
Open Access.© 2021 Nitti et al., published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0
License

Curved and Layer. Struct. 2021; 8:307–318

Research Article

Giuseppe Nitti, Giuseppe Lacidogna*, and Alberto Carpinteri

An analytical formulation to evaluate natural
frequencies and mode shapes of high-rise
buildings
https://doi.org/10.1515/cls-2021-0025
Received May 21, 2021; accepted Jul 08, 2021

Abstract: In this paper, an original analytical formulation
to evaluate the natural frequencies and mode shapes of
high-rise buildings is proposed. The methodology is in-
tended to be used by engineers in the preliminary design
phases as it allows the evaluation of the dynamic response
of high-rise buildings consisting of thin-walled closed- or
open-section shear walls, frames, framed tubes, and dia-
grid systems. If thin-walled open-section shear walls are
present, the stiffness matrix of the element is evaluated
considering Vlasov’s theory. Using the procedure called
General Algorithm, which allows to assemble the stiffness
matrices of the individual vertical bracing elements, it is
possible to model the structure as a single equivalent can-
tilever beam. Furthermore, the degrees of freedom of the
structural system are reduced to only three per floor: two
translations in the x and y directions and a rigid rotation
of the floor around the vertical axis of the building. This
results in a drastic reduction in calculation times compared
to those necessary to carry out the same analysis using com-
mercial software that implements Finite Element models.
The potential of the proposed method is confirmed by a
numerical example, which demonstrates the benefits of
this procedure.
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1 Introduction
In the recent decades there has been a rapid increase in
the number of high-rise buildings [1] and many of these are
built in highly seismic areas. As a result, the study of their
dynamic behavior has aroused the interest of engineers
around the world. The main objective of designers is to
increase structural safety and reduce the amplitude of the
oscillations in order to guarantee the integrity and comfort
of the occupants [2, 3].

Considering that seismic forces are proportional to the
mass of the structure itself, and that the response of the
structure depends on its rigidity [4], it is deduced, in a
somewhat counterintuitive way, the more rigid structural
elements are subject to greater inertial forces than more
flexible ones. In addition, high-rise buildings, as well as
long-span bridges, are generally not very susceptible to the
effects of earthquakes [5], due to the mismatch between
their fundamental resonance frequency and characteristic
frequency of earthquakes. However, this does notmean that
the dynamic study should be omitted or underestimated.
In the design process, particular attention must be paid
to the determination of the center of stiffness of the entire
building. In fact, considering that the forces of inertia are
applied in the center of mass of each floor, the further this
point is away from the center of stiffnesses the greater the
torsional effects due to the action of horizontal loads [6].

Since many tall buildings have an irregular floor plan,
which often changes geometry from one floor to another,
it is very complex to match the stiffness center and the
geometric center of gravity of each floor [7]. For this reason,
it is essential to study the dynamic response of the building
by carrying out three-dimensional flexural and torsional
coupled analysis [8].

Today, most engineers use commercial Finite Element
Model (FEM) software to perform structural analysis even
in the preliminary design stages. This software, although
simple to use, involves long calculation times and results
difficult to interpret. Alternatively, the analytical methods
present in the literature can be used, although these often
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involve complex and difficult calculations to carry out man-
ually. The analytical procedure proposed in this paper is
inserted in such context and implemented in a calculation
code. It allows to evaluate with a good approximation the
frequencies of vibration and themodal shapes of a high-rise
building in short times and with little outlay of resources
[9]. For this reason, the proposed method can be an excel-
lent tool for designers who can use it in the preliminary
design phases.

In the literature, there are two types of study methods:
the former defines mathematical models for analyzing the
behavior of a single beam (local effects), whereas the latter
is intended to define analytical models for the dynamic be-
havior of the entire building (global effects). The proposed
analytical formulation, neglecting local effects, is mainly
addressed to the evaluate the building global dynamic be-
havior.

2 Literature review of the analysis
of an high-rise building

In the preliminary stages of the design of a high-rise build-
ing, it is essential to estimatewith a good approximation the
possible vibrating mode shapes of the structure in order to
guarantee the necessary conditions of comfort to the future
occupants. Among the first studies on the dynamic behav-
ior of a tall building, we find the work of Mallick [10] who
analyzed a shear walls structure. A similarmodel was taken
up in 1981 by Paulay [11]. The case in which the core is com-
posed by thin-walled open-section shear walls connected
by rigid floors was treated by Mendelson [12, 13], who ex-
amined the structural response of a non-symmetrical multi-
storey structure with or without damping effects. Approxi-
mate analytical methods for estimating the vibration peri-
ods of high-rise buildings composed by several structural
elements were presented by Stafford Smith and Crowe [14],
and some years later by Wang [15] and Zalka [16].

In the mid-1990s, Pekau published two works [17], [18],
in which the Finite Story Method is used, that is the global
behaviour of the building depends on the nodal displace-
ments of two-storey substructures into which the whole
construction is split. For the dynamic analysis of coupled
shear walls, Swaddiwudhipong [19, 20] used the contin-
uummedium technique that can model the tip connection
generated by the floors as a continuum having equivalent
geometric properties and also considers the axial deforma-
tion by the Galerkin Method [21]. In 2007, Meftah [22] for-
mulated a simple analytical method that uses the Galerkin
technique, for the evaluation of the free vibrations of build-

ings braced by shear walls and open-section elements. In
2009 Bozdogan presented a formulation that, using the
transfer matrix method [23], allows an approximated dy-
namic analysis of a symmetric wall-frame building [24] and
thin-walled open-section structures [25]. In the following
years, this procedure was optimized and the multi-storey
structure was modeled as an equivalent cantilever beam
[26] and the shear walls and frames were assumed to be
flexural and shear-deformable cantilever beam structures
[27]. Finally, applying the Differential Transform Method to
convert the differential equation into an algebraic equation,
the same Author considered the free vibration analysis of
tube-in-tube tall buildings [28].

