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A B S T R A C T   

The structural behaviour of prestressed concrete beams is considerably affected by different nonlinear phe
nomena occurring in post-cracking and crushing regimes, such as snap-back or snap-through instabilities. Design 
procedures included in current technical Standards are not able to take into account the actual crushing regime, 
since the adopted constitutive laws overlook the strain-localization and softening behaviour of the concrete 
matrix. Moreover, design provisions are usually based on Plasticity Theory, leading to completely disregard size- 
scale effects and ductile-to-brittle transitions as functions of the beam depth. 

In the present paper, the above-mentioned shortcomings are overtaken by means of a Fracture Mechanics 
approach. The Cohesive/Overlapping Crack Model is able to simulate the strain-localization and softening 
regime of concrete both in tension and compression, predicting the nonlinear crushing behaviour of prestressed 
concrete beams. Then, a scale-dependent maximum reinforcement percentage formulation is provided in order to 
avoid concrete crushing failure. In this way, the field in which prestressed concrete structures can develop a safe 
ductile behavior can be defined, formulating new standard requirements for an effective structural design.   

1. Introduction 

The structural behaviour of quasi-brittle materials is heavily influ
enced by specimen dimensions and loading conditions [1]. In this 
framework, the cracking load has been regarded as a discontinuity 
condition for the equilibrium path, since post-peaking branches could be 
described by means of a non-single slope in the load vs deflection dia
gram. As a matter of fact, for large size, high strength, and/or low 
toughness specimens, a snap-back phenomenon could be detected in the 
softening regime [2]. Snap-back represents a catastrophic condition for 
the structural system since it implies a decrease in the load-carrying 
capacity, as well as in the deflection. This unstable branch could be 
revealed experimentally only if a monotonic increasing function of time, 
such as the crack mouth opening displacement, is adopted as controlling 
variable [3,4]. Size-scale effects in concrete and, more generally, in 
concrete-like materials are always expected due to the different physical 
dimensions between strength σt [FL–2] and fracture energy [FL–1], as 
suggested in [5]. Size-scale effects have been observed experimentally in 
reinforced concrete (RC) and prestressed concrete (PC) beams failing in 
flexure [6], shear [7–9], or compression [10,11]. In the past few years, 
each failure mechanism has been investigated independently from the 

others, leading to models that are not able to thoroughly predict the 
transitions between different failure modes [12,13], which are function 
of beam depth, h, slenderness, λ, and reinforcement percentage, ρ. In the 
past few years, size-scale effects in over-reinforced concrete beams have 
been addressed by means of a scale-dependent formulation for deter
mining the effective concrete compressive strength [14,15]. Neverthe
less, such an approach is not able to thoroughly predict the ductile-to- 
brittle transitions of prestressed concrete structures since it neglects 
the parameters related to the reinforcement together with the effects of 
the stress gradient generated by a possible prestressing force. 

The strain-softening behaviour of concrete in tension has been 
widely studied in the past decades [16–20] and many models have been 
proposed to predict the ductile-to-brittle transition of plain concrete 
specimens. On the other hand, only in 1997 the round-robin organized 
by RILEM TC 148-SSC [21] evidenced that an actual constitutive law for 
concrete in compression should be identified in a σ-wc diagram, being wc 

an inelastic displacement, rather than in the usual σ-ε diagram. As an 
example, in Fig. 1 the experimental tests carried out by Ferrara and 
Gobbi [22] at ENEL-CRIS laboratory in Milan (Italy) are reported. The 
tests were performed on concrete prisms having different dimensions: 
50 × 50 mm (S), 100 × 100 mm (M) and 150 × 150 mm (L) and three 
slenderness ratios (0.5, 1.0, 2.0). The results of this campaign are 
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collected in a σ-ε diagram in Fig. 1a where a high dependency of post- 
peak curves with specimen scale and slenderness is acknowledged. On 
the other hand, if the softening branches are reported in a σ/σc-wc dia
gram as in Fig. 1b, the curves become almost independent of the spec
imen size and are restrained within a narrow band. In this framework, 
Jansen and Shah [23] demonstrated that the area subtended by the σ-wc 

curve represents the crushing energy, Gc, a material property indepen
dent of the specimen size. 

