comparison between a 
given experimental curve and the related numerical prediction leads to 
evaluate the differences in terms of maximum load (ΔPmax) and of area 
subtended by the curve (ΔArea), as schematically represented in 
Fig. 15a. Following Pareto’s approach for multi-objective optimization, 
the best-fitting solution is chosen among the points within the Pareto’s 
front as the one with the minimum distance from the origin (Fig. 15b). 

Following this route, it is possible to obtain the set of the three 

Fig. 14. Beam geometry adopted in (Barros and Cruz, 2001).  

Fig. 15. (a) Schematic representation of ΔPmax and ΔArea; (b) Multi-objective 
optimization following Pareto’s Procedure. 

Table 1 
Material mechanical properties.  

ID KIC [MPa mm1/2] σs [N/mm2] wc [mm] 

Qf − 30 kg/m3 30 177 15 
Qf − 60 kg/m3 32 171 15 
Qf − 90 kg/m3 32 179 12.9 
Average 31.3 175.7 14.3  

Fig. 16. Prediction of FRC flexural behaviour. The numerical curves are rep-
resented with a continuous line, whereas the experimental ones are represented 
with a dashed line. 
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identifying parameters (KIC, σs, wc), which describe the behaviour of the 
composite. The procedure is applied to each of the three specimen series 
tested in the experimental campaign under investigation. The identified 
mechanical properties of the composite are summarized in Table 1. The 
average values are reported in the last row of Table 1 and they can be 
assumed as the constitutive parameters of the composite under 
investigation. 

When the mechanical properties of the fibre-reinforced composite 
are known, the UBCM can predict the whole flexural behaviour of the 
FRC beams. 

In Fig. 16, a consistent overlapping between the experimental curves 
(dotted lines) and the corresponding numerical ones (continuous lines) 
can be noticed. The curves A refer to the case of Vf = 30 kg/m3 (0.38%), 
the curves B to the case of Vf = 60 kg/m3 (0.77%), and the curves C to 
the case of Vf = 90 kg/m3 (1.15%). In all cases, the model is able to 
effectively reproduce the three stages characterizing the FRC flexural 
response, capturing the transitions due to the fibre volume fraction, Vf, 
which mainly affects Stage II of the flexural response, thus providing a 
transition between a softening behaviour, occurring in the case of Vf =

0.38%, to a pseudo-hardening one, in the case of Vf = 1.15%. 
In the framework of this model, the post-cracking regime can be 

synthetically described by the two dimensionless numbers, NP and Nw, 
previously defined. Consistently with the variation in the fibre volume 
fraction, Vf, the reinforcement brittleness number, NP, ranges between 
0.21 and 0.65, whereas the pull-out brittleness number, Nw, remains 
equal to 1457, as reported in Table 2. 

6. Conclusions 

The Updated Bridged Crack Model has been proposed as an effective 
Fracture Mechanics approach to investigate the behaviour of steel fibre- 
reinforced concrete beams subjected to monotonically increasing flex-
ural loading. This model involves a cohesive softening constitutive law 
for the reinforcing layers, which takes into account the actual bridging 
mechanism of the steel fibres due to slippage within the cementitious 
matrix. The fibre constitutive law is defined on the basis of pull-out 
experimental tests, also depending on the fibre geometry, which is 
characterized by straight profile or hooked ends. When the constitutive 
parameters of the composite are identified, the model is able to predict 
the flexural response of FRC beams, which is experimentally charac-
terized by three different stages. In particular, the post-cracking regime 
of the composite results to be governed by two dimensionless numbers, 
NP and Nw, which depend on the mechanical characteristics of the ma-
terial, fibre embedded length, fibre distribution, and structural size- 
scale. Moreover, the model is able to predict the minimum reinforce-
ment condition, i.e., the minimum fibre volume fraction necessary to 
obtain a stable post-cracking response, which can be synthetically 
described by the critical value of the reinforcement brittleness number, 
NPC. 

In this work, the model has been successfully validated in the case of 
steel-fibre-reinforced concrete by means of specific constitutive laws, 
which are defined in the case of straight or hooked-ends fibres. A further 
extension of the model is possible by considering other types of rein-
forcing fibres characterized by different geometries (crimped, twisted) 
or different materials (glass, natural). Following this route, the model 
will require the implementation of appropriate constitutive laws (e.g., 
see Fig. 6) where the bridging action of the single fibre is defined on the 
basis of experimental pull-out tests. Once the shape of the constitutive 

law is defined, the main features of the Updated Bridged Crack Model 
are retained, including the key-role played by the brittleness numbers NP 
and Nw. 
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Carpinteri, A., Massabò, R., 1996. Bridged versus cohesive crack in the flexural behavior 
of brittle-matrix composites. Int. J. Fract. 81 (2), 125–145. https://doi.org/10.1007/ 
BF00033178. 
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