In 2015 Piccardo et al. [29] formulated an equivalent
nonlinear one-dimensional shear-shear torsional beam
model, which reproduces the dynamic behavior of tower-
buildings through a heuristic identification method. Subse-
quently, taking inspiration from fluid-elastic models, this
method was extended to take account of non-linearities
generated by the stretching of the columns [30], and the
mechanical non-linearities [31], which are often believed to
be unimportant but do affect the amplitude of motion. Re-
cently, these sameAuthors have proposed amodel for static
and dynamic analysis of tall buildings based on the Timo-
shenko equivalent column [32]. There are also techniques
in the literature that can evaluate the dynamic behavior of
tall buildings with not only shear walls, but also braced
frame systems [33, 34], outrigger [35, 36], and tube-in-tube
structures [37, 38, 39]. Eventually, it is interesting to note
how the seismic performance of the building can vary ac-
cording to the actual rigidity of the floors [40, 41]; see also
the case of buildings with a large bottom podium [42].

In the present paper, a formulation for the three-
dimensional analysis of a high-rise building, based on
the General Algorithm [43], is proposed in the dynamic
regime. The basic formulation has already been published
in [44, 45, 46], whereas in the present paper it is extended to
framed-tube or diagrid systems [47, 48], as well as to struc-
tures in which there are simultaneously cores of different
heights, and to irregular buildings. The proposed analyti-
cal formulation has been implemented in a computational
code by using Mathworks Matlab. The entire calculation
code, consisting of 37 functions for a total of more than
8,000 command lines, has a user-friendly graphics inter-
face that allows a simple and intuitive input and output
procedures. The input phase consists of entering global
data of the entire building, i.e. total number of storeys, size
and mass of the slabs (which may also have a geometry
different from another); geometrical and mechanical data
of each individual vertical stiffening, which can be of the
following different typologies:
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– thin-walled closed- or open-section shear walls;
– plane frames and braced frames;
– framed tubes;
– 2D or 3D diagrid systems.

With this analytical code it is possible to compute easily
and in short time the deformations, the vibration frequen-
cies, and the mode shapes of the building. The comparison
between the results obtained using the analytical algorithm
and those obtained using a commercial FEM software al-
lows verifying the accuracy of the proposed formulation.

3 General algorithm
The analytical procedure, called General Algorithm [43], is
a general formulation that allows to determine the external
lateral loading distribution between the vertical bracings,
the floor displacements, and the stresses acting on the ver-
tical stiffeners of the high-rise buildings.

Based on theCapurso’smethod [49], itwas presented in
1985 by A. Carpinteri [43]. In the last few years, this method
of calculation has been further developed and improved
[50, 51, 52] with the purpose of analyze widest typologies of
high-rise buildings, for example structures in which there
are simultaneously cores of different heights [53], irregu-
lar buildings in floor plan or in height [54], as well as to
framed tube or diagrid structures [55]. In the case of thin-
walled open-section shear walls, Vlasov’s Theory [56], and
consequently the warping deformation [57] are applied.

Such a formulation proves to be general and can be
adopted with any kind of structural elements, provided
that its own stiffness matrix is known [58]. The main advan-
tage of this approach is that it considers only three degrees
of freedom (DOF) for each storey, therefore it requires a
shorter computation time if compared to the commercial
FEM softwares, which are mesh-dependent and are charac-
terized by six DOF for each node.

On the other hand, the greatest strength of this analyt-
ical code is the reduced processing time, which makes it
suitable for use in preliminary analysis and structural opti-
mization [59, 60, 61]. In these phases, in order to find the
best compromise between safety and construction costs,
it is necessary to vary one parameter at a time (thickness
of each shear-wall, size and shape of the cross-section of
bracings, etc.) making it necessary to create thousands of
different models. The effectiveness of this analytical for-
mulation has been verified in some case studies carried
out by the Authors [62, 63]. Moreover, the proposed model
produces results which are rather close to those achieved
by FEM, with differences generally less than 10%.

4 Notes on the stiffness matrix
evaluation

In the scientific literature there are different calculation
procedures for stiffness matrices, but with the aim of de-
veloping a simple calculation code that at the same time
provides acceptable results, the following analytical for-
mulations are applied. Let us consider the generic vertical
bracing containing N different floors. In the local reference
coordinate system, with origin in its shear center, the 3N-
vector {F*}, in which 2N shearing forces {px}, {py}, and
N torsional moments {mz} are included, is connected to
the 3N floor displacement vector

{︀
δ*
}︀
, constituted by 2N

translations {ξ}, {η}, andN rigid rotations about the z axis,
{ϑ}, by the 3N ×3N stiffness matrix of the entire shear wall[︀
K*

]︀
[︁
K*

]︁
=

⎡⎢⎣ [Kx] 0 0
0 [Ky] 0
0 0 [Kϑ]

⎤⎥⎦ (1)

where each term is a N × N sub-matrix.
The analytical evaluation of the stiffness matrices has

already been extensively described in previous works by
the Authors of this paper. For this reason, in the following,
only a brief note is made.

