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Abstract—Both in physics and engineering, Buckingham’s  theorem is considered as a key tool for dimen-

sional analysis, providing a method to identify the dimensionless parameters governing physical similitude 

and scale modeling, when the form of the solving equations is still unknown. In the present paper, the scaling 

of different critical phenomena in solid and fluid mechanics is emphasized by the application of the  theo-

rem. In particular, self-weight failure, turbulence, resonance, and fracture are considered, highlighting how 

these critical phenomena are governed by specific dimensionless numbers, which are functions of few fun-

damental mechanical quantities including the size-scale, which are characterized by different and algebrai-

cally independent physical dimensions. 
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1. INTRODUCTION 

Within the scientific advancements in the field of 

materials mechanics, it has been realized that the 

classical concept of strength, understood as force per 

unit surface causing failure, is in need of revision, es-

pecially in the cases where particularly large or parti-

cularly small structures are involved. The strength of 

the material must be compared against other charac-

teristics, such as the toughness in the case of fractur-

ing processes, in order to define, via the structural 

size, the ductility or the brittleness of the structure 

[1–6]. The scaling as the competition between two 

different collapses governed by generalized forces 

with different physical dimensions should not be 

confused with the simple and very well-known thick-

ness effect, which considers the fracture toughness 

variations with the specimen thickness, keeping the 

remaining planar sizes constant. The latter derives 

from a transition between plane stress and plane 

strain conditions. In metals, the two effects are both 

present and then interacting, whereas in concrete-like 

materials only the scaling effect is present, without 

any possibility of mistaking. This is the reason why 

scale effects were firstly studied and understood in 

the scientific community of concrete materials and 

structures.  

Two intrinsic characteristics of the material, plus 

a geometrical characteristic of the structure, represent 

the minimum basis for being able to predict the type 

of structural response [7]. Since in structures preva-

lently subjected to compressive forces, a transition 

can be detected from plastic collapse to buckling in-

stability as slenderness increases, so in structures 

subjected to tensile forces, there is a transition from 

plastic collapse to brittle fracture as the size-scale in-

creases [1, 3]. 

Two well-known extreme cases of the abovemen-

tioned properties are represented by Liberty ships 

and glass filaments [8]. During Second World War, 

Liberty ships suddenly split into two parts, showing 

extremely brittle fractures without any slightest fore-

warning evidence. At that time, profound astonish-

ment in technicians and researchers was due to the 

contrast between the extreme brittleness of the failu-

res and the considerable ductility shown in the labo-

ratory by specimens of the same steel [9, 10]. On the 

other hand, considering a microscopic filament of 

glass used for fibre reinforcement, it has been proven 

to bear large strains and stresses as much as two or-

ders of magnitude greater than the tensile strength of 

the glass itself, when measured at the laboratory 

scale with specimens of normal dimensions. These 
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two examples starkly remark how both strength and 

ductility are functions of the structural scale: brittle-

ness and low strength can characterize enormous 

steel structures, as well as ductility and high strength 

arises in microscopic structures made of glass. On 

the contrary, it is well-known that, at the laboratory 

scale, steel is a particularly ductile material and glass 

a particularly brittle one [7]. 

Establishing scaling phenomena was always con-

sidered as crucial both in physics and engineering 

[11–17], in particular when qualitative solutions illu-

minating complex problems are needed [18–21]. 

In the framework of solid and fluid mechanics, 

the most recurrent explanations to scale dependent 

physical phenomena, such as structural brittleness, 

are based on dimensional analysis [1, 3, 6, 22], and 

particularly on the  theorem by Edgar Buckingham. 

2. BUCKINGHAM’S THEOREM  

OF DIMENSIONAL ANALYSIS (1914) 

Both in physics and engineering, Buckingham’s 

 theorem [23] is considered as a key tool for dimen-

sional analysis, providing a method to identify the di-

mensionless parameters governing the problem, even 

if the form of the solving equations is still unknown. 