In the present paper, a dimensional approach is adopted to outline 
the fundamental features governing the crushing failure of PC beams. 
Thus, the Cohesive/Overlapping Crack Model [24–27] is applied to 
define a scale-dependent maximum reinforcement ratio, ρp,max, beyond 
which PC structural elements exhibit an unstable ultimate behaviour, 
since a compression snap-back immediately after peak load is revealed, 
removing any plastic-rotation capacity of the PC beam. 

Nomenclature 

σt tensile strength of concrete; 
εt ultimate tensile strain of concrete; 
wt crack opening; 
wt

cr critical value of crack opening; 
GF fracture energy; 
σc compressive strength of concrete; 
εc ultimate compressive strain of concrete; 
wc fictitious interpenetration; 
wc

cr critical value of fictitious interpenetration; 
Gc crushing energy; 
E concrete elastic modulus; 
σp prestressing steel stress; 
n number of nodes; 
{w} vector of nodal displacements; 

[KF] matrix of nodal displacements generated by unit forces; 
{F} vector of nodal forces; 
{KM} vector of nodal displacements generated by unit bending 

moment; 
M bending moment; 
{Fp} vector of nodal forces generated by prestressing; 
h beam depth; 
b beam thickness; 
Asp prestressing steel area; 
ρp prestressing steel reinforcement percentage; 
ρp,max maximum prestressing reinforcement percentage; 
σy steel yield strength; 
sc concrete brittleness number; 
NP

U critical value of reinforcement brittleness number; 
Np

0 prestressing brittleness number.  

Fig. 1. Uniaxial compression tests [22]: (a) σ/σc-ε relationships; (b) post-peak σ/σc-wc relationships.  

Fig. 2. Cohesive Crack Model: (a) linear-elastic stress–strain law; (b) post-peak 
σ-wt cohesive relationship. 

Fig. 3. Overlapping Crack Model: (a) linear elastic stress–strain law; (b) post- 
peak stress vs. fictitious interpenetration relationship. 
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Fig. 4. Cohesive/Overlapping Crack Model.  

Fig. 5. Testing set-up and beam geometry adopted by Billet [37]  

Table 1 
PC beams tested in [37] and their failure modes (T = Cracking; C = Crushing; S = Shearing; B = Bond failure).  

Beam σc (MPa) d (mm) As (mm2) σp (MPa) σy (MPa) E (MPa) σt (MPa) GF (N/mm) Gc (N/mm) Failure mode 

B1  37.8 231 159 823 1560 —  3.4  0.145 30 B 
B2  33.5 242 75 828 1560 22,621  3.1  0.143 30 T 
B3  27.4 244 37 834 1560 23,380  2.7  0.139 30 T 
B4  26.3 233 150 841 1560 35,172  2.7  0.138 30 T-S 
B5  41.1 237 161 823 1570 21,241  3.6  0.147 31 T-S 
B6  22.1 206 221 832 1570 33,103  2.4  0.135 30 C-S 
B7  37.4 205 301 815 1570 21,586  3.4  0.145 30 C 
B8  23.3 203 301 838 1570 25,517  2.4  0.136 30 C 
B9  41.8 234 151 141 1550 33,379  3.6  0.148 32 T 
B10  23.7 229 38 148 1550 21,586  2.5  0.136 30 T 
B11  25.7 234 151 144 1550 25,517  2.6  0.137 30 T-C 
B12  39.1 212 283 140 1550 33,379  3.5  0.146 30 C-B 
B13  27.8 207 208 154 1550 30,759  2.8  0.139 30 C 
B14  28.2 203 283 143 1550 29,379  2.8  0.139 30 C 
B15  39.6 236 151 1034 1550 33,035  3.5  0.146 30 T 
B16  22.2 229 38 1037 1550 24,621  2.4  0.135 30 T 
B17  29.2 231 151 1041 1550 30,621  2.8  0.140 30 T 
B18  26.9 211 208 1026 1550 30,966  2.7  0.138 30 T-C 
B19  41.2 210 283 1043 1550 32,000  3.6  0.147 31 T-C 
B20  22.9 235 101 830 1570 27,241  2.4  0.135 30 B 
B21  44.6 230 101 834 1570 36,345  3.8  0.149 35 T 
B22  51.4 232 201 830 1570 41,310  4.1  0.152 41 T 
B23  55.7 208 301 836 1570 37,931  4.2  0.154 44 T-C 
B24  41.5 209 241 837 1570 36,069  3.6  0.147 32 T-C 
B25  19.1 203 201 836 1570 25,586  2.1  0.132 30 C 
B26  11.6 235 161 839 1570 14,621  1.5  0.125 30 C 
B27  31.6 212 301 839 1570 28,276  3.0  0.142 30 C  
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2. The cohesive/overlapping crack model 