In particular, for rectangular or closed-section shear
walls, transverse displacements and floor rotations are eval-
uated using Saint Venant’s Theory and the [K*] stiffness
matrix is assembled using Betti’s Theorem [64].

In the case of thin-walled open-section shear walls,
Vlasov’s Theory [56] is applied to evaluate the torsional
stiffness. In this way it is also possible to consider the stiff-
ening effect due to the bimoment and secondary torsional
moment. This theory allows a more accurate estimate for
torsional stiffness if compared to Saint Venant’s Theory.
Finally, the stiffness matrix is assembled using the formu-
lation based on the Capurso’s method [49]. The detailed
procedure has been published in [51, 52].

In the case of plane frames and braced frames, the stiff-
ness matrix is evaluated considering a simplified method
that allows to drastically reduce the calculation time while
providing results comparable to those obtained using FEM
software. From a static point of view, a multi-storey plane
frame is a many-time redundant structure and, using the
traditional equilibrium method, its resolution can be labo-
rious and the computational time very long. In addition, to
automate the computational formulation with numerical
codes, it becomes fundamental to define a matrix method,
limiting the subjective intervention of the operator. In order
to do this, the following hypotheses are introduced:
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– the frame has no flexural stiffness outside the plane
containing it;

– the frame has no torsional stiffness;
– all nodes belonging to the same plane translate by

the same amount.

Under these hypotheses, the multi-storey plane frame
is assimilated to a continuous equivalent cantilever beam
having flexural rigidity only in the plane that contains it,
and torsional elastic constraints at each floor level. The
3N × 3N stiffness matrix expressed in the local reference
system, shall take the following form:

[︁
K*

]︁
=

⎡⎢⎣ [Kx] 0 0
0 0 0
0 0 0

⎤⎥⎦ (2)

Since there are diagonal braces in the frame, the
method illustrated can still be used with the foresight to
add, at the level of each floor, additional effective elastic
constraints in the equivalent cantilever beam. For the com-
plete procedure, the reader can refer to [44, 46].

If the building consists of several plane frames
connected to each other along the edges to create a
closed framed tube, it is necessary to consider the three-
dimensional problem because the phenomenon of shear
lag [65] occurs. For this type of buildings, the 3N × 3N stiff-
ness matrix of the entire building is evaluated using the
method introduced by Nitti [66].

Finally, for diagrid structures, i.e. buildings in which
the vertical resistant system to horizontal actions is com-
posed of columns and beams not orthogonal to each other
arranged along the perimeter [67], the stiffness matrix is
evaluated using the matrix-based method proposed by
Lacidogna et al. [55].

5 Analytical formulation for
dynamic investigation

An N-storey high-rise building with M vertical bracings
is considered. An arbitrary global reference system and a
local reference system with origin in the shear center of
each resistant element are introduced; the vectors {ξ}, {η},
and {ϑ} containing the displacements of the origin of the
global reference system are selected. It is possible to define
the vectors containing thedisplacements of the shear center
{ξC,i} and {ηC,i} of the i-th resistant element as:

{ξC,i} = {ξ} − yi{ϑ} (3a)

{ηC,i} = {η} + xi{ϑ} (3b)

where xi and yi are the coordinates of the shear center of
the i-th bracing, referring to the global reference system.

In a similar way, using the General Algorithm, the en-
tire building, Figure (1a), is modeled as an equivalent can-
tilever beam, in which the masses of the floors are concen-
trated in the gravity center of their own, as shown in Figure
(1b).

Considering that the dynamic equation of the system
in absence of viscous dissipations can be written as:

[m]{δ̈} + [k]{δ} = {0} (4)

where {δ} = {{ξ}; {η}; {ϑ}} is the vector of floor displace-
ment, [m] and [k] are mass and stiffness matrices, respec-
tively, for the j-th floor it is possible to write the dynamic
equilibrium equation in the x-direction:

mj ξ̈G,j +
M∑︁
i=0

(︀
{kxi,j}{ξC,i}

)︀
= 0 (5)

where mj and ξ̈G,j are mass and acceleration in the x-
direction of the j-th storey, respectively, {kxi,j} is the vector
corresponding to the j-th row of the local stiffness matrix
(estimated for the x-direction only) of the i-th resistant ele-
ment, and {ξC,i} is the vector containing the i-th vertical
bracing displacements in the x-direction of the shear center
of all floors. Considering Equation (3a), the term ξ̈G,j can
be written as:

ξ̈G,j = ξ̈j − ym,j ϑ̈j (6)

where ξj and ϑj are respectively the x-direction displace-
ments and the rotation angle of the global reference system
origin of the j-th floor, while, ym,j is the coordinate of the
center of mass of the j-th floor with respect to the origin of
the global reference system. Replacing Equations (3a) and
(6) into Equation (5), we obtain:

mj

(︁
ξ̈j − ym,j ϑ̈j

)︁
+

M∑︁
i=0

[︀
{kxi,j} ({ξ} − yi{ϑ})

]︀
= 0 (7)

Considering all N storeys of the building, the following
system of equations is obtained:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

m1
(︁
ξ̈1 − ym,1 ϑ̈1

)︁
+
∑︀M

i=0
[︀
{kxi,1}

(︀
{ξ} − yi{ϑ}

)︀]︀
= 0

m2
(︁
ξ̈2 − ym,2 ϑ̈2

)︁
+
∑︀M

i=0
[︀
{kxi,2}

(︀
{ξ} − yi{ϑ}

)︀]︀
= 0

...
mN

(︁
ξ̈N − ym,N ϑ̈N

)︁
+
∑︀M

i=0
[︀
{kxi,N }

(︀
{ξ} − yi{ϑ}

)︀]︀
= 0

(8)

Introducing the matrices:

[Mxx] =

⎡⎢⎢⎢⎢⎣
m1 0 · · · 0
0 m2 · · · 0
...