An early attempt for the formulation of the  

theorem was firstly conceived by the French mathe-

maticians J. Bertrand [24] and A. Vaschy [25], who 

considered particular problems in thermodynamics 

and electromagnetism only. Bertrand, in his work, 

determined a priori the fundamental independent va-

riables: “Length, time, and force units of measure are 

arbitrary and independent. When they are considered, 

all the other variables rely on them and can be deduc-

ed by them”. Then, more explicit formulations of the 

dimensional analysis theorem were given by Vaschy 

[25], and by the Russian scientists A. Federman [26] 

and D.P. Riabouchinsky [27]. Finally, it was only 

Buckingham’s work [24] that introduced the genera-

lization of the  theorem and the use of the symbol 

 for the dimensionless parameters, from which the 

theorem denomination [28–32]. 

Let us consider the following fundamental mecha-

nical quantities [3]: length [L], force [F], and time 

[T]. Consider then a certain quantity [Q] = [L][F]  

[T]. If the length unit of measure is multiplied by , 

the force unit of measure by , and the time unit of 

measure by , it follows that Q is multiplied by 

. Then, we can define three mechanical quanti-

ties Q1, Q2, Q3 as follows: 

 1 1 1
1[ ] [ ] [ ] [ ] ,Q L F T

     

 2 2 2
2[ ] [ ] [ ] [ ] ,Q L F T

    (1) 

 3 3 3
3[ ] [ ] [ ] [ ] .Q L F T

     

If the units of measure (L, F, T) are multiplied by 

, , , then the units measuring Q1, Q2, Q3 are mul-

tiplied by 1, 2, 3 so that 

 3 3 31 1 1 2 2 2
1 2 3, , .

                       (2) 

It follows that 

 1 1 1 1ln ln ln ln ,          

 2 2 2 2ln ln ln ln ,         (3) 

 3 3 3 3ln ln ln ln ,          

which is a linear system of equations with unknowns 

in ln , ln , and ln . It admits one and only one solu-

tion, if and only if the coefficient matrix determinant 

is different from zero 

 

1 1 1

2 2 2

3 3 3

0.D

  
    
  

 (4) 

When satisfied, Eq. (4) makes the three quantities Q1, 

Q2, and Q3 dimensionally independent. They may 

thus be regarded as fundamental quantities. 

In addition, another equivalent definition of di-

mensionally independent quantities can be invoked 

[3]. The three quantities Q1, Q2, and Q3 are dimensio-

nally independent when any quantity 0
0[ ] [ ]Q L

   

0 0[ ] [ ]F T
 

 can have the same physical dimensions as 

the product 10 20 30

1 2 3Q Q Q
  

 for appropriate values of 

10, 20 and 30. From Eqs. (1) it follows that 

 0 1 10 2 20 3 30 ,          

 0 1 10 2 20 3 30 ,         (5) 

 0 1 10 2 20 3 30 ,            

which is a linear system with unknowns 10, 20, 30, 

and the transpose matrix DT of the system in Eqs. (3) 

as coefficient matrix. Equations (3) and (5) admit of 

one and only one solution, if and only if the condi-

tion in Eq. (4) holds. 

There are only two fundamental quantities in the 

static field: length [L] and force [F], since time is not 

involved. According to these considerations, it is 

possible to state that stress [] = [L]–2[F], length [L], 

and time [T] are dimensionally independent: 

 

2 1 0

1 0 0 1 0.

0 0 1

D


     (6) 
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Thus, the identified fundamental quantities can be 

suitably combined to determine the  sets of dimen-

sionless parameters, as in the following. 