The Cohesive Crack Model [1–3,28–30] has been adopted as a 
powerful tool in the investigation of the ductile-to-brittle transition 
occurring in concrete elements as a function of structural size, h, ma
terial tensile strength, σt, and fracture energy, GF. The beahviour of the 
undamaged material is represented by means of a linear elastic consti
tutive law, which is defined in the σ-ε diagram (Fig. 2a). On the other 
hand, in the zone where strain localization occurs, a constitutive law can 
be defined in the σ-wt diagram (Fig. 2b), being wt the crack opening 
displacement. The area subtended by the σ-wt curve represents the 
fracture energy, GF, which is an actual material property independent of 
the beam depth [31]. 

On the other hand, the Overlapping Crack Model [32] was intro
duced in order to simulate the compressive damage of concrete occur
ring at the beam extrados. In close analogy to the Cohesive Crack Model, 
the Overlapping Crack Model assumes two constitutive laws for concrete 
in compression: the behaviour of the undamaged material is modelled in 
the σ-ε diagram (Fig. 3a), whereas a constitutive law defined in a σ-wc 

diagram is used in the damaged zone (Fig. 3b), wc being an overlapping 

displacement discontinuity representing strain localization in compres
sion and possible extreme phenomena of ejection. The area subtended 
by the σ-wc curve is the crushing energy, Gc, which presents the same 
physical dimensions as the fracture energy GF [21,23]. 

In the Cohesive/Overlapping Crack Model [24–27], the two above- 
mentioned constitutive laws are integrated in order to take into ac
count the concrete nonlinear behaviour both in tension and in 
compression. Due to its characteristics, this Fracture Mechanics model is 
particularly suitable in the investigation of over-reinforced or pre
stressed concrete beams, since matrix crushing represents in these cases 
the dominant phenomenon in the post-cracking regime [10,11,25]. 

Within the Cohesive/Overlapping Crack Model, the beam cross- 
section is divided into n nodes (Fig. 4), for which the following linear 
elastic equation can be written: 

{w} = [KF]{F}+{KM}M + [KF]
{

Fp
}

(1) 

where {w} is the vector of the opening/overlapping displacements; 
[KF] is the matrix containing the nodal displacements generated by unit 
nodal forces; {F} is the vector of nodal forces; {KM} is the vector 

Fig. 6. Numerical (thick) vs. experimental (thin) curves for beams B2-B9.  Fig. 7. Numerical (thick) vs. experimental (thin) curves for beams B10-B17.  
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containing the nodal displacements generated by a unit bending 
moment; M is the applied bending moment; {Fp} is the vector containing 
the nodal forces generated by an eventual prestressing force. The un
knowns involved in Eq. (1) are (2n + 1) and have both static and ki
nematic nature. In the general case of Fig. 4, it is possible to consider the 
following conditions (Fig. 2b and Fig. 3b): 

Fi = 0 for i = 1, ..., (j − 1), i ∕= r (2a)  