...
. . .

...
0 0 · · · mN

⎤⎥⎥⎥⎥⎦ (9a)
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(a) (b)

Figure 1: (a) 3D-model of the building; (b) Equivalent cantilever beam with lumped masses

[Mxϑ] =

⎡⎢⎢⎢⎢⎣
−m1ym,1 0 · · · 0

0 −m2ym,2 · · · 0
...

...
. . .

...
0 0 · · · −mNym,N

⎤⎥⎥⎥⎥⎦ (9b)

[Kxi ] =

⎡⎢⎢⎣
{kxi,1}

...
{kxi,N}

⎤⎥⎥⎦ (9c)

the system of equations (8) can be written in compact form:

[Mxx]{ξ̈} + [Mxϑ]{ϑ̈} +
M∑︁
i=0

[Kxi ]{ξ} −
M∑︁
i=0

(︀
yi[Kxi ]

)︀
{ϑ} = {0}

(10)
Defining the following matrices:

[Kxx] =
M∑︁
i=0

[Kxi ] (11a)

[Kxϑ] = −
M∑︁
i=0

(︀
yi[Kxi ]

)︀
(11b)

where [Kxx] indicates the stiffnessmatrix of the entire build-
ing evaluated for x-direction only, the equation of the dy-
namic equilibrium can be written as:

[Mxx]{ξ̈} + [Mxϑ]{ϑ̈} + [Kxx]{ξ} + [Kxϑ]{ϑ} = {0} (12)

In a completely analogous way, the equation of dy-
namic equilibrium in the y-direction can be written as:

[Myy]{η̈} + [Myϑ]{ϑ̈} + [Kyy]{η} + [Kyϑ]{ϑ} = {0} (13)

where η indicates the y-direction displacement vector of
the global reference system origin, while the matrices are
defined as follows:

[Myy] =

⎡⎢⎢⎢⎢⎣
m1 0 · · · 0
0 m2 · · · 0
...

...
. . .

...
0 0 · · · mN

⎤⎥⎥⎥⎥⎦ (14a)

[︀
Myϑ

]︀
=

⎡⎢⎢⎢⎢⎣
m1xm,1 0 · · · 0

0 m2xm,2 · · · 0
...

...
. . .

...
0 0 · · · mNxm,N

⎤⎥⎥⎥⎥⎦ (14b)

[Kyy] =
M∑︁
i=0

⎡⎢⎢⎣
{kyi,1}

...
{kyi,N}

⎤⎥⎥⎦ =
M∑︁
i=0

[Kyi ] (14c)

[Kyϑ] =
M∑︁
i=0

xi

⎡⎢⎢⎣
{kyi,1}

...
{kyi,N}

⎤⎥⎥⎦ =
M∑︁
i=0

xi[Kyi ] (14d)
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The equation of the dynamic rotational equilibrium for
the j-th floor and for the i-th vertical bracing can be written
as:

−
(︀
{kxi,j}{ξC,i}

)︀
yi,j +

(︀
{kyi,j}{ηC,i}

)︀
xi,j+

−
(︁
mj ξ̈G,j

)︁
ym,j +

(︀
mj η̈G,j

)︀
xm,j + IG,j ϑ̈j = 0

(15)

inwhich the terms
(︀
{kxi,j}{ξC,i}

)︀
and

(︀
{kyi,j}{ηC,i}

)︀
are the

elastic forces in the x and y directions, the terms
(︁
mj ξ̈G,j

)︁
and

(︀
mj η̈G,j

)︀
are the inertia forces, while the term IG,j ϑ̈j

represents the relative angular moment of the j-th floor in
which the polar moment of inertia appears to refer to the
center of gravity of the floor.

By inserting Equations (3) and (6), and the analogous
equations written for the y-direction in Equation (15), we
obtain:

−
[︀
{kxi,j} ({ξ} − yi{ϑ})

]︀
yi,j+

+
[︀
{kyi,j} ({η} + xi{ϑ})

]︀
xi,j+

−
[︁
mj

(︁
ξ̈j − ym,j ϑ̈j

)︁]︁
ym,j+

+
[︁
mj

(︁
η̈j + xm,j ϑ̈j

)︁]︁
xm,j + IG,j ϑ̈j = 0

(16)

and carrying out the calculations, the following equation
is obtained:

− yi,j
{︀
kxi,j

}︀
{ξ} + y2i,j

{︀
kxi,j

}︀
{ϑ}+

+ xi,j
{︀
kyi,j

}︀
{η} + x2i,j

{︀
kyi,j

}︀
{ϑ}+

− mjym,j ξ̈j + mjy2m,j ϑ̈j + mjxm,j η̈j+
+ mjx2m,j ϑ̈j + IG,j ϑ̈j = 0

(17)

According to the Huygens-Steiner theorem, the angular
moment which refers to the origin of the global reference
system can be written as:

IO,j = IG,j + mj

(︁
x2m + y2m

)︁
= IG,j + mjr2m (18)

from which it follows that:

− yi,j
{︀
kxi,j

}︀
{ξ} + y2i,j

{︀
kxi,j

}︀
{ϑ} + xi,j

{︀
kyi,j

}︀
{η}+

+ x2i,j
{︀
kyi,j

}︀
{ϑ} − mjym,j ξ̈j + mjxm,j η̈j + IO,j ϑ̈j = 0

(19)

Considering all theN storeys of the building, and all the
M resistant vertical elements, we get a system of equations
that, after introducing the matrices:

[Mϑϑ] =

⎡⎢⎢⎢⎢⎣
IO,1 0 · · · 0
0 IO,2 · · · 0
...