Let q0 be the critical load at final failure for a 

structural element. This load is a function of several 

variables and can be expressed as 

 0 1 2 1 2( , , ..., ; , , ..., ),n mq F q q q r r r  (7) 

where qi are the physical quantities with different 

dimensions and ri are nondimensional numbers as the 

geometrical ratios. Each quantity with certain dimen-

sions appears just once in the function F. For exam-

ple, q1 could be the ultimate strength u, q2 could be 

the reference size L of the structure; q3 could be, for 

example, the fracture toughness KIC, or the Young’s 

modulus E, r1, r2, r3, etc., the ratios of the other body 

sizes, which are characteristic of the structural geo-

metry, to the size L. Consider two dimensionally in-

dependent quantities q1 and q2. They are considered 

as fundamental quantities such that the product 
10 20

1 2q q
 

 has the same dimensions as q0 for suitable 

values of 10 and 20. In the same way, the product 
13 23

1 2q q
 

 can have the same dimensions as q3, for sui-

table values of 13 and 23, and so on. The function 

in Eq. (7) can therefore be transformed into 

10 20 13 23 1 2

0 3
1 2

1 2 1 2 1 2

, ..., ; , , ... .
n n

n
m

q q q
r r r

q q q q q q
     

 
   

 
(8) 

Function F becomes  because of the nondimensio-

nalization [23]. If the unit of measure of q1 changes 

, being a dimensionless number, does not vary. 

Therefore,  is not really a function of q1 nor of q2. 

It is only a function of (n – 2 + m) dimensionless 

numbers, and thus 

 0 3 1 2( , ..., ; , , ..., ).n mr r r     (9) 

3. SCALING OF CRITICAL PHENOMENA  

IN SOLID AND FLUID MECHANICS 

3.1. Scaling of Self-Weight Failure 

The concept of scaling in solid mechanics is not 

new. In his fundamental work [33], Galileo Galilei 

discussed the size-scale effect in relation to material 

strength of bodies subjected to their self-weight. He 

observed that small models are proportionally much 

stronger than full-scale bodies. If only the shape were 

responsible for the strength, then any object could be 

reproduced at any scale level without sacrificing its 

strength. Quoting from his work: “a horse will break 

its bone when falling from a height of three arms, 

whereas a cat will not be injured falling from a height 

of eight or ten, neither a cricket from a tower, nor an 

ant falling from the moon”. Galileo continues to ar-

gue that: “Nature could not make trees of enormous 

magnitude because the branches would then break 

due to their self-weight ... nor giant men and animals, 

unless much harder and stronger materials or much 

less slender bones were used” [33]. 

Galileo considered the failure of solid bodies sub-

jected to their self-weight P by applying a stress cri-

terion. If L is a characteristic size of the body and it 

is allowed to vary, whereas the geometrical shape is 

kept constant, and A is the body cross section, then 

P ~ [L]3, A ~ [L]2, and  = P/A ~ [L]. Since P increases 

with the volume, the stress due to self-weight in-

creases proportionally to L, and hence the loading ca-

pacity of the body can be scaled in an inversely pro-

portional manner with respect to L [34]. 

In this regard, Buckingham’s theorem can be ap-

plied to analyze the above described simple system, 

consisting of a body loaded by its self-weight. The 

maximum stress max acting within the body can be 

expressed as 

 max (( ), ),F g L    (10) 

where  is the material density, [] = [M][L]–3, g is 

the gravity acceleration, [g] = [L][T]–2, and M indi-

cates the body mass. Knowing that [M][L][T]–2
 = [F], 

then [g] = [F][L]–3. 

If (g) and L are regarded as fundamental quanti-

ties, then Eq. (10) gives the scaling of self-weight 

failure: 

 max ( ) ,g L     (11) 

where  is a dimensionless constant depending only 

on structural shape and external constraints. Equa-

tion (11) describes the abovementioned Galilean 

scale-effect: the maximum stress due to body self-

weight can be scaled in a directly proportional man-

ner with regard to the characteristic size L. 

3.2. Turbulence Scaling 

The presence of a competition between laminar 

and turbulent flow in fluid mechanics suggests ex-

tending to this field the dimensional analysis consi-

derations [11, 35, 36]. The occurrence of turbulence 

can be analyzed using Buckingham’s mathematical 

formalism and assuming that the critical velocity v0 

for the appearance of turbulence in fluid motion can 

be expressed as 

 0 (( ), , ),F g L  v  (12) 

where  is the kinematic viscosity, [] = [L]2[T]–1. 