Fi = Ft

(

1 −
wi

wt
cr

)

for i = j, ..., (m − 1) (2b)  

wi = 0 for i = m, ..., p (2c)  

Fi = Fc

(

1 −
wi

wc
cr

)

for i = (p + 1), ..., q (2d)  

Fi = 0 for i = (q + 1), ..., n (2e)  

Fi = f (wi) for i = r (2f)  

where j is the real cohesive crack tip; m is the fictitious cohesive crack 
tip; p is the fictitious overlapping zone tip; q is the real overlapping zone 
tip. Eq. (2f) represents a constitutive law for the steel strand in the form 
σ-wt, which is calibrated following Model Code 2010 [30,33] as reported 
in detail in [25]. The conditions involved in Eq. (2) reduce the unknowns 
of Eq. (1). Thus, the value of M is assumed as the minimum load that 
generates the ultimate tensile force, Ft, or the ultimate compressive 
force, Fc, in node m or p, respectively. 

3. Numerical vs. Experimental investigations 

In this section, a numerical vs. experimental comparison will be 
proposed in order to validate the capability of the Cohesive/Overlapping 
Crack Model in predicting the post-cracking behaviour of PC beams. In 
the scientific literature, there are few experimental campaigns investi
gating the post-cracking flexural behaviour of PC beams [34–36,25]. In 
the present paper, the experimental campaign carried out by Billet [37] 
in collaboration with the American Bureau of Public Roads is consid
ered. This campaign involves 27 specimens and was planned to inves
tigate the failure modes of post-tensioned bonded PC beams by varying 
the prestressing steel ratio, ρp = As/(hb), and the prestressing level, σp/ 
σy. The four-point bending tests were performed on beams having a 
cross-section 152 × 305 mm and a span equal to 3048 mm, as reported 
in Fig. 5. No reinforcement was placed in the compression region of the 
beams and stirrups were provided only near the bearings in order to 
avoid shearing failure. Moreover, the tests were carried out using a load- 
control system until slight crushing or excessive steel elongation 
occurred. Since in this case the load is not a monotonically increasing 
function of time, unstable snap-back or snap-through branches could not 
be followed in a stable manner during the tests [3,4]. The detailed 
geometrical and mechanical parameters of the tested beams, together 
with their failure modes, are reported in Table 1. It is worth noting that, 
since beams B1 and B20 experienced bond failure, they have been 
excluded from the numerical vs. experimental comparison presented in 
the following. Moreover, concrete tensile strength, σt, and fracture en
ergy, GF, were determined according to the Model Code 2010 [33]. On 
the other hand, the crushing energy, Gc, was calculated applying the 
formula by Suzuki [38]. 

In Fig. 6, a numerical (thick curve) vs. experimental (thin curve) 
comparison for PC beams B2 to B9 is presented. It is possible to observe 
that the Cohesive/Overlapping Crack Model is able to describe accu
rately the post-cracking nonlinear behaviour: snap-back due to concrete 
cracking, steel yielding, and snap-back due to concrete crushing can be 
thoroughly predicted. Furthermore, Figs. 6 and 7 outline a ductile-to- 
brittle transition increasing the prestressing reinforcement ratio, ρp: 
for σp/σy = 53%, it is possible to observe a migration from cracking to 

Fig. 8. Numerical (thick) vs. experimental (thin) curves for beams B18-B26.  

Fig. 9. Numerical (thick) vs. experimental (thin) curves for beam B27.  
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crushing failure (specimens B2; B4; B5; B6; B7), together with a pro
gressive decrement in the extension of the plastic plateau as ρp increases. 
In Figs. 8 and 9, the PC beams present a flexural behaviour strongly 
conditioned by concrete crushing. For these specimens, the load- 
carrying capacity is limited by concrete ultimate behaviour: steel 
yielding does not occur (except for B18, B21, B22) and a catastrophic 
failure occurs due to unstable propagation of the crushing zone at the 
beam extrados. 