...
. . .

...
0 0 · · · IO,N

⎤⎥⎥⎥⎥⎦ (20a)

[Kϑϑ] =
M∑︁
i=0

[Kxi ] y2i +
M∑︁
i=0

[Kyi ] x2i (20b)

takes the following form:

[Mxϑ]
{︁
ξ̈
}︁
+
[︀
Myϑ

]︀
{η̈} + [Mϑϑ]

{︁
ϑ̈
}︁
+ [Kxϑ] {ξ}+

+
[︀
Kyϑ

]︀
{η} + [Kϑϑ] {ϑ} = {0}

(21)

The three-dimensional problem can be described by
a system of three differential equations, each of which re-
lates to the dynamic equilibrium in the x-direction (12),
y-direction (13), and in the rotation around the vertical axis
of the structure (21).

Defining the mass matrix:

[M] =

⎡⎢⎣ [Mxx] [0] [Mxϑ]
[0] [Myy]

[︀
Myϑ

]︀
[Mϑx]

[︀
Mϑy

]︀
[Mϑϑ]

⎤⎥⎦ (22)

and the stiffness matrix:

[K] =

⎡⎢⎣ [Kxx] [0] [Kxϑ]
[0] [Kyy]

[︀
Kyϑ

]︀
[Kϑx]

[︀
Kϑy

]︀
[Kϑϑ]

⎤⎥⎦ (23)

the previous formulation can be written in compact form
as:

[M]
{︁
δ̈
}︁
+ [K] {δ} = {0} (24)

Assuming that the displacement vector {δ} is given
by the product of a vector depending only on the spatial
coordinate {ζ (z)} by a scalar quantity depending only on
time ψ(t):

{δ} = {ζ (z)}ψ (t) (25)

and inserting Equation (25) into Equation (24), we obtain:

[M] {ζ (z)} ψ̈ (t) + [K] {ζ (z)}ψ (t) = {0} (26)

Pre-multiplying both terms by {ζ (z)}T,

{ζ (z)}T [M] {ζ (z)} ψ̈ (t) + {ζ (z)}T [K] {ζ (z)}ψ (t) = {0}
(27)

and splitting the terms, it is possible to write:

{ζ (z)}T [K] {ζ (z)}
{ζ (z)}T [M] {ζ (z)}

= ψ̈ (t)
ψ (t)

= ω2
n (28)

where the terms ωn are the angular frequencies of the sys-
tem.

Equation (28) can be written as two decoupled equa-
tions:

ψ̈ (t) + ω2
nψ (t) = 0 (29a)

{ζ (z)}T
(︁
[K] − ω2

n [M]
)︁
{ζ (z)} = {0} (29b)
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The solution of Equation (29a) can be expressed in the
form:

ψ (t) = Acos (ωn t) + Bsin (ωn t) = 0 (30)

in which A and B are constants whose values are deducted
from the initial conditions of the problem. Equation (29b)
instead represents an eigenvalue problem and is solved by
imposing that:

det
(︁
[K] − ω2

n [M]
)︁
= 0 (31)

In this way, it is possible to determine the 3N eigenval-
ues ωn, from which the natural frequencies (fn = ωn/2π)
and periods of vibration of the building (Tn = 1/fn) are de-
rived. Being known the n values of the angular frequencies,
it is possible to determine the 3N eigenvectors {ζ (z)} that
represent the building’s deformed shapes related to every
mode of vibration.

In doing so, for each period of vibration, a deformed
configuration is determined related to the origin of the
global reference system. By subsequently applying the Gen-
eral Algorithm, it is possible to define the displacements of
all storeys of the i-th stiffening element and, therefore, the
stresses acting on it.

6 Numerical example
To demonstrate the effectiveness of the analytical formula-
tion, the results of the study of a simple model of high-rise
building are presented.

The multi-storey building, measuring 40 m on each
side of the square base, consists of 50 floors above the
ground, each inter-storey distance is 4 m, therefore, consid-
ering all the storeys, the building reaches 200 m in height.
The building is characterized in its entire height by a regular
structural scheme as shown in Figure (2a). In particular, the
floor plan embeds two internal thin-walled open-section
shear walls, which allow to house stairwells and lift shafts,
and four L-shaped shear-walls placed at the corners of the
building as shown in Figure (2b).

All the vertical bracings have the same thickness (0.70
meters) and are made of high-performance concrete with
normal elastic modulus and Poisson ratio of 3.5 × 107

kN/m2 and 0.20, respectively. The right-handed system XY
represents the global coordinate system and has the origin
coincident with the geometric center of the floor plan, as
shown in Figure (2a). Each floor slab has a net area (exclud-
ing stairwells and lift shafts) equal to 1432 m2. With respect
to the global coordinate system, the position of the stiffness
center is xC = −0.91 m and yC = 14.12 m. The position
of the gravity center of the slab is xG = 5.59 × 10−2 m and

(a) (b)

Figure 2: (a) Floor plan of the building (dimensions in meters); (b)
3D-model of the building

yG = −7.82 ×10−2 m. The polar moment of inertia, referred
to the center of gravity of the slab, is equal to 413957.50 m4.