If (g) and L are regarded as fundamental quanti-

ties, then Eq. (12) returns the turbulence scaling: 
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 1 2
0 1 2 3 2

( ) .gL
g L

 
  

 
v  (13) 

Function , which is obtained through Bucking-

ham’s theorem, turns out to govern the transition 

from laminar to turbulent flow. On the other hand, 

Reynolds [35] implicitly assumed the specific func-

tion (x) = x, where  is a dimensionless constant. 

The reason for this assumption is that  

0
0

lim 0.


v  

Based on this choice, we have 

 0 Re ~ 2200.
L
  


v

 (14) 

3.3. Resonance Scaling 

As a third case of critical phenomenon, let us con-

sider an elastic body subjected to an oscillating load-

ing. In structural engineering, the phenomenon of 

resonance represents a particular form of global col-

lapse, which occurs when an external periodic fre-

quency matches one of the natural frequencies of vi-

bration of the mechanical system [37]. 

Therefore, the critical value of external periodic 

frequency 0, leading to resonance, is represented by 

the natural frequency of the body itself, which can be 

expressed as 

 0 (( ), , ),F g L E    (15) 

where E is the Young’s modulus of the material, 

[E] = [F][L]–2. 

If (g) and L are regarded as fundamental quanti-

ties, then Eq. (15) gives the resonance scaling: 

 

1 2

0 .
( )

g E

L g L

          
 (16) 

Observing that  

0
0

lim 0,
E

   

it is possible to assume the specific function (x) = 

x, where  is a dimensionless constant depending 

only on structural shape and external constraints. 

Based on this choice, we have 

 3 2 1 20 .L g
E

 
   (17) 

It is interesting to remark that, on the left-hand 

side of Eq. (17), a particular dimensionless number 

appears where natural frequency, mass density of the 

material, Young’s modulus of the material, power of 

the size-scale of the body with exponent equal to 3/2, 

and power of the gravity acceleration with exponent 

equal to 1/2 are included. In addition to the natural 

frequency, a generalized mass  and a generalized 

stiffness E emerge, as usually occurs in dynamics 

problems. 

3.4. Fracture Scaling 

The mechanical behavior of a structural element 

and its brittle fracture can be reproduced by a model 

only if its size-scale is not too small [3]. In the case 

of an elastic-plastic cracked body, two different fai-

lure modes are possible: (i) plastic flow collapse of 

the structure (P—yield strength of the material), 

with the crack considered as a weakening of the cross 

section without including any local effect; (ii) crack 

propagation determined by the achievement of the 

fracture toughness of the material KIC. Thus, the two 

generalized forces involved in the abovementioned 

failures are [] = [L]–2[F] and [K1] = [L]–3/2[F], the di-

mension mismatch between them being evident. 

The critical load q0 is given by 

 0 P IC( , , ; ),q F L K a L   (18) 

where the crack length a is also included. If P and L 

are regarded as fundamental quantities, then Eq. (18) 

leads to the fracture scaling: 

 IC
0 P 1 2

P

; ,
K a

q L
LL

  
     

 (19) 

where  = –1, 0, 1, 2, 3. Let us observe that the criti-

cal load dimensions can range from those of a body 

force [q0] = [F][L]–3, when  = –1, to those of an ap-

plied moment [q0] = [F][L], when  = 3. 

Value  governs the ductile-to-brittle transition 

and it is a function of the brittleness number 

 IC
1 2

P

K
s

L



 (20) 

and of the relative crack depth a/L [1, 3]. Both me-

chanical properties of the material and size of the 

structure appear in the number s. It is possible to de-

monstrate that brittle failure occurs only with relati-

vely low fracture toughnesses KIC, high yield strengths 

P, and/or large structural sizes L, i.e. when s is lower 

than its threshold value s0 [3]. 
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