Figs. 6-9 suggest that the Cohesive/Overlapping Crack Model pre
sents a high capability in the prediction of PC beam post-cracking and 
post-crushing behaviour, together with the transition from ductile 

(flexural) to brittle (crushing) failure increasing the prestressing steel 
ratio, ρp. 

Unfortunately, the wide experimental campaign carried out by Billet 
[37] does not take into account any variation in beam size. 

In order to recover this lack in terms of size-scale effect, a numerical 
study is performed by means of the Cohesive/Overlapping Crack Model 
to investigate the influence of the beam depth, h, on the plastic rotation 
capacity developed by PC beams. This numerical investigation ranges 
over five different beam depths, h, and four different prestressing rein
forcement percentages, ρp. A prestressing force equal to 1/3 σyAsp, being 
Asp the prestressing steel-strand area, is considered for all the specimens. 

Fig. 10. Nondimensional load vs. rotation curves for. (a) ρp = 0.1%; (b) ρp = 0.2%; (c) ρp = 0.4%; (d) ρp = 0.8%  

Fig. 11. Ductile-to-brittle transition for Np
0 
= 0.05 and sc = 1.58: (a) stable behaviour; (b) balanced reinforcement condition; (c) unstable behaviour.  
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Concrete compressive strength, σc, is set as 40 MPa, whereas concrete 
tensile strength, σt, is set as 4 MPa. The critical value of crack opening, 
wt

cr, is assumed as equal to 0.04 mm, whereas the critical overlapping as 
wc

cr = 1.5 mm. In Fig. 10a, the nondimensional curves obtained for ρp =

0.1% are reported. It is possible to observe that all the beams present a 
ductile behavior: steel yielding develops after concrete cracking. 
Nevertheless, the extension of the plastic plateau decreases by 
increasing the beam depth, h. In Fig. 10b, the curves obtained for ρp =

0.2% are reported: it is possible to observe the same trend as for ρp =

0.1%, although a more evident reduction in ductility (extension of 
plastic plateau) is registered. For steel percentages 0.4% and 0.8% 
(Fig. 10c and d), all the considered beams present a catastrophic 
behaviour: once the peak load is reached, a compressive snap-back is 
detected anticipating steel yielding. 

4. Maximum reinforcement percentage in PC beams 

As highlighted in the previous section, the nonlinear behaviour of PC 
beams can be described by several geometrical and mechanical pa
rameters. It is possible to reduce the number of variables adopting a 
dimensional analysis approach [5,27,39]. The flexural behaviour of a PC 
beam can be represented as 

M = F
(
σt,GF, σc,Gc,E, σy, ρp, σ0, h; b/h, l /h,ϑ

)
(3) 

E being the elastic modulus of concrete, σ0 the stress generated at the 
beam extrados by the prestressing force, l the beam span, and ϑ the 
plastic rotation of the cross-section. 

If we focus our attention onto the maximum reinforcement per
centage to avoid crushing failure (ρp,max), all the variables in Eq. (3) 
referring to concrete tensile behaviour can be neglected: 

M = F
(
σc,Gc,E, σy, ρp, σ0, h; b/h, l /h,ϑ

)
(4) 

Assuming as independent variables h and Gc, Eq. (4) leads to: 

M
̅̅̅̅̅̅̅̅̅
GcE

√
h2.5

= Π
( ̅̅̅̅̅̅̅̅̅

GcE
√

σch0.5 , ρp
σyh0.5
̅̅̅̅̅̅̅̅̅
GcE

√ ,
σ0h0.5
̅̅̅̅̅̅̅̅̅
GcE

√ , ϑ
̅̅̅̅̅̅̅̅̅
GcE

√

Eh0.5

)

(5) 

Function F becomes Π because of the nondimensionalization given 
by Buckingham’s Theorem [5,23,40]. For example, if the unit of mea
sure of h changes, Π, being a dimensionless number, does not vary. 
Therefore, Π is not really a function of h nor of Gc. It is only a function of 
several dimensionless numbers, and thus it is possible to recognize the 
matrix brittleness number in compression, sc = (GcE)0.5/σch0.5 [1,2], the 
reinforcement brittleness number, NP