As far as the dynamic analysis is concerned, only the
structural masses related to the slabs were considered.
These were determined considering a specific weight of
150 kg/m2. Following the same assumptions adopted for
the analytical model, in order to validate its results, a FEM
model was also created using Midas Civil, a Finite Element
Analysis software developed by MIDASoft. This model has
1,937 nodes and 1,550 shell elements.

Carrying out the dynamic analysis, natural periods
of vibration of the high-rise building are determined, as
shown in Table (1) and in Figure (3). The first six eigen-
vectors representing the normalized displacements of the
origin of the global reference system are shown in Figures
(4,5,6,7,8,9).

Eventually, Figure (10) shows the first six deformed
shapes on the 3D-model and on the floor plan of the build-
ing created with Matlab analytical code. In the first three
vibration modes, nodal sections in deformed shapes do
not appear, whereas, in the following three, they manifest
themselves. In particular, the first, third, fourth and sixth
modal shapes are predominantly torsional, whereas the
second and fifth are predominantly flexural modes.

7 Conclusions
The design of a high-rise building is a long and complex pro-
cess that aims to define a structural system compatible with
architectural restraints and, at the same time, capable of
safely bearing gravitational and lateral loads. Furthermore,
the designermust respect severe limits regarding lateral dis-
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Table 1: Natural periods of the first ten modes

Mode Analytical Model FEM Model
1 2.682 2.655
2 2.186 2.166
3 1.214 1.260
4 0.444 0.456
5 0.349 0.367
6 0.197 0.258
7 0.160 0.173
8 0.125 0.142
9 0.082 0.114
10 0.071 0.094

Figure 3: Natural periods of the first ten modes

Figure 4: Normalized eigenvector components of the 1st mode
shape

Figure 5: Normalized eigenvector components of the 2nd mode
shape

Figure 6: Normalized eigenvector components of the 3rd mode
shape

Figure 7: Normalized eigenvector components of the 4th mode
shape
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Figure 8: Normalized eigenvector components of the 5th mode
shape

Figure 9: Normalized eigenvector components of the 6th mode
shape

placements, as well as control vibrations in order to ensure
comfort to the occupants. To achieve these goals, in the
preliminary structural design stage of the high-rise build-
ings, it is convenient to use analytical algorithms based on
simplified hypothesis instead of complex and expensive
FEM software programs.

In the literature there aremethods that allow to analyze
the global dynamic behavior, and formulations addressed
to evaluate the local effects due to the dynamic action on
individual elements composing the building.

In this paper, a simplified formulation, which, imple-
mented in a numerical software, allows determining the
global natural frequencies, periods of vibration, and mode
shapes of a high-rise building, is illustrated.

This computational tool combines the advantages of
analytical formulations, like the absence of meshes, and a
very reduced number of unknowns. With the advantages
of computer software, such as the great potential for cal-

Figure 10: 3D-models and floor plans of the first six analytical
modes

culation and the ability to visualize the results through
video-graphics and three-dimensional models.

To demonstrate the effectiveness of the algorithm, the
results of the analysis of a high-rise building are presented.
The comparison between the results obtained using the an-
alytical algorithm and those obtained using a commercial
FEM software allows verifying the accuracy of the proposed
formulation. Although the FEMmodel was characterized by
a very large number of degrees of freedom of the structural
mesh, and therefore by much longer computational times
than the analytical model, the results between the two dif-
ferent approaches are almost completely comparable.

Clear knowledge of how the structure worksmakes it
possible to understand how to optimize the system studied
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and hence to continue a more detailed analysis with FEM
software programs.

Funding information: The authors state no funding in-
volved.

Author Contributions: All authors have accepted responsi-
bility for the entire content of thismanuscript and approved
its submission.

Conflict of Interests: The authors state no conflict of inter-
est.

References
[1] Ali MM, Moon KS. Structural developments in tall buildings:

Current trends and future prospects. Archit Sci Rev. 2007;50:205-
23.

[2] Burton MD, Kwok KCS, Abdelrazaq A. Wind-induced motion of
tall buildings: Designing for occupant comfort. Int J High-Rise
Build. 2015;4:1-8.

[3] Jayachandran P. Design of tall buildings preliminary design and
optimization. International Conference on Tall Buildings and
Industrial Structures, Coimbatore, India, January 8-10. 2003.

[4] Alshawa O, Angelucci G, Mollaioli F, Quaranta G. Quantification
of energy-related parameters for near-fault pulse-like seismic
ground motions. Appl Sci. 2020;10.

[5] Taranath BS. Structural Analysis and Design of Tall Buildings.
Steel and Composite Construction. CRC Press; 2003.

[6] Taranath BS. Wind and Earthquake Resistant Buildings. Marcel
Dekker; 2005.

[7] LavanO,DeStefanoM. Seismic Behaviour andDesign of Irregular
and Complex Civil Structures. Springer; 2013.

[8] Datta TK. Seismic Analysis of Structures. John Wiley & Sons;
2010.

[9] Nitti G, Lacidogna G, Carpinteri A. Tall buildings subjected to
horizontal loading: Analysis of two case studies by an in-house
numerical code. Proceedings of the 23rd Conference of the Ital-
ian Association of Theoretical and Applied Mechanics (AIMETA),
Salerno, Italy, September 4-7. 2017:292-300.

[10] Mallick DV, Dungar R. Dynamic characteristics of core wall struc-
tures subjected to torsion and bending. Struct Eng. 1977;55:251-
61.

[11] Paulay T, Taylor RG. Slab coupling of earthquake-resisting shear
walls. ACI Journal Proceedings. 1981;78:130-40.

[12] Mendelson E, Baruch M. Earthquake response of non-symmetric
multi-storey structures. Struct Eng. 1973;51:61-70.

[13] Mendelson E, Baruch M. Damped earthquake response of non-
symmetric multistorey structures. Struct Eng. 1975;53:165-71.

[14] Stafford Smith B, Crowe E. Estimating periods of vibration of tall
building. J Struct Eng. 1986;112:1005-19.

[15] Wang Y, Arnaouti C, Guo S. A simple approximate formulation for
the first two frequencies of asymmetric wall-frame multi-storey
building structures. J Sound Vib. 2000;236:141-60.

[16] Zalka KA. A simplified method for calculation of the natural
frequencies of wall-frame buildings. Eng Struct. 2001;23:1544-
55.

[17] Pekau OA, Lin L, Zielinski ZA. Static and dynamic analysis of
tall tube-in-tube structures by finite story method. Eng Struct.
1996;18:515-27.

[18] Pekau OA, Zielinski ZA, Lin L. Displacement and natural frequen-
cies of tall building structures by finite story method. Comput
Struct. 1995;54:1-13.

[19] Swaddiwudhipong S, Lee S, Zhou Q. Effect of axial deforma-
tion on vibration of tall buildings. Struct Des Tall Spec Build.
2001;10:79-91.

[20] Swaddiwudhipong S, Piriyakoontorn S, Lim Y, Lee S. Analysis of
tall buildings considering the effect of axial deformation by the
Galerkin method. Comput Struct. 1989;32:1363-9.

[21] Chopra AK. Dynamics of Structures, Theory and Application to
Earthquake Engineering. Prentice Hall; 2001.

[22] Meftah SA, Tounsi A, Abbas AB. A simplified approach for seismic
calculation of a tall buildings braced by shear walls and thin
walled open section structures. Eng Struct. 2007;29:2576-85.

[23] Bozdogan KB, Ozturk D. Vibration analysis of asymmetric shear
wall structures using the transfer matrix method. Iran J Sci Tech-
nol. 2010;34:1-14.

[24] Bozdogan KB. An approximate method for static and dynamic
analyses of symmetric wall-frame buildings. Struct Des Tall Spec
Build. 2009;18:279-90.

[25] Bozdogan KB, Ozturk D. Vibration analysis of asymmetric shear
wall and thin walled open section structures using transfermatrix
method. Struct Eng Mech. 2009;33:95-107.

[26] Bozdogan KB. Free vibration analysis of asymmetric-plan shear
wall and core buildings using one-dimensional finite element.
Arab J Sci Eng. 2013;38:1041-5.

[27] Bozdogan KB. Free vibration analysis of asymmetric shear wall-
frame buildings using modified finite element-transfer matrix
method. Struct Eng Mech. 2013;46:1-17.

[28] Bozdogan KB, Ozturk D. Free vibration analysis of the tube-in-
tube tall buildings with the differential transform method. Adv
Struct Eng. 2014;17:1271-9.

[29] Piccardo G, Tubino F, Luongo A. A shear-shear torsional beam
model for nonlinear aeroelastic analysis of tower buildings. Z
Angew Math Phys. 2015;66:1895-913.

[30] PiccardoG, Tubino F, LuongoA. Equivalent nonlinear beammodel
for the 3-D analysis of shear-type buildings: Application to aeroe-
lastic instability. Int J Non-Linear Mech. 2016;80:52-65.

[31] Piccardo G, Tubino F, Luongo A. On the effect of mechanical
non-linearities on vortex-induced lock-in vibrations. Math Mech
Solids. 2016;22:1922-35.

[32] Piccardo G, Tubino F, Luongo A. Equivalent Timoshenko linear
beam model for the static and dynamic analysis of tower build-
ings. Appl Math Model. 2019;71:77-95.

[33] BoscoM, Ghersi A,Marino EM, Rossi PP. Prediction of the seismic
responseof steel frameswith concentric diagonal bracings. Open
Constr Build Technol J. 2013;7:118-28.

[34] Mazzotta V, Brunesi E, Nascimbene R. Numerical modeling and
seismic analysis of tall steel buildingswith braced frame systems.
Period Polytech-CIV. 2017;61:196-208.

[35] Patil DM, Sangle KK. Seismic behaviour of outrigger braced
systems in high rise 2-D steel buildings. Structures. 2016;8:1-16.

[36] SharmaP, SinghG. Dynamic analysis of outrigger systems in high
rise building against lateral loading. Int J Civ Eng. 2018;9:61-70.



Natural frequencies and mode shapes of high-rise buildings | 317

[37] Lavanya T, Sridhar RS. Dynamic analysis of tube-in-tube tall 
buildings. Int Res J Eng Technol. 2017;4:2357-62.

[38] Lee WH. Free vibration analysis for tube-in-tube tall buildings. J 
Sound Vib. 2007;303:287-304.

[39] Wang Q. Sturm-Liouville equation for free vibration of a tube-in-
tube tall building. J Sound Vib. 1996;191:349-55.