U = ρpσyh0.5/(GcE)0.5 [40–42], as 
well as the prestressing brittleness number, 

N0
p =

σ0h0.5
̅̅̅̅̅̅̅̅̅
GcE

√ = σp
ρph0.5

̅̅̅̅̅̅̅̅̅
GcE

√ (6e/h − 1) (6) 

Fig. 12. Ductile-to-brittle transition in PC beams: (a) Np
0 = 0.03; (b) Np

0 = 0.04; (c) Np
0 = 0.05; (d) Np

0 = 0.06.  
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σp being the prestressing level in the steel strand and e its eccentricity 
with respect to the centre of gravity of the concrete section. 

Therefore, a numerical study can be performed in order to determine 
the percentage ρp,max based on the sc-NP

U diagram (for different values of 
N0

p). 
In Fig. 11, a parametric analysis for a PC beam with depth h = 400 

mm, matrix brittleness number sc = 1.58, and a prestressing brittleness 
number Np

0 = 0.05 is reported. In Fig. 11a the beam exhibits a ductile 
behaviour since steel yielding occurs and a plastic plateau is detected: it 
corresponds to a stable condition with ρp < ρp,max. On the other hand, by 
increasing the steel percentage, the balanced condition can be obtained 
as in Fig. 11b: for ρp = ρp,max = 0.42%, steel yielding and concrete 
crushing occur at the same time and the extension of the plastic plateau 
vanishes. The balanced condition reported in Fig. 11b corresponds to a 
reinforcement brittleness number NP

U = 0.15 (σy = 1700 MPa, Gc = 30 
N/mm, E = 30000 MPa). Finally, for ρp > ρp,max, i.e., when the balanced 
condition is overtaken, the beam presents a completely unstable con
dition since concrete crushing prevails and steel remains within the 
elastic range. 

In the following, an extended parametric analysis is presented in 
order to outline a clear definition of over-reinforcement in PC beams. 
For each geometry, the reinforcement ratio has been modified until 
concrete crushing and steel yielding occur at the same time, i.e., 

wr ≈ wy (7) 

being wr the crack opening at the reinforcement level and wy the 
crack opening generating steel yielding [27]. 

In Fig. 12, five different concrete grades and five different beam 
depths in the range h = 0.2–3.2 m are considered. In Fig. 12a and 12b, 
the results obtained for low prestressing levels, i.e., Np

0 = 0.03 and Np
0 

= 0.04, are presented and a scale effect on ρp,max is found proportional to 
h− 0.22 and h− 0.23, respectively. On the other hand, in Fig. 12c and 12d 
the cases Np

0 = 0.05 and Np
0 = 0.06 are reported. For this customary 

prestressing level (σp,max/σy ≈ 70%) a scale effect on ρp,max proportional 
to h− 0.25 is obtained, providing the range in which PC structures can 
develop a safe ductile behavior [6,34]. 

5. Conclusions 

In order to provide a comprehensive theoretical framework to pre
stressed concrete structural behavior, the correct definition of scale ef
fects on the maximum reinforcement percentage requires a thorough 
knowledge of the complex phenomena characterizing tensile cracking 
and compression crushing failures. The Cohesive/Overlapping Crack 
Model presents a very high capability in predicting the post-cracking 
and post-crushing behaviour of prestressed concrete beams. The nov
elty of this model lies in the energy-based constitutive laws, which can 
describe the nonlinear phenomena involved in concrete cracking and 
crushing, together with their size-scale effects. 

In the present work, a scale effect on maximum reinforcement per
centage, ρmax, is found proportional to h− 0.25, being h the beam depth. 
This condition can define the range in which prestressed concrete 
structures can develop a safe ductile behavior, giving the opportunity to 
formulate new standard requirements for an effective structural design. 
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