[40] Lee D, Kim H, Chun M. Eflcient seismic analysis of high-rise 
building structures with the effect of the floor slabs. Eng Struct. 
2002;24:613-23.

[41] Mahmoud S. Horizontally connected high-rise buildings under 
earthquake loadings. Ain Shams Eng J. 2019;10:227-41.

[42] Zhou Y, Chen P, Wang C, Zhang L, Lu L. Seismic performance 
evaluation of tall, multitower reinforced concrete buildings with 
large bottom podiums. Struct Concr. 2017;19:1591-607.

[43] Carpinteri A, Carpinteri An. Lateral loading distribution 
between the elements of a three-dimensional civil structure. 
Comput Struct. 1985;21:563-80.

[44] Cammarano S. Static and Dynamic Analysis of High-rise Build-
ings [dissertation]. Torino (ITALY): Politecnico di Torino; 2014.

[45] Carpinteri A, Cammarano S. A simplified approach for the dy-
namic analysis of high-rise structures. Dynamics of Civil Struc-
tures Conference Proceedings of the Society for Experimental 
Mechanics Series. 2014;4:509-20.

[46] Nitti G. Static, Dynamic, and Stability Analysis of High-rise Build-
ings [dissertation]. Torino (ITALY): Politecnico di Torino; 2020.

[47] Angelucci G, Mollaioli F. Voronoi-like grid systems for tall build-
ings. Front Built Environ. 2018;78.

[48] Angelucci G, Mollaioli F, Tardocchi R. A new modular struc-
tural system for tall buildings based on tetrahedral configuration. 
Buildings. 2020;10.

[49] Capurso M. Sul calcolo dei sistemi spaziali di controventamento 
(In Italian). Giornale del Genio Civile. 1981;1-2-3:27-42.

[50] Carpinteri A. Advanced Structural Mechanics. CRC Press; 2017.
[51] Carpinteri A, Lacidogna G, Nitti G. Open and closed shear-walls in 

high-rise structural systems: Static and dynamic analysis. Curved 
Layer Struct. 2016;3:154-71.

[52] Carpinteri A, Lacidogna G, Puzzi S. A global approach for three 
dimensional analysis of tall buildings. Struct Des Tall Spec Build. 
2010;19:518-36.

[53] Carpinteri A, Corrado M, Lacidogna G, Cammarano S. Lateral load 
effects on tall shear wall structures of different height. Struct 
Eng Mech. 2012;41:313-37.

[54] Carpinteri A, Lacidogna G, Cammarano S. Conceptual design of 
tall and unconventionally shaped structures: A handy analytical 
method. Adv Struct Eng. 2014;17:757-73.

[55] Lacidogna G, Scaramozzino D, Carpinteri A. A matrix-based 
method for the structural analysis of diagrid systems. Eng Struct. 
2019;193:340-52.

[56] Vlasov V. Thin-walled Elastic Beams. Israeli program for scientific 
translation, US Science Foundation; 1961.

[57] Carpinteri A, Lacidogna G, Montrucchio B, Cammarano S. The 
effect of the warping deformation on the structural behaviour 
of thin-walled open section shear walls. Thin-Walled Struct. 
2014;84:335-43.

[58] Lacidogna G. Tall buildings: Secondary effects on the structural 
behaviour. P I Civil Eng Str B. 2017;6:391-405.

[59] Angelucci G, Mollaioli F, Al Shawa O. Evaluation of optimal lateral 
resisting systems for tall buildings subject to horizontal loads. 
Procedia Manuf. 2020;44:457-64.

[60] Angelucci G, Spence SMJ, Mollaioli F. An integrated topology
optimization framework for three-dimensional domains using
shell elements. Struct Des Tall Spec Build. 2020.

[61] Lacidogna G, Nitti G, Scaramozzino D, Carpinteri A. Diagrid sys-
tems coupled with closed- and open-section shear walls: Opti-
mization of geometrical characteristics in tall buildings. Procedia
Manuf. 2020;44:402-9.

[62] Carpinteri A, Lacidogna G, Cammarano S. Structural analysis of
high-rise buildings under horizontal loads: A study on the Intesa
Sanpaolo Tower in Turin. Eng Struct. 2013;56:1362-71.

[63] Nitti G, Lacidogna G, Carpinteri A. Structural analysis of high-
rise buildings under horizontal loads: A study on the Piedmont
Region Headquarters Tower in Turin. Open Constr Build Technol
J. 2019;13:81-96.

[64] Carpinteri A. Structural Mechanics Fundamentals. CRC Press;
2014.

[65] Haji-Kazemi H, Company M. Exact method of analysis of shear
lag in framed tube structures. Struct Des Tall Spec Build.
2002;11:375-88.

[66] Nitti G. Formulazione Analitica per il Calcolo degli Edifici di
Grande Altezza Realizzati Mediante Involucri Tubolari Intelaiati
(In Italian) [master’s thesis]. Torino (ITALY): Politecnico di Torino;
2015.

[67] Angelucci G, Mollaioli F. Diagrid structural systems for tall build-
ings: Changing pattern configuration through topological assess-
ments. Struct Des Tall Spec Build. 2017;26.


	1 Introduction
	2 Literature review of the analysis of an high-rise building
	3 General algorithm
	4 Notes on the stiffness matrix evaluation
	5 Analytical formulation for dynamic investigation
	6 Numerical example
	7 Conclusions

